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Abstract: 　 In th is paper w e research the constrained qualificat ion fo r B ilevel p rogramm ing. W e

show that the usual constrained qualificat ions in non linear p rogramm ing fail to ho ld fo r mo re gen2
eral B ilevel P rogram , and then w e give a sufficien t condit ion of“part ia l calm ness”w h ich is w eak

constrained qualificat ion and can be sat isfied fo r som e B ilevel P rogram s.
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1. In troduction

　　B ilevel P rogramm ing is a new b ranch of m athem atica l p rogramm ing and has been devel2
op ing since 1980’s early. D ue to its ro le is becom ing dist inqu ish in m any app lied m athem ati2
ca l a reas, so it has been receiving grea t a t ten t ion. B ilevel P rogramm ing P rob lem m ay be fo r2
m u la ted as fo llow s:

　　 (BL PP)　　　　　　　m in F (x , y ) ,

w here y so lves the fo llow ing p rob lem

　　 (LL P (x) )　　　　　m in
y

f (x , y )

s. t. 　　　 g i (x , y ) Φ 0, 　i = 1, ⋯, s,

h i (x , y ) = 0, 　j = 1, ⋯, p ,

w here x ∈R n , y ∈R m. F (x , y ) , f (x , y ) , g i(x , y ) and h i (x , y ) a re a ll con t inuou sly d ifferen2
t iab le funct ion s defined on R n+ m , s, p are nonnegt ive in tegers.

2. On the con stra ined qua l if ica tion
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　　 It is an im po rtan t research w ay to convert (BL PP) in to comm on non linear p rogramm ing

p rob lem and then to m ake u se of ripe resu lts in theo ry as w ell as a lgo rithm s in non linear p ro2
gram s.

D eno te

8 = { (x , y ) ∈R n+ m : g i (x , y ) Φ 0, i = 1, ⋯, s; h j (x , y ) = 0, j = 1, ⋯, p },

8 (x ) = {y : (x , y ) ∈ 8 },

Q (x ) = {y ∈ 8 (x ) : y is op t im al to (LL P (x) ) },

IR = { (x , y ) ∈ 8 : y ∈Q (x ) },

w here induced reg ion IR is feasib le area of (BL PP) obviou sly.

D eno te the va lue funct ion of (LL P (x) ) by V (x) :

V (x ) = inf
y

{ f (x , y ) : y ∈ 8 (x ) }.

　　T hen (BL PP ) m ay be w rit ten in to fo llow ing equ iva len t non linear p rogramm ing p rob2
lem :

(SL PP)　　　　　m in F (x , y )

s. t. 　　 f (x , y ) 2V (x ) = 0,

g i (x , y ) Φ 0 , i = 1, ⋯, s,

h i (x , y ) = 0, j = 1, ⋯, p.

　　O ne of m o st im po rtan t resu lts in non linear p rogramm ing theo ry is tha t the loca l op t i2
m um sat isf ies Kuhn2T ucker condit ion under certa in con stra ined qualif ica t ion s. M angasarian2
F rom ovitz condit ion, linear independence condit ion and Sla ter condit ion are m o st popu lar

con stra ined qualif ica t ion s. N atu ra lly w e expect tha t these con stra ined qualif ica t ion s st ill ho ld

fo r (SL PP) under som e assum p tion s. If th is is t rue , then the co rresponding Kuhn2T ucker

condit ion m ay be ob ta ined. How ever in [ 1 ] an unexpected resu lt is show ed: in a rela t ively

m ild case, abovem en t ioned con stra ined qualif ica t ion s fa il to ho ld. To dea lw ith th is p rob lem ,

a w eaker con stra ined qualif ica t ion o rig ina llly p resen ted by C larke fo r non linear p rogram (see

[ 4 ]) ,“part ia l ca lm ness”w as in troduced to B ilevel P rogram by J. J. Ye etc. (see [1 ]). A nd it

is show ed tha t Kuhn2T ucker condit ion ho lds under th is w eaker con stra ined qualif ica t ion.

