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Abstract: 　W e take the tw o2dim ensional vo rt icity equations as models to describe spectral m eth2
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1. In troduction

　　T he basic idea of spectra lm ethods fo r part ia l d ifferen t ia l equa t ion s is to app rox im ate ex2
act so lu t ion s by u sing spectra l funct ion s as bases. T he m ethods stem from the classica l R itz2
Galerk in m ethod, w h ich have h igh accu racy so ca lled the convergence of“infin ite o rder”. Bu t

they w ere no t w idely u sed fo r a long t im e becau se of the expen sive co st of com pu ta t iona l

t im e. How ever, the d iscovery of the Fast Fou rier T ran sfo rm at ion (FFT ) and the rap id de2
velopm en t of m odern com pu ters rem oved th is ob stacle. A lthough fin ite d ifference m ethods

and fin ite elem en t m ethods are very successfu l in num erica l so lu t ion s of part ia l d ifferen t ia l e2
quat ion s, it is no doub t tha t fo r som e p rob lem s spectra l m ethods are m o re favo rab le becau se

of its h igh accu racy.

Spectra l m ethods have been app lied successfu lly to num erica l sim u la t ion s in science and

engineering. Go tt lieb and O rszag [ 5 ] summ arized theo ret ica l resu lts and experience of app lica2
t ion s to m any p ract ica l p rob lem s. T hey p rovided num erica l ana lysis fo r linear p rob lem s.

Since then, spectra l m ethods fo r non linear p rob lem s have a lso advanced rap id ly w ith their

app lica t ion s to flu id dynam ics, w eather p red ict ion, and o ther fields [34, 1, 35, 21, 30, 28, 29,

33, 19, 2, 9 ].

T he spectra lm ethod, p seudo spectra lm ethod, and T au m ethod, w h ich are d ifferen t ver2
sion s of spectra lm ethods, can be derived from the m ethod of w eigh ted residua l. W e con sider

here an in it ia l2boundary value p rob lem as fo llow s
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L u (x , t) = f (x , t) , 　x ∈ 8 , 　t〉0 ,

B u (x , t) = 0, 　　　x ∈ 58 , t Ε 0 ,

u (x , 0) = u0 (x ) , 　　x ∈ 8ϖ,

(111)

w here 8 is a dom ain w ith the boundary 58 , L is a d ifferen t ia l opera to r, and B is a linear

boundary opera to r. T he m ethod of w eigh ted residua l is to find an app rox im at ion so lu t ion to

(1. 1) of the fo rm

uN (x , t) = uB (x , t) + ∑
N

n= 1
an ( t) Υn (x ) , (1. 2)

w here tria l funct ion s {Υn (x ) } (1 Φ n Φ N ) a re linearly independen t, uB (x , t) is cho sen such

tha t uN (x , t) sa t isf ies the boundary condit ion, and an ( t) a re determ ined by the fo llow ing e2
quat ion s

∫8
[L uN (x , t) - f (x , t) ]w

-
n (x ) dx = 0, 　　t〉0, n = 1, 2, ⋯,N , (113)

w here the w eigh t funct ion sw n (x ) a re linearly independen t, and by a sim ila r t rea tm en t of the

in it ia l condit ion.

Spectra l m ethod (Ga lerk in approx ima tion ) 　A ssum e tha t Υn (x ) sa t isfy the boundary condi2
t ion so tha t uB (x , t) = 0 and w eigh t funct ion sw n (x ) = Υn (x ) . T herefo re, (1. 3) leads to

(L uN ( t) , Υn) = (f ( t) , Υn) , 　 n = 1, 2, ⋯,N (1. 4)

w ith the inner p roduct (u , v ) =∫8
u (x ) v

- (x ) dx . Som etim es, it is m o re conven ien t to de2

scribe the schem e (1. 4) via a p ro ject ion opera to r P N . So w e define a fin ite d im en siona l linear

space

V N = Span{Υn: n = 1, 2, ⋯,N }, (1. 5)

and define P N u ∈V N such tha t

(P N u , Υn) = (u , Υn) , 　 n = 1, 2, ⋯,N . (1. 6)

It is easy to show tha t P N u is un iquely determ ined since {Υn (x ) } are linearly independen t.

T hu s w e know tha t (1. 4) is equ iva len t to the fo llow ing schem e

P N L uN (x , t) = P N f (x , t). (1. 7)

Pseudospectra l m ethod (colloca tion approx ima tion ) 　 In th is case, Υn (x ) a re the sam e as in

spectra l m ethods. Bu t the w eigh t funct ion s are taken as D irac ∆ funct ion s:

w n (x ) = ∆(x - x n) , 　n = 1, 2, ⋯,N ,

w here x n ∈ 8ϖ ca lled co lloca t ion po in ts such tha tdet (Υm (x n) )N ×N ≠ 0. N ow , (1. 3) leads to

L uN (x n , t) = f (x n , t) , 　 n = 1, 2, ⋯,N . (1. 8)

A lso , the schem e (1. 8) can be described via an in terpo la t ion opera to r P C . To th is end, w e
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define P Cu ∈V N such tha t P C u (x n) = u (x n) , 　n = 1, 2, ⋯,N . It is easy to see tha t P Cu is

un iquely determ ined since det (Υm (x n) )N ×N ≠ 0. T hu s, w e know tha t (1. 8) is equ iva len t to

the fo llow ing schem e

P C L uN (x , t) = P C f (x , t). (1. 9)

Tau m ethod　H ere w e assum e tha t Υn (x ) a re o rthogonal, bu t need no t sa t isfy the boundary

condit ion. T he uB (x , t) in (1. 2) is of the fo rm

uB (x , t) = ∑
N + m

n= N + 1

an ( t) Υn (x ) ,

w herem is the num ber of independen t boundary condit ion s. T he w eigh t funct ion s are taken as

w n (x ) = Υn (x ) (n = 1, 2, ⋯,N ) . In th is case, the schem e (1. 3) is read as

(L uN ( t) , Υn) = (f ( t) , Υn) , 　n = 1, 2, ⋯,N (1. 10)

w ith the m equat ion s g iven by the boundary con stra in ts. T he T au app rox im at ion schem e (1.

