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Abstract: In this paper, we discuss the transfinite interpolation and approximation by
a class of periodic bivariate cubic Splines on type-II triangulated partition A2 the
existence, uniqueness and the expression of interpolation periodic bivariate splines are
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1. Introduction

Recently, there are many papers studying the Periodic Bivariate Spline interpolation
on rectangular [1]-[8], It is obvious that the methods in [1]-[2] are significant, but we
must solve many multidimensional equations and must give some higher partial derivative
values in interpolation conditions.

In this paper, we will give a new method, by which the Periodic Bivariate Cubic spline
interpolations can be constructed conveniently.

For convenience, we follow the notations in [2]-[4]. In [2], it was shown that if one
chooses the following 16 parameters in rectangle D;; : ws, ¥s, ¥s, 6, T3, t5, L6, We, W1, W3, U1,
S(p,q)(p = 4,5+ 1;¢ = j,j +1) and S(i + 1,5 + 3) (Fig.1) then there exists uniquely a
piecewise bivariate cubic spline S;;(z,y) € C'(D;;).
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It is obvious that w;, w3, u; and S(: + %,j + %) are the interior parameters of D;;.
In this paper, at first, we point out that the 4 interior parameters can be replaced by
the normal derivative values on the midpoints of four sides of D;;,that is, if we give the
following 16 parameters: ws, wg, ¥s, ¥, €5, L6, t5,t6, 1 (1 = 1,2,3,4) and S(p,q) (p =
4,1+ 1;9 = j,j7 + 1) (Fig.2) then there exists uniquely a piecewise bivariate cubic spline
S',-j(:c,y) € Cl(Dij), where

mAS,. 1. hy 85, 1.
ny = 2 a_z(zvj+'2")an4—(_2)ay(l+ 2a]+1)’
h1 BS . . 1 hzaS . 1 .
= {~ ——)— 1 — = — — — .
ng ( 2)8£E(l+ ’]+2),n2 2 ay(z+ 2)])

Secondly, since we choose n; (¢ = 1,2,3,4) as parameters, then the piecewise bivariate
cubic splines satisfy the C! continuous conditions on nets of D, so that we can construct
various Cl-interpolation problems on D conveniently. In this case, one does not have
to solve multidimensional equations and does not need higher partial derivative values.
Hence,the method in this paper is clearly an improvement to [1]-[4]. In fact, we give a
new piecewise cubic spline finite elements, (Fig.2) which is also better than the bicubic
spline finite elements introduced in [5].

2. The existence and uniqueness

Let D denote the rectangular domain [0,1;] ® [0, 5], trianglated by a so-called type-II
partition A("ztzl (Fig.3). The spaces '§§(A£,‘i,)l) of double periodic bivariate spline functions
defined on D are that If S(z,y) € TS’;(AQL), then S(z,y) satisfy the following!!:

(i) S(=,y) € CY(D);

(ii) S coincides with a bivariate polynomials of degree at most 3 on each triangle of

D;
(iii) S(Ovy): S(llyy)a S(I,O):S(:l:,l2)

0 0 0 0

—6_135(0’3/) - é‘;s(llvy)(o S Yy S 12)7 8_$S(I’O) = 8_135(2,12)(0 S z S ll),
0 0 0 0

—_ = —5(I <y < — = — <z <
ayS(O,y) ayS( LY)0 <y <), 8y5(z,0) 8y5(z,lz)(0 <z <L),

Theorem 2.1 Let f(z,y) be the double periodic derivative function in [2], then there is a

unique double periodic bivariate cubic spline S(z,y) € ?;(AS,ZL,)L), which satisfies following
interpolation conditions:
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(1) (S_f)(i,j):()a (i:O,l,---,m—l; j:O’11"'an_1)
.y 0 0 . .
(11) a_z(s_f)(z,_]):Oya_y(s_f)(z,]):07 (120517"'1"’—1; .7:0)1,"'1”_1)

(iij) (—%-(S—f)(iﬂl):o, (¢=0,1,---,m-1; j=0,1,---,n—-1)
” 2
aﬂy(s_f)(H—%,y):O? (120,1,,771,—1, ]:0,1,,7l"‘1)

It is obvious that all the interpolation conditions are given on the nets of D (Fig.3).
Hence, it is a transfinite interpolation [6].