M o reover J. J. Ye et. show ed tha t fo r som e specia l situa t ion s, th is w eak con stra ined qualif i2
ca t ion is m et. So it is su itab le fo r (BL PP).

In the nex t w e first illu st ra te tha t u sua l con stra ined qualif ica t ion s in non linear p rogram s

fa il to ho ld fo r (SL PP ) in m o re genera l situa t ion as w ell. T herefo re th is fu rther dem on2
st ra tes the essen t ia l d ifference betw een u sua l one2level non linear p rogram and B ilevel P ro2
gram. T hen w e give a sufficien t condit ion w h ich en su res the w eaker con stra ined qualif ica t ion

“part ia l ca lm ness”to ho ld.

Con sider the low er level p rob lem (LL P (x) ) of B ilevel P rogram .
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　　D eno te

M 1
x (y ) = { (v , Π) ∈R p + s: ¨ y f (x , y ) + ¨ y h (x , y ) T v + ¨ y g (x , y ) T Π= 0,

ΠΕ 0, ΠT g (x , y ) = 0},

M 0
x (y ) = { (v , Π) ∈R p + s: ¨ y h (x , y ) T v + ¨ y g (x , y ) T Π= 0,

ΠΕ 0, ΠT g (x , y ) = 0}.

A cco rd ing to [1 ], M 1
x (y ) andM 0

x (y ) a re term ed as no rm alm u lt ip lier set and abno rm al m u lt i2
p lier set a t feasib le po in t y, respect ively.

D efineM 0
xQ (x ) = ∪y∈Q (x )M 0

x (y ) . By [1 ] one has fo llow ing resu lts.

L emma 2. 1　 ( [1 ] P ropo sit ion 2. 1 )A ssum e tha t Q (x ) is nonem p ty. IfM
0
xQ (x ) = { 0}, then

va lue f unction V (x ) is L ip sch itz ian con tinuous nea r x , and one has f ollow ing estim a te f or the

C la rke g enera liz ed g rad ien t

5V (x ) < co{¨ x f (x , y ) + ¨ x h (x , y ) T v + ¨ x g (x , y ) T Π: y ∈Q (x ) , (v , Π) ∈M x
1 (y ) }.

(1)

Theorem 2. 2 ( [ 1 ]P ropo sit ion 3. 2) L et (x , y ) be a solu tion of (B L P P ). A ssum e tha t M
0
xQ

(x ) = {0} and equa lity hold s in (1). T hen there ex ists a non triv ia l abnorm a l m u ltip lier f or

(SL P P ) , i. e. , the set of abnorm a l m u ltip lier corresp ond ing to (x , y ) f or (SL P P ) con ta ins a

nonz ero elem en t.
A bove theo rem im p lies tha t the u sua l con stra ined qualif ica t ion s fa il to ho ld under as2

sum p tion s of theo rem. T he condit ionM 0
x Q (x ) = {0} in T heo rem 2 is to guaran tee the con t i2

nu ity of V (x). T he m ajo r assum p tion condit ion is tha t equality ho lds in (1). N atu ra lly one
m ay p resen t quest ion s:

1　W hen does equality ho ld in (1) ?
2　W hether o r no t T heo rem 2. 2 st ill ho lds if the con ta in ing rela t ion in (1) is st rict ly

m et, i. e. , equa lity doesn’t ho ld in (1) ?
Fo r p rob lem 1, there are fo llow ing resu lt.

L emma 2. 3 ( [2 ] Co ro lla ry 5. 4)L et 8 (x ) = {y ∈R
m : (x , y ) ∈8 } be un if orm ly com p act nea r

x , nam ely , there ex ists a bound ed op en set B such tha t 8 (xθ) < B , f or a ll xθ∈∪ (x ) , w here∪

(x ) is a sm a ll neig hborhood of x. A sssum e tha t f or any y∈Q (x ) , ¨ y h j (x , y ) ( j = 1, ⋯, p ) ,

¨ y g i (x , y ) ( i∈I (x , y ) ) a re linea rly ind ep end en t, then equa lity hold s in (1) , w here I (x , y ) =

{ (x , y ) ûg i (x , y ) , i= 1, ⋯, s}

It is no t d iff icu lt to illu st ra te tha t equality in (1) genera lly does no t ho ld p rovided the

linear independence condit ion is rem oved.