10) can a lso be described viaa p ro ject ion opera to r[ 5 ].

In th is paper, w e take the tw o2dim en siona l evo lu t ionary vo rt icity equat ion s as m odels to

in troduce som e num erica l m ethods rela ted to spectra l m ethods:

. Fou rier spectra l (o r p seudo spectra l) m ethods

. Fou rier spectra l (o r p seudo spectra l) 2difference m ethods

. Fou rier spectra l (o r p seudo spectra l) 2f in ite elem en t m ethods

. Fou rier2Chebyshev spectra l (o r p seudo spectra l) m ethods

T he first m ethod is fo r p rob lem s w ith period ic boundary condit ion s and the o thers fo r

ones w ith sem i2period ic boundary condit ion s,w h ich are app licab le to o ther sim ila r p rob lem s.

2. Four ier Spectra l or Pseudospectra l M ethods for the Per iod ic Problem s

　　Fo r p rob lem s w ith period ic boundary condit ion s, Fou rier spectra l m ethods are pow er2
fu l.

2. 1　A Four ier Spectra l M ethod

　　T he vo rt icity equat ion s are the stream funct ion2vo rt icity fo rm u la t ion p resen ta t ion s of in2
com p ressib le N avier2Stokes equat ion s.

L et Ν(x , y , t) and Ω(x , y , t) be the vo rt icity and stream funct ion respect ively. Ν0 (x , y )

and f l (x , y , t) ( l = 1, 2) are g iven. A ll of them have the period 2Πfo r the variab le x and y . L et

8 = { (x , y ) : - Π〈x , y〈Π}.

W e con sider the fo llow ing p rob lem

5tΝ+ J (Ν, Ω) - v¨ 2Ν= f 1, 　in　8 × (0, T ) ,

- ¨ 2Ω= Ν+ f 2, 　　　　 in　8 × (0, T ) ,

Ν(x , y , 0) = Ν0 (x , y ) , 　　 in　8 ,

(2. 1)
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w here Τ is a nonnegat ive con stan t and J (Ν, Ω) = 5y Ω5x Ν- 5x Ω5y Ν.

L et (u , v ) =
1

4Π2κ8
u (x , y ) v

- (x , y ) dx dy , úuú 2 = (u, u). To fix Ω(x , y , t) , w e requ ire

tha t (Ω( t) , 1) = 0 (0 Φ t Φ T ). Con sider the w eak fo rm u la t ion of (2. 1) as fo llow s

(5tΝ( t) , v ) + (J (Ν( t) , Ω( t) ) , v ) + Τ(¨ Ν( t) , ¨ v ) = (f 1 ( t) , v ) , 　 t ∈ (0, T ) ,

(¨ Ω( t) , ¨ v ) = (Ν( t) , v ) + (f 2 ( t) , v ) , 　 t ∈ (0, T ).

(2. 2)

Kuo Pen2yu [ 22 ] u sed the spectra l m ethod fo r the p rob lem (2. 1) and p roved strict erro r est i2
m ates of the schem e.

Fo r any po sit ive in teger N , set V N = Span{ei ( lx + m y ) : l2 + m 2 Φ N 2}. L et Σbe the m esh

step of the variab le t . D eno te u k (x , y ) = u (x , y , kΣ) by u k . D efine

u k
t =

1
Σ (u k+ 12u k ) , 　 u

δk =
1
2

(u k+ 1 + u k ).

A Fou rier spectra l schem e fo r so lving (2. 1) is to find

Γk = ∑
l2+ m 2÷ N 2

Γk
l,m e i ( lx + m y ) , 　 Υk = ∑

l2+ m 2÷ N 2

Υk
l,m e i ( lx + m y ) , (2. 3)

such tha t fo r any v ∈V N and k Ε 0 ,

(Γk
t , v ) + (J (Γk + ∆ΣΓk

t , Υk ) , v ) + Τ(¨ (Γk + ΡΣΓk
t ) , ¨ v ) = (f k

1, v ) ,

(¨ Υk , ¨ v ) = (Γk + f k
2, v ) ,

(Υk , 1) = 0,

(Γ0, v ) = (Ν0, v ) ,

(2. 4)

w here ∆, Ρ Ε 0 are param eters. W e po in t ou t tha t if ∆= 0 the schem e (2. 4) can be so lved ex2
p licit ly such tha t

Γk+ 1
l,m =

1
1 + ΤΡΣ( l2 + m 2) { [1 - Τ(1 - Ρ) Σ( l2 + m 2) ]Γk

l,m + g k
l,m } (2. 5)

w here

g k
l,m = (f k

l - J (Γk , Υk ) , e i ( l+ m. ) ) (2. 6)

It is easy to see tha t the fo llow ing con serva t ion law s ho ld. If f k
1 = 0 , w e have

(Γk , 1) = (Γ0, 1) , 　k Ε 0, (2. 7)

and if ∆ = Ρ = 1ö2 in addit ion, w e have

úΓnú 2 + 2ΤΣ∑
n- 1

k= 0
ú¨ Γδk ú 2 = úΓ0ú 2. (2. 8)

Kuo Pen- yu [ 22 ] po in t ou t tha t if w e u se the filtered spherica l m ean summ ation

Γk (x , y ) = ∑
l2+ m 2÷ N 2

1 -
l2 + m 2

N 2

Χ

Γk
l,m , e i ( lx + m y ) , 　ΧΕ 0. (2. 9)
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then w e can get bet ter resu lts.

2. 2　A Four ier Pseudospectra lM ethod

　　W hen the spectra l m ethod is u sed, w e have to dea l w ith the in tegra t ion such as (2. 6).

In o rder to avo id th is t roub le, the p seudo spectra l m ethod is developed, w h ich is easier to

perfo rm and saves the co st in com pu ta t ion, and is m o re favo rab le fo r non linear p rob lem s.

