Journal of Mathematical Research & Exposition
Vol.19, No.3, 515-520, August 1999

Graded FS-Rings *

CHEN Jian-hua
(Dept. of Math., Teachers’ College, Yangzhou Univ., Jiangsu 225002)

Abstract: In this paper, we introduce the notation of graded FS-module of the graded
module over a group G-graded ring and obtain some characterization involving graded
maximal graded left ideal for a graded FS-ring and some equivalent conditions between
the ring R and group ring RG, the graded ring R and group ring of graded ring R[G].
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1. Notations and Preliminaries

In this paper, all rings have a unitary and all modules are unitary. If R is a ring,
by an R-module we will mean a left R-module, and we will denote the category of R-
modules by R-mod. If G is a group and R = @,cgR, is a graded ring of type G,
the category of graded left R-modules will be denoted by R-gr. If M = @,cc M,,
N = ®,e¢Ns € R-gr, Homp_g4 (M,N) is the set morphisms in the category R-gr from M
to N,i.e. Homp_g(M,N) = {f: M — N|f is R-linear and f(M,) C N,,Vo € G}

If R = ®,cc R, is a graded ring, we say that R is a strongly graded ring if R, R, = R,,
for any 0,7 € G. It is well known [1] that R is a strongly graded ring if and only if
R;R,-+ = R, for any o0 € G. (e is the identity of the group G). If R is graded by a
finite group G, the smash product, R#G", is a free right and left R-module with basis
{P,|o € G} and multiplication determined by (rP,)(sP;) = rs,, -1 P;, where s,,-1 is the
o7~ ! component of s.

Let R be a (graded) ring. The left and right annihilators of a subset X of R are written
[(X) and 7(X) respectively. The (graded) socle of a (graded) left R-module M is written
(gr-Soc(M)) Soc(M).

We recall that a study of rings with flat left socle and be called left FS-rings by Liu
Zhongkuil?l. Some equivalent conditions of such rings are given in [2], In the same paper,
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it was proved that R is a left FS-ring if and only if S is a left FS-ring, where § is a excellent
extension of R.

In this paper we consider graded rings with graded flat graded left socle. We call such
graded rings to be graded left FS-rings. Some equivalent conditions of such graded rings
are given in section 2 in terms of either the graded maximal graded left ideals of R or
graded left R-modules with graded flat graded socle. In section 3 we consider group rings
of ring R and group rings of graded ring R with (graded) flat (graded) left socle. We show
that if R is a ring, G is finite group and |G|~! € R, then R is a FS-ring if and only if RG
is a graded FS-ring, if R is a graded ring, G is a finite group and |G|™! € R, then R is a
(graded) FS-ring if and only if R[G] is a (graded) FS-ring.

2. Properties and Characterizations

By analogy with left FS-modules and left FS-rings, we give the following definiton.

Definition 1 A graded left R-module M is called a graded FS-module if every graded
simple submodule is graded flat.

Definition 2 A graded ring R is called a graded left (right) FS-ring if rR(RR) is a graded
FS-module.

Lemma 2.1 Let R = ®,cc R, be a strongly graded ring. Then the functor R®Re : Re-
mod— R - gr given by M — R ®pr, M where M € R.-mod and R @r, M is a graded
R-module by the grading (R ®r, M), = Ry ®re M, is an equivalence, Its inverse is the
functor (+)e : R- gr— R.-mod given by M — M. where M € R-gr and M = ®,cc M, -

Theorem 2.2 Let R = ®,cc R, is a stronly G-graded ring, M = ®,cq¢M, € R-gr. Then
M is a graded FS-module if and only if M is an FS-R.-module. In particular, R is a
graded FS-ring if and only if R, is an FS-ring.

Proof Let M be an FS-R.-module. If N = @,cc N, is a graded simple submodule of M,
then N,=0 or N, is a simple R.-module. Thus N, is a flat R.-module by hypothesis, in
particular, N, is a flat R.-module. By Lemma 2.1 N is a graded flat module, and so M
is a graded flat module. Similarly the necessity can be proved by Lemma 2.1.

It is clear the graded PS-modules, (see[4]), are graded FS-modules, and graded left
PS-rings are graded left FS-rings.

Example 1 Let R be a graded von-Neumann reguler ring. Then R is a graded FS-ring.

Example 2 Let R be a FS-ring. Then the group ring RG is a graded FS-ring by theorem
2.2.