Fo r p rob lem 2, w e ob ta in fo llow ing resu lts w h ich don’t requ ire tha t the equality ho lds in

(1).

Theorem 2. 4　L et (x , y ) be the solu tion of (B L P P ) , Q (x ) is a sing leton set {y } and M
0
x Q

( x ) = M
0
x ( y ) = { 0}. T hen there ex ists non triv ia l abnorm a l m u ltip lier a t ( x , y ) f or

(SL P P ).
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Proof　SinceM 0
x (y ) = {0} , thenM 1

x (y ) is a bounded clo sed convex set by [2 ]. So

co{¨ x f (x , y ) + ¨ x h (x , y ) T v + ¨ x g (x , y ) T Π: (v , Π) ∈M 1
x (y ) }

= {¨ x f (x , y ) + ¨ x h (x , y ) T v + ¨ x g (x , y ) T Π: (v , Π) ∈M 1
x (y ) }.

　　By L emm a 2. 1 one know s

5V (x ) < {¨ x f (x , y ) + ¨ x h (x , y ) T + ¨ x (x , y ) T Π: (v , Π) ∈M 1
x (x , y ) }.

　　T herefo re fo r any Ν∈ 5V (x ) , there ex ists (vλ, Πθ) ∈M x
1 (y ) such tha t

Ν= ¨ x f (x , y ) + ¨ x h (x , y ) T vλ + ¨ x g (x , y ) T Πθ.

　　D ue to (vλ, Πθ) ∈M 1
x (y ) , so

0 = ¨ y f (x , y ) + ¨ y h (x , y ) T vλ + ¨ y g (x , y ) T Πθ, Πθ Ε 0, ΠθT

g (x , y ) = 0.

　　H ence w e deduce

¨ f (x , y ) 2Ν× {0} + ¨ h (x , y ) T vλ + ¨ g (x , y ) T Πθ = 0,

i. e. ,

0 ∈ ¨ f (x , y ) 25V (x ) × {0} + ¨ h (x , y ) T vλ + ¨ g (x , y ) T Πθ.

　　O bviou sly (1, vλ, Πθ) is a non trivia l abno rm alm u lt ip lier a t (x, y) fo r (SL PP). T he p roof is

com p lete.

Theorem 2. 5　L et (x , y ) be a solu tion of (B L P P ). S upp ose tha t f (x , y ) , g i (x , y ) ( i= 1, ⋯,

s) a re a ll convex f unctions, h j (x , y ) ( j = 1, ⋯, p ) a re af f ine f unctions, M x
1
Q (x ) = {0}. T hen

there ex ists non triv ia l abnorm a l m u ltip lier a t (x , y ) f or (SL P P ).

Proof　T he value funct ion of (LL P (x) ) is

V (x ) = m in
y

{f (x , y ) : g i (x , y ) Φ 0, i = 1, ⋯, s; h j (x , y ) = 0, j = 1, ⋯, p }

= m in
Α, y

{f (Α, y ) : g i (Α, y ) Φ 0, i = 1, ⋯, s; h j (Α, y ) = 0, j = 1, ⋯, p ; x 2Α= 0}.

　　Set lx (Α, y ) =
∃

x 2Α, then

V (x ) = m in
Α, y

{f (Α, y ) : g i (Α, y ) Φ 0, i = 1, ⋯, s; h j (Α, y ) = 0, j = 1, ⋯, p ; lx (Α, y ) = 0}.

　　D efine pertu rbed value funct ion

5 (p , q1, q2) = m in
Α, y

{f (Α, y ) : g (Α, y ) + p Φ 0, h (Α, y ) + q1 = 0, ; lx (Α, y ) + q2 = 0}.

w here p , q1, q2 are vecto r param eters.