Bu t th is m ethod som etim es has non linear in stab ility due to the a liasing. A cco rd ing to Kuo

Pen2yu [ 22 ] , the Bochner summ ation (2. 9) cou ld be u sed fo r elim ina t ing these phenom ena and

ra ise the accu racy of app rox im ate so lu t ion s. M a H e2p ing and Guo Ben2yu [ 26 ] developed a

Fou rier p seudo spectra l m ethod by u sing the Bochner summ ation fo r p rob lem (2. 1). L etW N

= Span{e i ( lx + m y ) : - N Φ l,m Φ N }, 　8 N = { (qh , j h ) : - N Φ q, j Φ N } w ith h = 2Πö(2N

+ 1) . L et P N : L 2 (8 ) →V N be the o rthogonal p ro ject ion opera to r defined by

(P N u , v ) = (u , v ) , 　 Π v ∈V N (2. 10)

and P C: C (8 ) →W N be the in terpo la t ion opera to r by

P C u (x , y ) = u (x , y ) , 　Π (x , y ) ∈ 8 N. (2. 11)

Fo r ΧΕ 1 and u ∈V N w ith the coefficien ts u l,m , w e definea rest ra in t opera to r R = R (Χ) by

R u (x , y ) = ∑
l2+ m 2ΦN 2

1 -
l2 + m 2

N 2

Χ
2

u l,m ei ( lx + m y ). (2. 12)

To app rox im ate the non linear term J (u , v ) , w e define P C = P N P Cand

J C (u , v ) =
1
2

{P C (5x u5y v - 5y u5x v ) + 5x P C (u5y v ) - 5y P C (u5x v ) }. (2. 13)

　　T he Fou rier p seudo spectra l schem e fo r so lving (2. 1) is to findΓk , Υk as (2. 3) such tha t

fo r k Ε 0 ,

Γk
t + R J C (R Γk + ∆ΣR Γk

t , R Υk ) - Τ̈ 2 (Γk + ΡΣΓk
t ) = P C f k

1,

- ¨ 2Υ= Γk + P C f k
2,

(Υ, 1) = 0,

Γ0 = P C Ν0,

(2. 14)

w here ∆, Ρ Ε 0 are param eters. If ∆= 0 , then the schem e (2. 14) can be so lved exp licit ly as

in (2. 5) bu t w ith

g k
l,m = (f k

1 - R J C (R Γk , R Υk ) , e i ( l. + m. ) ) N , (2115)

in w h ich

(u , v ) N =
1

(2N + 1) 2 ∑
(x , y )∈8N

u (x , y ) v
- (x , y )

and w h ich can be com pu ted w ith FFT efficien t ly. By the fact tha t fo r u , v ,w ∈V N ,

(J C (u , v ) ,w ) + (J C (w , v ) , u ) = 0, (2. 16)
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it is easy to see tha t the sam e con serva t ion law s as (2. 7) and (2. 8) ho ld fo r (2. 14).

T he num erica l resu lts g iven in M a H ep ing and Guo Benyu [ 26 ] show tha t the rest ra in t op2
era to r R (Χ) im p roves the stab ility of the p seudo spectra l m ethod, especia lly in the case w hen

the so lu t ion s of the PD E change m o re rap id ly. T he value of Χm u st be cho sen su itab ly to get

good resu lts. How to choo se the param eter Χsu itab ly is rela t ive to the sm oo thness of the ex2
act so lu t ion. Genera lly speak ing, if the exact so lu t ion changes rap id ly, w e shou ld take sm all

Χ, and conversely, take la rge Χ.

3. Four ier Spectra l or Pseudospectra l-D ifference M ethods for the Sem i-Per iod ic Problem s

　　H ereafter w e con sider the tw o2dim en siona l vo rt icity equat ion s w ith period ic and nonperi2
odic boundary condit ion s, and assum e tha t Τ is po sit ive.

L et I = {x : 0〈x〈1}, Iυ= {y : 0〈y〈2Π} , and 8 = I × Iυ. W e assum e tha t a ll funct ion s have

the period 2Πfo r the variab le y and tha t

Ν(0, y , t) = Ν(1, y , t) = Ω(0, y , t) = Ω(1, y , t) = 0, 　 Π y ∈ Iυ, 　t Ε 0 . (3. 1)

　　A lthough Fou rier spectra l and p seudo spectra l m ethods are favo rab le fo r period ic p rob2
lem s, they does no t w o rk fo r the p rob lem (2. 1) w ith (3. 1). To so lve it, M u rdock [ 31, 32 ] u sed

Chebyshev spectra l m ethods, and Guo Benyu and X iong Yueshan [ 17 ] fo llow ed the idea of Guo

Benyu [ 7 ] to con struct a class of spectra l2difference schem es. T he key po in t is the u se of a

skew symm etric decom po sit ion of the non linear convect ion term s. T hen, if the param eters in

the schem e are cho sen su itab ly, the num erica l so lu t ion sa t isf ies sem i d iscrete con serva t ion

law s and bet ter erro r est im ates are ob ta ined.

3. 1　A Four ier Spectra l-D ifference M ethod

　　L et h be the m esh spacing in the x 2direct ion w ith M h = 1 , and let

I h = {x = jh: 1 Φ j Φ M 21 }. (3. 2)

D efine

D u (x , y , t) =
1
h

(u (x + h , y , t) - u (x , y , t) ) , 　D u (x , y , t) = D u (x - h , y , t) ,

　　Dδu (x , y , t) =
1
2

(D u (x , y , t) + D{ u (x , y , t) ) , 　¨ u (x , y , t) = DD{ u (x , y , t) + 52
y u (x , y , t).

T he key p rob lem in the con struct ion of a reasonab le schem e is to sim u la te as m uch as po ssi2
b le the p ropert ies of the so lu t ion of (2. 1). Indeed, if f 1 = f 2 = 0 , then

∫∫8
Ν(x , y , t) dx dy - Τ∫

t

0∫I
[5x Ν(1, y , t) - 5x Ν(0, y , t) ]dx dy =∫∫8

Ν0 (x , y ) dx dy (3. 3)

and

∫∫8
Ν2 (x , y , t) dx dy + 2Τ∫

t

0 ∫∫8
[ (5x Ν(x , y , s) ) 2 + (5y Ν(x , y , s) ) 2 ]dx dy ds =∫∫8

Ν2
0 (x , y ) dx dy.