d (0,0) (0,5) (0,n — 1) (0,n)

Y =G " ¥ ; AN

X 1 i } ! } i ¢ i

(1,0)
N 1 R { B 21 o ¥ ™ 1 N 1
i
4

1 I’ i i 1 1 i

(m - 10 7 7 7 ¥ 7
(m,0) (m,n)

(Fig.3)

Proof Let a bivariate cubic spline S(x,y) be defined on a triangular cell Dz(;-) (0<:<
m—2, 0 <j <n-—2), then by barycentric coordinates it can be expressed as [2]:

S(Cl),y) = S(Q)IB’7) = [(ai);a,ﬂ,’y],

and
a8
o 3a10? + 2a408 + asfB® + 2asay + ary? + arfy,
a5
a8 = 3a,8° + asa® + 2azaf + 2asf7 + agy? + arey,
08

B = 3a37” + aga® + 2a7aB + agB’ + 2a9B7 + aroaf.

Let A = %hlhg, then

95, _ ok [?ﬁ L 95 _,08
8y (+3.9+) T 4A (98 T 9y “da (0.4,1)
hy 1 1 L
= 4—; [Z(3a2 + 2a3 + ag) + Z(3a3 + 2a9 + as) — 5(“5 + a7 + aw)| -
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If we set %(5 — f)(i+%,j+1) = 0, then

1

of,. .
3(az + az + ag + ag) — 2(as + a7 + ay) = 4h25§(1 + 57 + 1),
then by [2;(2.1)], we have
L. 1 .1 ..
-2(65(1 + 20d + 5) + 2wy + 2ws + u1) = Fi(3,7), (2.1)
where ) of
Fii,j) = 4hz—(z L) -6 4 1) 67+ 15+ 1) 22 (i 4 Vet
af of ,. . of . .
a—z(@+1)]+1)h1 - a—y(z,]-}-l)hg— a—y(1+1’]+1)h2- (2.2)

Similarly, in other cells Dg?)(k = 2,3,4) we have

o101 ..
—2(65(i + -,7 + ) + 2wy — 2ws — uy) = Fy(, ),

2 2
.1 01 ..
—2(65(7 + g0d + 5) + 2wy — 2ws + uy) = F3(3,7), (2.3)
1 1
—2(65(7 + 5,1' + 5) — 2wy + 2wz — 1) = Fy(4,7),
where of 1 of
FZ(za]) = 4hl'5;("'1.7 + 5) - Gf(la]) - 6f(1’a.7 + 1) - 25.:';(1a.7)h2+
of ,. . of . ) of,. .
28ya(z,1+1)hz+ ay(z+1,1)hz+ ay(l,J)h;,
Fali, ) 1= 4ha 3+ 5,3) = 670+ 1.3) = 0£(i.4) + 232 ()=
of . . of ,. ) of . .
282:8(1’])’7'1 + ay(z+17])h2+ ay(la])hZ, (24)
1
Fy(i,j) == 4h15£-(i+1,j+§)—6f(i+ 1,7 +1)=6f(:+1,5)+
of . ) of . )
28(—9‘;(2"{’1,]+1)h2—2%(l+1,])h2—
/

, X of ,. :
—.,c(Z + 1,7+ 1)k — 8—5(1 +1,7)h1.

It is obvious that the equations with the unknown variables w;, ws, u;, and
S(i+ %,j + 1) formed by (2,1) and (2.2) can be solved as follows:

5(i+%,1+%)— 418{4;,23;( +%,j+1)+4h1-§—f-(i+1 j+%)+4h2%(i+%d)+
hy [§£(2+1]+1)—?(11+1)+—( +1,5) - af( j)]+4hlg—£(i,j+%)—
5 9 9

b [oL) + 5ot +1J)~-—f(z,]+1)—5§(z+1,a+1)]—
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12[f(+ 1,7 + 1)+ £(5) + F(5,5 + 1) + F(G + 1,)] }