　　Eviden t ly 5 (0, 0, 0) = V (x ) .
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D eno te

　　+ 1 (x , y ) = { (Κ, Γ1, Γ2) : ¨ f (x , y ) + ¨ g (x , y ) T Κ+ ¨ h (x , y ) T Γ1 + ¨ lx (x , y ) T Γ2 = 0,

ΚΕ 0, ΚT g (x , y ) = 0}

= { (Κ, Γ1, Γ2) : (Κ, Γ1) ∈M x
1 (y ) , Γ2

= ¨ x f (x , y ) + ¨ x g (x , y ) T Κ+ ¨ x h (x , y ) T Γ1}.

　　Becau seM x
0 (y ) = {0} , thenM x

1 (y ) is a bounded com pact convex set from [2 ]. So from

p reced ing fo rm u la w e conclude tha t + 1 (x , y ) is a com pact set. By T heo rem 2. 1 of [3 ] w e ob2
ta in

55 (0, 0, 0) ∩ + 1 (x , y ) ≠ 0ö, 　Π y ∈Q (x ).

　　M o reover w e know from P ropo sit ion 2. 3. 5 of [ 4 ] tha t if 5 (p , q1, q2) is convex in vari2
ab le q2 , then fo r any elem en t (Κ, Γ1, Γ2) in 55 (0, 0, 0) , one has

Γ2 ∈ 5q25 (0, 0, 0) = 5V (x ).

　　T herefo re it fo llow s

5V (x ) ∩ {¨ x f (x , y ) + ¨ x g (x , y ) T Κ+ ¨ x h (x , y ) T Γ1: (Κ, Γ1) ∈M x
1 (y ) } ≠ 0ö

　　T hat is tha t there are Ν∈ 5V (x ) and (Κ, Γ1) ∈M x
1 (y ) such tha t

Ν= ¨ x f (x , y ) + ¨ x g (x , y ) T Κ+ ¨ x h (x , y ) T Γ1,

0 = ¨ y f (x , y ) + ¨ y g (x , y ) T Κ+ ¨ y h (x , y ) T Γ1

ΚΕ 0, 　ΚT g (x , y ) = 0

w h ich is equ iva len t to

¨ f (x , y ) 2Ν× {0} + ¨ g (x , y ) T Κ+ ¨ h (x , y ) T Γ1 = 0.

　　T herefo re

0 ∈ ¨ f (x , y ) - 5V (x ) × {0} + ¨ g (x , y ) T Κ+ ¨ h (x , y ) T Γ1.

　　O ne easily sees tha t (1, Κ, Γ1) is a non trivia l abno rm al m u lt ip lier.

Below it suffices to show tha t 5 (p , q1, q2) is convex in q2 .

L et 0〈Κ〈1. Fo r q2′and q2″, there ex ist co rresponding y 1 and y 2 such tha t

Κ5 (p , q1, q2′) + (1 - Κ) 5 (p , q1, q2″) = Κf (x + q2′, y 1) + (1 - Κ) f (x + q2″, y 2).

w here y 1, y 2m eet fu rther

g (Α, y 1) + p Φ 0, 　g (Α, y 2) + p Φ 0,

h (Α, y 1) + q1 = 0, 　h (Α, y 2) + q1 = 0,

lx (Α, y 1) + q2′= 0, 　lx (Α, y 2) + q2″= 0.
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　　By the convex ity of g (x , y ) and linearity of h (x , y ) and lx (x , y ) in y, w e m ay deduce

g (Α, Κy 1 + (12Κ) y 2) + p Φ 0, h (Α, Κy 1 + (12Κ) y 2) + q1 = 0,

lx (Α, Κy 1 + (12Κ) y 2) + Κq2′+ (12Κ) q2″= 0,

　　N o tice the convex ity of f (x, y) one has

　　Κ5 (p , q1, q2′) + (12Κ) 5 (p , q1, q2″) Ε f (x + Κq2′+ (12Κ) q2″, Κy 1 + (12Κ) y 2)

　　　 Ε m in
Α, y

{f (Α, y ) : g (Α, y ) + p Φ 0, h (Α, y ) + q1 = 0, lx (Α, y ) + Κq2′+ (12Κ) q2″= 0}

　　　 = 5 (p , q1, Κq2′+ (12Κ) q2″).