(3. 4)
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　　T he schem e w as con structed such tha t its so lu t ion sa t isf ies sem i d iscrete con serva t ion

law s. N o te tha t

5yw 5x u - 5xw 5y u = 5x (5yw u ) - 5y (5xw u ) = 5y (w 5x u ) - 5x (w 5y u ).

T herefo re, define

J 1 (u , v ) = 5y vD
^

u - D
^

v 5y u , 　　J 2 (u , v ) = D
^

(5y vu ) - 5y (D
^

vu ) ,

J 3 (u , v ) = 5y (vD
^

u ) - D
^

(v5y u ) , 　J
(Α) (u , v ) = ∑

3

l= 1

ΑlJ l (u , v ) ,

w here Α= (Α1, Α2, Α3) , Αl Ε 0 , and Α1 + Α2 + Α3 = 1.

N ow set

V N = Span{e ily: û lû Φ N }, (3. 5)

and let P N : L 2 ( Iυ) →V N be the o rthogonal p ro ject ion opera to r such tha t,

∫Iυ
(P N u - u ) v

-
d y = 0, 　Π v ∈V N. (3. 6)

L et Γk and Υk be the app rox im at ion s to Νand Υrespect ively such tha t

Γk (x , y ) = ∑
û lûΦN

Γk
l (x ) e ily , 　 Υk (x , y ) = ∑

û lûΦN

Υk
l (x ) e ily.

T he spectra l2difference schem e fo r (2. 1) and (3. 1) is

Γk
t + P N J

(Α) (Γk + ∆ΣΓk
t , Υk ) 2Τ∃ (Γk + ΡΣΓk

t ) = P N f k
1, 　in I h × Iυ, k Ε 0,

- ∃Υk = Γk + P N f k
2, 　in I h × Iυ, k Ε 0,

Γk (0, y ) = Γk (1, y ) = Υk (0, y ) = Υk (1, y ) = 0, 　Π y ∈ Iυ, k Ε 0,

Γ0 = P N Ν0, 　in I h × Iυ,

(3. 7)

w here ∆and Ρ are param eters such tha t0 Φ ∆, Ρ Φ 1. If ∆= Ρ = 0 , then (3. 7) is an exp licit

schem e. O therw ise, itera t ion is needed to get Γk fo r k Ε 1. A ssum e tha t f k
1 = f k

2 = 0 , w e

have the fo llow ing con serva t ion law s

(Γn , 1) + Σ∑
n- 1

k= 0
{ (Α2 + Α3)A (Γk + ∆ΣΓk

t , Υk ) + 2ΤS (Γk + ΡΣΓk
t , 1) } = (Γ0, 1) (3. 8)

w here

　　　　　　 (u , v ) h = h∑
x∈Ih

(u (x ) , v (x ) ) Iυ, 　 (u (x ) , v (x ) ) Iυ =
1

2Π∫Iυ
u (x , y ) v

- (x , y ) dy ,

úuú 2
h = (u , u ) h , 　ûuû 2

1, h =
1
2

úD uú 2
h +

1
2

úD
-

uú 2
h + ú5y uú 2

h ,

A (u , v ) =
1
2

(u (1 - h) , 5y v (1 - h ) ) Iυ -
1
2

(u (h ) , 5y v (h ) ) Iυ,

S (u , v ) =
1

2h
(u (h ) , v (h ) ) Iυ +

1
2h

(u (1 - h) , v (1 - h ) ) Iυ.
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M o reover, if Α1 = Α2 and ∆ = Ρ = 1ö2 , then

úΓnú 2
h + 2ΤΣ∑

n- 1

k= 0
{û Γ

^ k û 2
1, h + S (Γ

^ k , Γ
^ k ) } = úΓ0ú 2

h. (3. 9)

C learly, (3. 8) and (3. 9) are reasonab le ana log ies of (3. 3) and (3. 4) , respect ively.

T he num erica l resu lts g iven in Guo Benyu and X iong Yueshan [ 17 ] show tha t w hen Α1 = Α2

and the so lu t ion s of (3. 7) sa t isfy the sem i d iscrete con serva t ion law s, bet ter resu lts a re ob2
ta ined. It is a lso show n tha t good resu lts can be go t even fo r sm all N. By a skew 2symm etric

decom po sit ion of the non linear convect ion term , w e ob ta in bet ter num erica l resu lts than by

the m o re conven t iona l fo rm. Bu t a lit t le m o re w o rk is requ ired fo r ca lcu la t ing the Fou rier co2
efficien ts of the non linear term.

3. 2　A Four ier Pseudospectra l- D ifference M ethod

　　T he ca lcu la t ion of Fou rier coefficien ts fo r the non linear convect ion term takes qu ite a lo t

of t im e in spectra l2difference schem e. To rem edy th is deficiency, Guo Benyu and X iong Yue2
shan [ 18 ] p rovided a p seudo spectra l2difference m ethod fo llow ing the w o rk of Guo Benyu and

Zheng J iadong [ 20 ].

W e shall u se the sam e no ta t ion s as in the above sect ion. W e first in t roduce the po in ts on

Iυ: y j = 2Πj ö(2N + 1) (0 Φ j Φ 2N ) . L et P C: C ( Iυ
-

) →V N be the in terpo la t ion opera to r such

tha t

P C u (y j ) = u (y j ) , 　 0 Φ j Φ 2N . (3. 10)

Fo r ΧΕ 1 , w e define a rest ra in t opera to r by R = R (Χ) based on the Bochner summ ation such

tha t fo r any u ∈V N w ith the coefficien ts u l ,

R u (y ) = ∑
û lûΦN

1 -
l

N

Χ

u le ily. (3. 11)

To app rox im ate the non linear term J (u , v ) , w e define the fo llow ing non linear opera to rs

　　　　　J C , 1 (u , v ) = P C (5y vD
^

u - D
^

v 5y u ) , 　J C , 2 (u , v ) = D
^

[P C (u5y v ) ] - 5y [P C (uD
^

v ) ],

　　　　　J C , 3 (u , v ) = 5y [P C (vD
^

u ) ] - D
^

[P C (v5y u ) ], 　J
(Α)
C (u , v ) = ∑

3

l= 1
ΑlJ C , l (u , v ) ,

w here Α= (Α1, Α2, Α3) , Αl Ε 0 , andΑ1 + Α2 + Α3 = 1.