1

wi = 1o { b [+ 1+ o o1

(3-8 3L +1,5+1)] -an 5L

Oz
7]
g; 85(1 ]+1)]+4h18f(z+1 jt+= )—

(4307 +1)+4hz~(z+ 09 12[f(i+1,j)—f(i,j+1)]},

(i+1,4) - 3% ity) +

oz
of

(4,3 —~—( +1,7)-

16
ha [3—(z+1 J+1)+3

8f
of
Oz
(i+1,j+1)]—4h15;(i+1,j+— -

(i,i+3 )+

3 0 0
(41,5)+ az(i’j“)_a_;(i’j)_ég
of

thaZ i+, i) kG L )21 L) 1T

9 9 9
u :_% {3h1 [—(i+1,]') af(z i1+ a—z(i+1,j+1)—;9—£(i,j)] +4hz—f(i+%,f) +

3h, [——(H—l )+—g—f(z ])—%( j+1)—g—£(i+1,j+1)}+4h23f

. of . . .
4h1;9—w(%1+§)—4h13—z(2+1,1+§)}- (2.5)

8
:—16-{ [3— it1, J)+3 (J+1) (i,j) —(z+1 J+1)]+4h1
[

5)

(7’+ ’-7+1) -

Thus, using interpolation conditions (i)-(iii) and [2;(2.1)], we can easily give the piece-
wise spline expression on D;;, for example, on Dg;), and obtain the coefficients of s(z,y)
uniquely as follows:

1

a = 5(i+ ,J+2)

az = f(i,5),

as = f(i+1, J+1)
a4_35(z+ ,.7+ )+w1,
s = 34,541+ (G (54 Do+ G (54,
06335(i+%,j+§)+w3,
ar = 3f(4, +1)—%g—f(z+1 +1)h1+g—f(z+1 7 +1)hs],
ag = 3f(¢i,7+1)+ %]:(z J+1)hy,
ag = 3f(i+1,5+1)- f(z+1 j+1)h,

ajp = 65(i+ §,j+ §)+2w1+2w3+u1.
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Similarly we can write the expressions on other cells Dgf) (k=2,3,4)(0<i<m-2, 0<
j <n—2) symmetrically and we omit their details. Thus, we can get the piecewise bivariate
cubic splines on D;; and by [2], they can C!-continuously be pieced together on two
diagonals of D;;. Now, we consider the existence of interpolation splines on Do,_;, from
the interpolation condition and periodic conditions and by the method described in the

(1)

above on D, we have

1 1 0 0 0
S(zon—3)= - 48{(4h2—ai(%,n)+4h18—£(1,n~%)+4h2—8—£(-§—,n—1)+
h{ Y00+ Zan-1-Zon-n]+amon-2)-
Bf of of
[0 - 1)+ 2L an -1 - 0,0 - o) -

12(f

a, )+ﬂmn—n+ﬂmm+fmn—nﬁ,
wlz—lé{hl[af(o 0) + f( n-1)-320,n- )_3g(1 0)]+4h26f(;n—1)

5 9z 5
9 9 9 9 1
m[gamm§<—w—£wmw—{mﬂ a3l (Gum) +
gl (1n— 3~ am S 0,m - ) - 12000 - 1) - 0,001},
1 9 9 9
wg = i-é{hl [3a—£(1 1)+ 3a—f(o 0) - a_i:( 0,n—1) - -8-5(1,0)] +4h28f(; _1).
of of of of of 1
(350 (1n =1 +3550,0) - Fon-1) - 8—9(1,0)] +am Sl (on - 2) -
9
sha S (= 5~ ama gl G+ 121700,0) - f0,m - 1)
1 9 9 9 9
w=—g{am[GLan-n- Lo+ Fao-Fon-1]+
of of of of af
sha |5 (1n = 1)+ 500 = 1) - 0,0 - Z1,0)] 4 4ha T (G +
9f 1 9 1 9 1
4h25£(5,n-1)—4h15£(o,n—§)—4h13—£(1,n_ 5)}. (2.7)
Thus, we get the coefficients of S(z,y) on D&)_l as follows:
1 1
a = 5(5,71 - 5),
az = f(O,'I’L"' 1)7
az = f(lvo)a
ag = 35(%, = %)+ wy,
1.0 9
as = 3f(0,0) + 5[3—5(0,0)}21 + a—i(0,0)hz],
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ag = 35(%, - %) + ws,

or = 3£(0,0) - (5L (LOh + 5 (1L 0],
ag = 3f(0,0) + ?(0,0)hl,

ag = 3f(1,0) gi(l O)hl,

1
ag = 65(5,7'1. — 5) + 2wy + 2wz + uq.