　　T hat is tha t 5 (p , q1, q2) is convex in q2.

T h is com p letes the p roof.

3. A suff ic ien t cond it ion of“partia l ca lmness”

　　D ue to the u sua l con stra ined qualif ica t ion s fa il to ho ld fo r B ilevel P rogram. T herefo re in

[1 ] a w eak con stra ined qualif ica t ion w h ich first p ropo sed by C larke ( [4 ]) fo r non linear p ro2
gram , “ca lm ness”, is in t roduced to B ilevel P rogram , and a new w eaker con stra ined qualif i2
ca t ion ‘‘part ia l ca lm ness’’ is defined. It p roved to be su itab le to B ilevel P rogram. In [ 1 ] it

w as show n tha t fo r B ilevel P rogram w ith linear low er level and a k ind of specia l B ilevel P ro2
gram 22m in im ax p ro lem ,“part ia l ca lm ness”ho lds. T hen Kuhn2T ucker condit ion m ay be ob2
ta ined.

In th is sect ion , fo r genera lB ilevel P rogram a sufficien t condit ion of“part ia l ca lm ness”is

p resen ted by u sing a resu lt of Rockafella r ( [5 ])

In the sequal assum e tha t F (x , y ) , f (x , y ) , g i (x , y ) and h i (x , y ) a re a ll tw ice con t inu2
ou sly d ifferen t iab le. Fu rtherm o re w e assum e tha t va lue funct ion V (x ) is a lso tw ice con t inu2
ou sly d ifferen t iab le. T he rela ted condit ion s referres to [6 ].

N ow con sider fo llow ing part ia lly pertu rbed p rogramm ing p rob lem
(SL PPu)　　　　　　m inF (x , y )

s. t. 　 f (x , y ) 2V (x ) + u = 0,

g i (x , y ) Φ 0, i = 1, ⋯, s,

h i (x , y ) = 0, j = 1, ⋯, p ,

w here u ∈R 1 is pertu rbed param eter.

D ef in it ion 3. 1　L et (x , y ) be a solu tion of (SL P P ) . T hen (SL P P ) is ca lled“p a rtia l ca lm 2
ness”a t (x , y ) p rov id ed there ex ist ∆〉0 and Λ〉0 such tha t f or any u∈ (2∆, ∆) , one has tha t F

(x ′, y ′) 2F (x , y ) + Λûuû Ε 0, f or any (x ′, y′) ∈ (x , y ) + ∆B hold s and (x ′, y ′) is f easible to

(SL P P u).

Fo r p rob lem (SL PP u) , define

l (u , x , y , Χ) = F (x , y ) + ∆T g (x , y ) + ΓT h (x , y ) + Γ0 (f (x , y ) 2V (x ) + u ) ,

w here ∆, Γare s2dim en sion and p 2dim en sion vecto rs respect ively, Γ0 is rea l sca la r, Χ= (Γ0, Γ, ∆)
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　　W e define fo llow ing no ta t ion s fu rther

Y 1 (x , y ) = {Χ: ¨ x , y l (u , x , y , Χ) = 0, ∆ Ε 0, ∆T g (x , y ) = 0},

l0 (u , x , y , Χ) = ∆T g (x , y ) + ΓT h (x , y ) + Γ0 (f (x , y ) 2V (x ) + u) ,

Y 1
0 (x , y ) = {Χ: ¨ x , y l0 (u , x , y , Χ) = 0, ∆ Ε 0, ∆T g (x , y ) = 0}.

D ef in it ion 3. 2　L et {M j }1
∞

be a f am ily of sets in R
d , then M is ca lled the lim ited va llue of

{M j }∞
1 p rov id ed lim j→ dist (M j , z ) = d ist (M , z ) , Π z∈R

d , w here d ist (A , z ) = inf
a∈A

{ úa2z ú 2}.