L et Γk and Υk be the app rox im at ion s to Νand Ωrespect ively, w here Γk (x , y ) , Υk (x , y ) ∈V N

fo r a ll x ∈ I h and k Ε 0. T he p seudo spectra l2difference schem e fo r (2. 1) and (3. 1) is

Γk
t + R J

(Α)
C (R Γk + ∆ΣR Γk

t , R Υk ) - Τ∃ (Γk + ΡΣΓk
t ) = P C f k

1,

- ∃Υk = Γk + P C f k
2,

Γk (0, y ) = Γk (1, y ) = Υk (0, y ) = Υk (1, y ) = 0,

Γ0 = P C Ν0.

(3. 12)
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If f k
1 = f k

2 = 0 , then

　 (Γn, 1) + Σ∑
n- 1

k= 0
{ (Α2 + Α3)A (R Γk + ∆k ΣR Γk

t , R Υk ) + 2ΤS (Γk + ΡΣΓk
t , 1) } = (Γ0, 1). (3. 13)

If in addit ion Α1 = Α2 and ∆ = Ρ = 1ö2 , then (3. 9) ho lds a lso.

T he num erica l resu lts in Guo Benyu and X iong Yueshan [ 18 ] show the sam e advan tages of

(3. 12) as tho se of (3. 7). In part icu la r, even w e u se the skew symm etric decom po sit ion of

the non linear convect ion term , the com pu ta t iona l t im e is nearly the sam e as by the m o re con2
ven t iona l fo rm.

4. Four ier Spectra l or Pseudospectra l-F in ite Elem en t M ethods for the Sem i-Pe-

r iod ic Problem s

　　 It m ay be hard to genera lize the com b ined spectra l2difference m ethod to p rob lem s on

non2rectangu lar dom ain. T he fin ite elem en t m ethod can be successfu lly app lied to such p rob2
lem s. Bu t the convergence ra te is lim ited by the degree of in terpo la t ion. O n the o ther hand,

the spectra l and p seudo spectra l m ethods have“infin ite”o rder accu racy if the so lu t ion s to be

app rox im ated are infin itely d ifferen t iab le. Bu t it is very d iff icu lt to u se them to so lve p rob2
lem s on non2rectangu lar dom ain s. In part icu la r, Fou rier spectra l o r p seudo spectra l m ethods

are app licab le on ly to period ic p rob lem s. T hey cou ld no t be u sed direct ly to so lve (2. 1) and
(3. 1). Canu to , M aday, and Q uarteron i[ 3 ] p ropo sed a com b ined p seudo spectra l and fin ite ele2

m en t m ethod w ith app lica t ion to the steady p rob lem of N avier2Stokes equat ion s. Guo Benyu

and Cao W eim ing [ 10 ] con structed a spectra l2f in ite elem en t schem e fo r so lving ( 2. 1) and
(3. 1).

4. 1　A Four ier Spectra l-F in ite Elem en tM ethod

　　L et T h be a class of regu lar decom po sit ion s of the in terva l I and sa t isfy the inverse as2
sum p tion [ 4 ]. L et 0 = x 0〈x 1〈⋯〈xM = 1 are the grid po in ts and I l = (x l- 1, x l) . D efine h =

m ax1Φ lΦM ûx l - x l- 1û , hθ = m in1Φ lΦM ûx l - x l- 1û , and assum e tha t there is a con stan t Θinde2
penden t h such tha t h Φ Θhθ . L et IPm be the set of po lynom ia ls of o rder Φ m and

S 0
m. h = {v: v û I l

∈ IP m fo r 1 Φ l Φ M , v is con t inuou s and v (0) = v (1) = 0 }.

D eno te by IIm the p iecew ise L agrange in terpo la t ion opera to r of o rder m on to S 0
m , h , i. e. , IIm u

is the L agrange in terpo la t ion of o rder m of u on each I l (1 Φ l Φ M ) and con t inuou s on I . V N

and P N are defined by (3. 5) and (3. 6) , respect ively.

T he spectra l2f in ite elem en t m ethod fo r so lving (2. 1) and (3. 1) is to find Γk , Υk ∈S 0
m , h ª

V N such tha t fo r any v ∈ S 0
m , h ª V N and k Ε 0 ,

(Γk
t , v ) + (J (Γk + ∆ΣΓk

t , Υk ) , v ) + Τ(¨ (Γk + ΡΣΓk
t ) , ¨ v ) = ( IIm f k

1, v ) ,

(¨ Υk , ¨ v ) = (Γk + IIm f k
2, v ) ,

Γ0 = IIm P N Ν0,

(4. 1)

w here ∆, Ρ Ε 0 are param eters.
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　　T he num erica l resu lts g iven in Guo Benyu and Cao W eim ing [ 10 ] show tha t
( i)　W ith the sam e m esh sizes, the spectra l2f in ite elem en t m ethods g ive bet ter resu lts

than the fu lly fin ite elem en t m ethods.

( ii)　O n ly a rela t ively sm allN is needed to reso lve the so lu t ion s in y 2direct ion w ith the

spectra l2f in ite elem en t m ethods. T h is m ean s a grea t cu t in com pu ta t ion w o rk. T h is m ethod

can be easily genera lized to th ree2dim en siona l sem i2period ic p rob lem s, even w hen the dom ain

is no t rectangu lar.

4. 2　A Four ier Pseudospectra l-F in ite Elem en tM ethod

　　 In com parison w ith spectra l m ethods, p seudo spectra lm ethods can be im p lem en ted m o re
efficien t ly. Bu t their stab ility m ay be poo r due to the a liasing. In som e p rob lem s, the op t i2
m al ra te of convergence in the L 2 2no rm can be ob ta ined fo r spectra l m ethods, bu t no t fo r
p seudo spectra l m ethods [29, 25 ].

Guo Benyu and M a H ep ing [ 14 ] p resen ted a Fou rier p seudo spectra l2f in ite elem en t schem e
fo r p rob lem (2. 1) and (3. 1). A con tro l opera to r based on the Bochner summ ation is u sed to
im p rove the stab ility. L et the opera to rs P C , R (Χ) , and J C (u , v ) be the sam e as (3. 10) ,
(3. 11) , and (3. 12) , respect ively. If u , v ,w ∈S 0

m , h ª V N , then in tegra t ing by parts, w e get
(2. 16).