Corollary 2.3 Let R be a strongly graded ring, |G|™! € R, then the following are
equivalent.
(1) R. is an FS-ring.
" (2) R is agr-FS-ring.
(3) R#G™ is an FS-ring.
In order to give characterizations of graded left FS-rings, now we give following lemmas.
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Lemma 2.4 Let R be a G-graded ring, B € gr-R and an exact sequence 0 — K LFd
B — 0, in which F is gr-flat. then B is graded flat if and only if K N IF = IK for each
graded right ideal I of R.

Proof Because the functor ®p is right exact, so we have the commutative diagram
1erK 8 I19rF ¥ IerB -0
oy las lasz
0o Ik S I1Fr L B

Where ai,a; and aj are clear. As B is a graded flat and 0 — I 4 R,s00—- IQ®rB —
R ®@r B ~ B. It follows that a3 is an isomorphism. so is as. Since ay is surjective,
therefore 0 - IK — IF — IB — 0 is a exact sequence. and

IF/IK ~IF + K/K 2 IF/IFNK.

It is easy to see I K = IF N K. The proof of sufficiency is similar to without grading.
A graded module F is called a graded free if F' has a basis of homogeneous elements,
or equivalently F = @,csR(0), where S is a subset of G.

Lemma 2.5 Let R be a G-graded ring, B € gr-R and an exact sequence 0 — K % F J,
B — 0. In which F is graded free. Suppose {z;|j € I',z; € h(F)} is a basic of F, If
v € h(k), say v = riz;, + rezj, + -+ + ez, (vi € h(R)),I(v) denote the graded right ideal
generate by ry,75-- -7, then B is graded flat if and only if v € I(v)K for allv € K.

Proof Let B be a graded flat module. Then IF N K = IK by lemma 24. If v =
iz, + 17y, + oo+ 1z, € K and {rq,72,---, 7} C I(v), so v € I(v)F, Since I(v) =
rnR+rR+ -+ 7R IW)K =rRK +7mRK+---+7nRK =K +rmK+- -+ K,
therefore there exist yy,y2- -yt € h(K) such that v = ryy; + r2y2 + --- + r¢ye. Thus
v € I(v)K.

To the contrary, suppose v € I(u)K for all v € K, let I be a graded right ideal of R.
It is easy tosee, [IK C KNIF.Ifve KNIF,say v = sizj + s22j, + -+ + snz;,, where
81,82,--S, € I and I(v) CI,sov € IK. Thus KNIF = IF. B is a graded flat module
by Lemma 2.4.

Lemma 2.6 Let R be a G-graded ring, I be a graded left ideal of R. Then I is graded
direct summand if and only if there exist f € R,, f? = f, such that I = Rf.
The next result gives several characterizations of graded left FS-rings in terms of graded

left FS-modules, or graded maximal graded left ideals, or all graded simple graded left
R-modules.

Theorem 2.7 The following are equivalent for a graded ring R by group G.
(1) R is a graded left FS-ring.
(2) Gr-Soc (rR) is graded flat.
(3) R has a faithful graded left FS-module.
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(4) If L is a maximal graded left ideal of R then either r(L) = 0 or a € alL for every
a € LNh(R).

(5) If L is a graded essential maximal graded left ideal of R then either r(L) = 0 or
a € al for every a € L N h(R).

(6) Every graded simple graded left R-module p M is either graded flat or Homp_,,. (M, R)
=0.

Proof The equivalence of (1) and (4) is trival.

(1)& (2) By proposition 1.2.18 ([1]), a graded left R module is graded flat if and only
if M is flat. We have ®,cr M, is graded flat if and only if M, is flat for all a € T.

(1)= (3) Itis clear.

(3)=> (4) By analogy with the proof of Theorem of [4], let kM be a faithful graded
FS-module and let L be a maximal graded left ideal. If »(L) # 0 write ' = r(L) so that
LT = 0. On the other hand RT # 0, so RTM # 0 by hypothesis, say Rm, # 0 where
m, € TM 0 k(M) and deg(m,) = 0. Thus L C L(m,) # R, so L = l(m,). Definition:

g: R — Rm,

Ty — TrMgy

then g € Hom(R, Rm,),, i.e. ¢ € Homp_, (R, Rm,(c7)) and R/L = Rm, (o). Then
R/L is graded flat by hypothesis and Lemma 2.5. Thus a € aL for every a € L N h(R).
(4)= (5) It is clear.
(5)= (1) Let a € R, and Ra be a minimum graded left ideal of R. Definition:

g: R— Ra

Ty — Tra

then g € Hom(R, Ra),, that is ¢ € Homp_, (R, Ra(c™ 1)), so Ra = R/L in gr-R, where
L=L(a) is a maximal graded left ideal of R. If L is not graded essential then L = Rf for
some f* = f € R, by Lemma 2.6, thus Ra(oc~!) = R(1 — f), which implies that Ra(o~1)
is graded projective. Now, suppose that L is a graded essential maximal graded left ideal.
Assume that (L) # 0. Then a € alL for every a € LN h(R), Thus R/L = Ra(o71) is
a graded flat left R-module. Now suppose that r(L) = 0. Set h € Homp_4 (Ra, R) if
(a)h = b € R,, then Lb = L((a)h) = (La)h = (0)h = 0, it follows that a = 0. So we have
proved that every graded minimum graded left ideal of R is flat.

Corollary 2.8 Suppose that R is a graded left FS-module. Then, (1) for every graded
essential maximal graded left ideal L of R, either 1(L) = 0 or (L) = 0.

(2) for every maximal graded left ideal L of R, either I(L) = 0 or r(L) = fR where
f2 = f€R..

Proof (1) Let L be a graded essential maximal graded left ideal. Assume that I(L) # 0,
the LNI(L) # 0. Choose 0 # a € LNI(L), if v(L) # 0, then, by Theorem 2.7 b € bL

for every b € L. Thus a € aL. which implies a = 0, a contradiction. Therefore we have

r(L) = 0.
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(2) By Lemma 2.6.
3. Group Rings RG and R[G]

In this section we consider group rings with (graded) flat left socle. Let R be a ring
and G be a finite group, as is known to all, group ring RG is strongly graded ring of type
G. First of all, we have the following.

Theorem 3.1 Let R be a graded ring by finite group G.|G|™! € R, then the following
are equivalent.

(1) R is an FS-ring.

(2) RG is an FS-ring.

(3) RG is a gr-FS-ring.

Proof (1)& (2) By Corollary 3.5[21.
(1)< (3) By Theorem 2.2.
By Remark 3.3 [2] and [4] we have following.

Corollary 3.2 Let R be a graded ring by finite group G.|G|~! € R, then the following
are equivalent.

(1) R is a PS-ring.

(2) RGis a PS-ring.

(3) RG is a graded PS-ring.

According to C. Nastasescul®, if R = @,cgR, is a graded ring of type G, he denote
by R[G] the left free R-module with the basis {o|o € G},ie. R[G]= {3 ,cqAs9lA; € R}.
For the elements A,7 and A,/,» where A\, € R,, A, € R,/, he define their product by

(AeT)A0iT') = AgAgi (0’ 1ra' ).

R[G] is called the group rings of graded rings. If define for every ¢ € G,(R[G]), =
Popmo Batt = Y g Ror1T = ®rcgR,r—1 7 the R[G] is a G-graded ring, and (R[G]). =
Y occ Ry-10. The following lemma appeared in [6].

Lemma 3.3 With the above notations, we have

(1) R[G] is a strongly graded ring with the grading {(R[G]),,o € G}.

(2) ¢: R = (R[G))e,p(ToecaAo) = YpegAe0 ™!, where A, € R, is a ring isomor-
phism.

(3) If I is a graded left ideal of R, then I[G) is a graded left ideal of R[G] and
1G] N (R[G])e = o(I).

Theorem 3.4 Let R be a graded ring by finite group G, |G|~! € R. Then
(1) R is an FS-ring if and only if R[G] is an FS-ring.
(2) R is an FS-ring if and only if R[G] is an gr-FS-ring.
(3) If R is strongly graded, R is a gr-FS-ring if and only if R|G] is a gr-FS-ring.

Proof (1) In fact R[G] is a crossed product (see[l]). By [2] corollary 3.5 it is clear.
(2) Bylemma 3.3, ¢ : R — (R[G])e, (Y peq Ao) = BoccAr0 ™! is a 1ing isomorphism.
On the other hand, it is easy to see that every g € G commute with any element of (R[G]).
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and therefore R[G] is the group ring (R[G]). by the group G in the classical sense. Thus
the result follows from Theorem 2.2 and Lemma 3.3.

(3) Since (R[G])e = ®rec(Rs071),(Rr = 771) C Ryr(07)71, s0 (R[G])e is a graded
ring of type G. Thus ¢ is a graded ring isomorphism. If R is strongly graded, then R is
an FS-ring if and only if R is a gr-FS-ring.
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