If (x i, y i) → (x , y ) , define

　　　M j = {w : ¨ g j (x i, y i) Tw = 0, j ∈ I (x , y ) , ¨ h j (x i, y i) Tw = 0, j = 1, ⋯, p ,

[¨ (f (x i, y i) 2V (x i) ]Tw = 0 },

　　　Λ(x , y ) = {M :M is the lim it of{M j }},

　　　Y�2
0 (x , y ) = {Χ∈ Y 1

0 (x , y ) : there ex ists M ∈ Λ(x. y ) such tha t

w T ¨ 2
(x , y ) l0 (u , x , y , Χ) w Ε 0, Πw ∈M }.

　　D eno te the va lue funct ion of (SL P P u) by p (u ) . T he low er H adam ard direct iona l deriva2
t ive of p (u ) a t u is defined as

p + (u; d ) = lim
d′→d
t↓0

inf
p (u + td′) 2p (u )

t
.

　　A fter m ak ing p reced ing p repara t ion s, let X (u ) be the so lu t ion set of (SL PP u) , then one

has

Theorem 3. 3 ( [5 ] T heo rem 6)L et u be a rea l sca la r such tha t (SL P P u ) p ossesses f easible solu2
tion , any each solu tion (x , y ) of (SL P P u) sa tisf ies Y�2

0 (x , y ) = {0}. T hen f or any g iven nonz ero

rea l num ber d , p + (u; d ) is f in ite.

By u t ilizing th is theo rem , the m ajo r resu lt of th is sect ion m ay be ob ta ined.

Theorem 3. 4　L et (x
3 , y

3 ) be op tim a l to (B L P P ) , and f or each op tim um (xθ, yθ ) of

(SL P P ) , Y�2
0 (xθ , yθ) = { 0} hold s. T hen (SL P P ) is“p a rtia l ca lm ness”a t (x

3 , y
3 ) .

Proof　By assum p tion s and T heo rem 3. 3 it fo llow s tha t p + (0; d ) is f in ite . If th is p ropo si2
t ion is fa lse, i. e. , (SL PP) is no t“part ia l ca lm ness”a t (x , y ) , by the defin it ion one has tha t

there ex ists a sequence u i → 0 such tha t

lim
i→∞

F (x i′, y i′) 2F (x 3 , y 3 )
ûu iû = 2∞,

w here (x i′, y i′) is feasib le so lu t ion of (SL PPu i
).

Becau se p (0) = F (x , y ) , p (u i) Φ F (x i′, y i′) , so

lim
u i→0

p (u i) 2p (0)
ûu iû = 2∞.
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　　W ithou t lo ss of genera lity , assum e tha t d i = u iöûu iû → s, ûsû = 1, then

2∞ = lim
u i→0

p (u i) 2p (0)
ûu iû = lim

u i→0

p (ûu iû
u i

ûu iû
) 2p (0)

ûu iû

= lim
d i→s

ûu iû→0

p (ûu iûd i) 2p (0)
ûu iû

Ε lim
d i→s

t↓0

inf
p ( th i) 2p (0)

t
= p + (0; s)〉2∞.

　　T h is is a con trad ict ion. It im p lies tha t (SL PP) is“part ia l ca lm ness”a t (x 3 , y 3 ) .

T he concep t“part ia l ca lm ness”is a su ited con stra ined qualif ica t ion to ob ta in Kuhn2
T ucker condit ion fo r (BL PP) . How ever its defin it ion depends on som e unknow n info rm a2
t ion s. T herefo re w hether o r no t there ex ist bet ter and sim p ler con stra ined qualif ica t ion s fo r

(BL PP) , th is is w o rth fu rther research.
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关于双层规划约束规格的一个注记
杨 庆 之

(中国科学技术大学研究生院, 北京100080)

摘　要

　　本文表明了非线性规划中常见的约束规格对一般双层规划不成立, 并对双层规划可以满

足的较弱的约束规格“部分平静”, 给出了使其成立的充分条件.
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