T he p seudo spectra l2f in ite elem en t schem e fo r so lving (2. 1) and (3. 1) is to find Γk , Υk ∈
S 0

m , h ª V N such tha t fo r any v ∈ S 0
m , h ª V N and k Ε 0 ,

(Γk
t , v ) + (R J C (R Γk + ∆ΣR Γk

t , R Υk ) , v ) + Τ(¨ (Γk + ΡΣΓk
t ) , ¨ v ) = (P C f k

1, v ) ,

(¨ Υk , ¨ v ) = (Γk + P C f k
2, v ) ,

Γ0 = 0 m P C Ν0,

(4. 2)

w here param eters 0 Φ ∆, Ρ Φ 1. If ∆ = Ρ = 1ö2 and f k
1 = 0 , w e have (2. 8) from (2. 16).

H ere the opera to r J C (Γk , Υk ) is con structed so tha t the app rox im at ion so lu t ion sa t isf ies a
con serva t ion sim ila r to w hat the so lu t ion of (2. 1) sa t isf ies. T hu s, the stab ility is im p roved
and the convergence o rder is heigh tened. In fact, the m ain of the non linear erro r van ishes,
and w e therefo re get bet ter erro r est im ates. A lso the con tro l opera to r R is u sed, w h ich im 2
p roves the stab ility and cu rb s erro rs, and by w h ich the L 2 2op t im al erro r est im ate is ob2
ta ined.

5. Four ier-Chebyshev Spectra l or Pseudospectra lM ethods for the Sem i-Per iod ic
Problem s

T he accu racy of bo th spectra l2difference m ethods and spectra l2f in ite elem en t m ethods is

st ill lim ited due to the app rox im at ion s in non2period ic d irect ion s. Guo Benyu, M a H ep ing,

Cao W eim ing and H uang H u i[ 15 ] p ropo sed ano ther k ind of m ixed m ethod fo r so lving (2. 1)

and (3. 1) by u sing Fou rier2spectra l app rox im at ion in the period ic d irect ion and Chebyshev2
spectra l app rox im at ion in the non2period ic d irect ion. T he m ethod keep s the advan tage of the

convergence of“infin ite o rder”.

5. 1　A Four ier-Chebyshev Spectra lM ethod
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　　 In th is sect ion, let I = (- 1, 1) , Iυ= (0, 2Π) , and 8 = I × Iυ. W e assum e tha t a ll func2
t ion s in (2. 1) have the period 2Πfo r the variab le y and

Ν(± 1, y , t) = Ω(± 1, y , t) = 0, 　Π y ∈ Iυ, 　t Ε 0. (5. 1)

L etM and N be po sit ive in tegers. D efine

V M ( I ) = {v ∈ IPM : v (- 1) = v (1) = 0 }. (5. 2)

L et V N ( Iυ) be the set of a ll rea l t rigonom etric po lynom ia ls of degree less o r equal to N w ith

the period 2Π. D efine

V M ,N (8 ) = V M ( I ) ª V N ( Iυ). (5. 3)

L et Ξ(x ) = (1 - x 2) - 1ö2 and define the space

L 2
Ξ (8 ) = {v is m easu rab le : (v , v ) Ξ〈∞} (5. 4)

equ ipped w ith the inner p roduct and the no rm

(u , v ) Ξ =
1

4Π∫∫8
u (x , y ) v (x , y ) Ξ(x ) dx dy , 　úuú 2

Ξ = (u , u ) Ξ. (5. 5)

L et PM ,N : L 2
Ξ (8 ) →V M ,N (8 ) be the o rthogonal p ro ject ion such tha t

(u - PM ,N u , v ) Ξ = 0, 　Π v ∈V M ,N (8 ). (5. 6)

L et Σbe the step of the variab le t and define u
k
tδ =

1
2Σ(u k+ 1 - u k- 1) .

T he fu lly d iscrete Fou rier2Chebyshev spectra l schem e fo r so lving (2. 1) and (5. 1) is to

find Γk , Υk ∈V M ,N (8 ) , app rox im at ing to Νand Ωrespect ively, such tha t fo r any v ∈V M ,N (8 ) ,

(Γk tδ, v ) Ξ + (J (Γk , Υk ) , v ) Ξ +
Τ
2

aΞ (Γk+ 1 + Γk - 1, v ) = (f k
1, v ) Ξ, 　k Ε 1,

aΞ (Υk , v ) = (Γk + f k
2, v ) Ξ, 　k Ε 0,

Γ1 = PM ,N (Ν0 + Σ5Ν(0) ) , 　Γ0 = PM ,N Ν0,

(5. 7)

w here aΞ (u , v ) =
1

4Π∫∫8
¨ u (x , y ) ¨ [v (x , y ) Ξ(x ) ]dx dy , 5tΝ(0) = Τ̈ 2Ν0 - J (Ν0, Ω(0) ) +

f 1 (0).

W e give tw o exam p les to show the num erica l resu lts of the m ethod in troduced above.

Exam ple 1　L et the exact so lu t ion s of (2. 1) and (3. 1) be

Ν(x , y , t) = A exp {B sin (C x + y ) + Ξt}, 　Ω(x , y , t) = A exp {Ξt} (C x + sin y ).

Fo r describ ing the erro rs, w e let I h be as (3. 2) , IυN = {y = 2Πj öN : 0 Φ j Φ N - 1 } , and de2
f ine

E ∞ ( t) = m ax
(x , y )∈Ih×IυN

ûΝ(x , y , t) - Γ(x , y , t) û ,

E 2 ( t) =
h

N ∑
(x , y )∈Ih×IυN

ûΝ(x , y , t) - Γ(x , y , t) û 2
1ö2

,
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w here Γ(x , y , t) is the so lu t ion of Fou rier spectra l2difference (FSD ) schem e (3. 7) o r the so lu t ion

of Fou rier2Chebyshev spectra l (FCS) schem e (5. 7). T he erro rs of bo th the FSD and FCS

schem es are show n in T ab le I fo r A = C = Ξ = 0. 1,B = 0. 01 , and Σ= Τ= 0. 001.

T ab le I. E rro rs fo r the FSD and FCS Schem es.

t = 1

FSD FCS

M = 10,N = 4 M = 4,N = 4

E 2 ( t) 0. 2217E23 0. 5435E25

E ∞ ( t) 0. 6949E23 0. 6497E25

Exam ple 2　L et the exact so lu t ion s of (2. 1) and (5. 1) be

Ν(x , y , t) = 0. 4 (x 221) (x 228) sin2y etö2, 2̈ 2Ω(x , y , t) = Ν(x , y , t). (5. 8)

D efine I h = {x = co s (Πj öM ) : 0 Φ j Φ M } , IυN = {y = 2Πj öN : 0 Φ j Φ N 21} , and

E (u ( t) , v ( t) ) =
∑

(x , y )∈Ih×IυN

ûu (x , y , t) 2v (x , y , t) û 2

∑
(x , y )∈Ih×IυN

ûu (x , y , t) û 2

1ö2

,

L et Γ(x , y , t) and Υ(x , y , t) a re the so lu t ion s of Fou rier spectra l2f in ite (FSF) schem e (4. 1) o r

the so lu t ion s of Fou rier2Chebyshev spectra l (FCS) schem e (5. 7). T he erro rs of bo th the FSF

and FCS schem es are show n in T ab le II fo r Τ= 0. 001, Σ= 0. 01.

T ab le II. E rro rs fo r the FSF and FCS Schem es.

t = 5

FSF FCS

M = 4,N = 4 M = 10,N = 4 M = 4,N = 4

E (Ν( t) , Γ( t) ) 0. 4436E22 0. 7188E22 0. 3027E24

E (Ω( t) , Υ( t) ) 0. 1592E21 0. 1455E22 0. 1687E24

　　 It can be seen tha t the resu lts of the Fou rier2Chebyshev spectra lm ethod are m uch bet ter
than tho se of the Fou rier spectra l2difference m ethod o r the Fou rier spectra l2f in ite elem en t
m ethod. V ery h igh accu racy so lu t ion s can be ob ta ined w ith the Fou rier2Chebyshev m ethod
by u sing on ly a sm all num ber of m odes. T he w eakness of th is m ethod is tha t it can no t be
app lied d irect ly to the th ree2dim en siona l sem i2period ic p rob lem s on non2rectangu lar do2
m ain s.

5. 2　A Four ier-Chebyshev Pseudospectra l M ethod

　　Fo r saving the w o rk as w ell as keep ing the convergence ra te of“infin ite o rder”, Guo
Benyu and L i J ian [ 12 ] developed a Fou rier2Chebyshev p seudo spectra l m ethod. W e u se the
sam e no ta t ion s as in Sect ion 5. 1. Fu rtherm o re, let {x j } and {w j } be the nodes and w eigh ts of
Gau ss2L obat to in tegra t ion, nam ely

x q = co s
qΠ
M

, 　fo r 0 Φ q Φ M ,

w 0 = w M =
Π

2M
, 　w q =

Π
M

, 　fo r1 Φ q Φ M - 1.
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A lso, pu t y j = 2Π j ö(2N + 1) and define

8M ,N = { (x q, y j ) : 0 Φ q Φ M , 　0 Φ j Φ 2N }. (5. 9)

W e deno te by P C the in terpo la t ion from C (8ϖ) to V M ,N (8 ) , i. e. ,

P Cu (x , y ) = u (x , y ) , 　on8M ,N.

　　R ecen t lyM a H ep ing and Guo Benyu [ 27 ] genera lized the rest ra in t opera to r u sed in the p re2
viou s sect ion s to the Chebyshev app rox im at ion. Fo r th is m ixed m ethod, let Χ1, Χ2 Ε 1 and R =

R (Χ1, Χ2) such tha t if

Τ= ∑
M

q= 0
∑

û lûΦN

uqlT q (x ) e ily , (5. 10)

T q (x ) being the Chebyshev po lynom ia l of degree q , then

R u = ∑
M

q= 0
∑

û lûΦN

u ql (1 -
q

M

Χ1

1 -
l

N

Χ2

T q (x ) e ily. (5. 11)

Fo r app rox im at ing the non linear convect ion term , let J C (u , v ) = 5x [P C (u5v ) ] - 5x [P C (u5x v ) ]

. L et Γk and Υk be the app rox im at ion s to Νand Ωas in (5. 7).

T he Fou rier2Chebyshev p seudo spectra l schem e fo r (2. 1) and (5. 1) is to find Γk , Υk ∈

V M ,N (8 ) such tha t

Γk
tδ + R J C (R Γk , R Υk ) -

Τ
2

¨ 2 (Γk+ 1 + Γk- 1) = P C f k
1,

- ¨ 2Υk = Γk + P C f k
2,

Γ1 = PM ,N (Ν0 + Σ5tΝ(0) ) , 　Γ0 = PM ,N Ν0,

(5. 12)

　　T he num erica l resu lts g iven in Guo Benyu and L i J ian [ 12 ] show the advan tages of th is ap2
p roach. It p rovides the num erica l so lu t ion s w ith h igh accu racy, bu t needs less w o rk than the

Fou rier2Chebyshev spectra l m ethod.

6. Error Estima tes

　　R ecen t ly spectra l m ethods, p seudo spectra l m ethods, and rela ted m ixed m ethods are de2
velop ing successfu lly. M uch w o rk has been done on the num erica l ana lysis of these m ethods

system at ica lly ( See Canu to , H u ssa in i, Q uarteron l, and Zang [ 2 ] , and Guo Benyu [ 9 ] ). In

1981, Guo Benyu adop ted a Fou rier spectra l m ethod fo r so lving the K. D. V. 2Bu rgers’ equa2
t ion and strict ly p roved the convergence (See Kuo Penyu [ 23 ] and its foo t no te). T h is is one of

the earliest theo ret ica l w o rk of spectra l m ethods fo r non linear p rob lem s. L ater, Guo Benyu

et a l. genera lized th is techn ique to the R. L. W. equat ion, vo rt icity equat ion, N avier2Stokes

equat ion, and the flow w ith low M ach num ber. In part icu la r, Guo Benyu and M a H ep ing [ 13 ]

u sed such a m ethod fo r the th ree2dim en siona l com p ressib le flow w ith strict erro r est im ates

w h ich is a d iff icu lt job. T hese w o rk ex tended g2stab ility ( i. e. , genera lized stab ility, see Guo
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Benyu [ 8 ] and Griff ith s[ 6 ]) to spectra l and p seudo spectra l m ethods and thu s p rovided a new

fram ew o rk in the erro r ana lysis of non linear p rob lem s.

T he erro r est im ates of the schem es in troduced in Sect ion s 2225 have been strict ly p roved
respect ively, by Kuo Penyu [ 22 ] , M a H ep ing and Guo Benyu [ 26 ] , Guo Benyu and X iong Yue2
shan [ 17, 18 ] Guo Benyu and Cao W eim ing [ 10 ] , Guo Benyu and M a H ep ing [ 14 ] , Guo Benyu, M a
H ep ing, Cao W eim ing and H uang H u i[ 15 ] , and Guo Benyu and L i J ian [ 12 ].

W e now give these theo ret ica l resu lts. Fo r sim p licity, on ly the m ain condit ion s and re2
su lts a re g iven. Fo r deta ils, w e refer readers to the papers m en t ioned above.

F irst w e in troduce som e funct ion spaces. W e deno te by H Α(8 ) the Sobo lev space and by
H Α

p (8 ) the sub space of H Α(8 ) of a ll funct ion s w ith the period 2Πfo r the variab les x and y .
L et H Β

p ( Iυ) be the Sobo lev space of a ll funct ion s w ith the period 2Π fo r the variab le y and
H Α

Ξ ( I ) be the Sobo lev space w ith the w eigh t Ξ. D eno te by H Β ( Iυ, H Α( I ) ) the ab stract Sobo lev
space [ 24 ]. W e define the non iso trop ic Sobo lev spaces

H Α, Β
p (8 ) = L 2 ( Iυ, H Α( I ) ) ∩H Β

p ( Iυ, L 2 ( I ) ) , 　H Α, Β
Ξ, p (8 ) = L 2 ( Iυ, H Α

Ξ ( I ) ) ∩H Β
p ( Iυ, L 2

Ξ ( I ) ).

　　H ereafter, assum e tha t Σ, h are su itab ly sm all andM , N are la rge enough, and tha t Σ=
O (h 2) , Σ = O (N 22) . L et C deno te variou s po sit ive con stan ts dependen t of the so lu t ion s of
(2. 1) Ν, Ω, and f l ( l = 1, 2) , bu t independen t of Σ, h , M , and N .

W e have the fo llow ing resu lts.
1　L et Νand Ωbe the so lu t ion s of (2. 1) w ith period ic boundary condit ion s. A ssum e tha t

Ν( t) ∈H Α
p (8 ) (Α〉2) , Ω( t) ∈H Α+ 1

p (8 ) , and Ρ〉1
2 o r ΣN 2〈 1

Τ(1 - 2Ρ) . If Γ is the so lu t ion of

(2. 4) o r the so lu t ion of (2. 14) , then fo r nΣΦ T , úΓn - Νnú Φ C (Σ+ N 1- Α) .
　　2　L et Νand Ωbe the so lu t ion s of (2. 1) and (3. 1). A ssum e tha t

Ν( t) , Ω( t) ∈H 1ö2+ Ε( I , H Β+ 1 ( Iυ) ) ∩H 3ö2+ Ε( I , H Β( Iυ) ) (Ε〉0, Β〉0) , Α1 = Α2,

and Ρ〉1
2 o r Σ〈 4h 2

Τ(1 - 2Ρ) (9 + 2N 2h 2) . If Γ is the so lu t ion of (3. 7) o r the so lu t ion of (3. 12) ,

then fo r nΣΦ T , úΓn - Νnú h Φ C (Σ+ h 2 + N - Β) .

3　L et Νand Ωbe the so lu t ion s of (2. 1) and (3. 1). A ssum e tha t Ν ( t) ∈ H Α, Β
p (8 ) (Α,

Β〉2) , Ω( t) ∈ H Α+ 1, Β+ 1
p (8 ) , and Ρ〉1

2 o r Σ(h - 2 + N 2)〈 2
ΤC I (1 - 2Ρ) , w here C I is som e con2

stan t. If Γ is the so lu t ion of (4. 1) o r the so lu t ion of (4. 2) , then fo r nΣΦ T , úΓn - Νnú Φ C (Σ
+ hΑλ + N - Β) , w here Αλ = m in (Α,m + 1) .

　　 4 　L et Ν and Ω be the so lu t ion s of ( 2. 1 ) and ( 5. 1 ). A ssum e tha t Ν( t) , Ω( t) ∈

H Α, Β
Ξ, p (8 ) (Α, Β 〉2) , and fo r som e po sit ive con stan ts C 1 and C 2 , C 1N Φ M Φ C 2N , Σ= O ( (M

+ N ) - 1ö4) . If Γ is the so lu t ion of (5. 7) o r the so lu t ion of (5. 12) , then fo r nΣΦ T , úΓn -

Νnú Ξ Φ C (Σ2 + M - Α + N - Β) .

Remark　 In th is paper, w e con sider the p rob lem s w ith the period ic boundary condit ion in
one direct ion. If, in th is d irect ion, the boundary condit ion is no t period ic, then w e shou ld
u se Chebyshev spectra l o r p seudo spectra l m ethods in stead of Fou rier ones, and their com b i2
nat ion s w ith o ther m ethods (See Guo Benyu and H e Songn ian [ 11 ] , Guo Benyu, M a H ep ing
and H e J ingyu [ 16 ].
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二 维 不 可 压 缩 流 的 谱 方 法
郭本瑜　马和平

(上海大学, 上海201800)

摘　要

　　本文以二维涡度方程为模型, 介绍了谱方法和拟谱方法以及它们与差分方法和有限元法

相结合的混合解法. 这些方法可推广应用于其它一些类似的非线性问题. 本文还给出了这些方

法的某些数值例子和误差估计结果.
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