Similarly, we can find the expression on Doﬁ) ; (k=2,3,4). And in the same way, we can
obtain the piecewise bivariate cubic splines on D" (k=1,2,3,4) (1<i<m-1) and

in—1

Dgf)_lj (k=1,2,3,4) (0<j<n-1) and by [1], they are C'-continuously pieced together
on two diagonals of D;,_y and Dy,_qj, (0<i<m—1, 0<j<n-1). and they satisfy
the periodic bivariate interpolation conditions. Since we give three directional derivative
values of every side of D;; in interpolation conditions (ii) and (iii), then by [7,p206}, If we
let D;; and D;j;1 be two neighboring rectangles, and Sy(z,y), S2(2,y) are the bivariate
cubic splines on D;; and D;;;; respectively, then S;, S, are C'-joined on public line
(4,7 + 1)(#+ 1,7 + 1). Similarly, let Sy, S3 denote the piecewise splines on D;; and Djjy1,
then S;, S3 are C'-joined on (4,5 + 1)(: + 1,5 + 1). Thus, along the x-direction and y-
direction , beginning with Dy and joining each other piece by piece, we can obtain the
piecewise spline S(z,y) on D which satisfies the interpolation conditions (i)—(ili) and is
C'-continous on the nets z = z;, y = y;(: = 1,2,---,m—1;5 = 1,2,--- ,n—1). Our proof
is completed.

3. Approximation order

Let 5(4)(D) denote a periodic funcgion space on D such that

(i) f(=,9) € C*(D)

(11) f(07y):f(llay)v f(ll,O):f(lf,lg)

0 0 0 0

a—zf((),?/) = 8_xf(llvy)a a—zf(zyo) a f(il? 12)
0 0

3] 0
—6—3;f(0’y) = %f(llay% 'a;f(zvo) = ayf(:c 12)

Theorem 3.2 Let f(z,y) and S(z,y) be the double periodic derivative function, and

bivariate cubic interpolation spline as in Theorem 2.2 respectively, if f € 6(4)(D) then we
have

|f-S|< K(1) - max gm,p;l; (B2 fll-+h2w (9 £, h)] , for (2,y) € D\[0,li—h1)®[0, lo—hal,

F-S1< KQ) -max (p,,62%) [Bllf %0 (8 £, 1)), for (2,4) [0, hoha]®[0, l—ha].

Proof For simplicity, we let y;; = y5, 2:5 = Z¢, Yij+1 = —¥s, Tij41 = Ws, Tip15 = —Ts,

Yiy1; = b5, Tip1j41 = —Ws, Yit1+41 = —le, Wi; = wi, t; = ws, and u;; = uy in D;;
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(Fig.1). Correspondently, we can write the parameters in D;;41 and D;4;. Considering
the C''-continuity on (7,7 + 1)(i + 1,5 + 1), by [4,p382], we have
o1 1 .1, 1
u;j + 2wi; + 2t + 65(4 + 7t 5) + wijy1 — 2wiip1 ~ 2541 — 65(3 + It 1+ 5)
= =2zi11541 + 22541 + 65(4,7 + 1) + 65(i + 1,5 + 1). (3.1)
Let us denote by S(z,y) the interpolation spline in [3], and correspondently, let @;;, w;;,%;;
etc denote their parameters, then by {3,p14], we have
_ =, 1 . 1 _ _
U;; + 2W;; + 2t + 65(i + 7t 5) + @i — 205541 — 2Lijp1 — 65(i 4 S ,J +1+4 )
= —2Z;y1j41 + 28541 + 65(¢,5 + 1) + 65(i + 1,5 + 1). (3 2)
From (3.2) and (3.1) and by using their interpolation conditions respectively. We have

0i; + 2055 + 2855 + 675 + 041 + 205541 + 285541 + 67ij+1 = 4aujr1 + Bij+1),  (3.3)

where

Oij = uij — Wj, i = wij — Wi, Py = tij — Lij,
R S P I |
¥ij =S+ 5,0+ 35) =50+ 5.0+ 3)

From [3] we know w;; = %i(z—l- L+ %5(1 + 1,5+ 1) hence from (2.5) we have

a,-j+1:11—6{4h1%(i+1,]'+%)—4h1?( n )+4hzgf(z+ i)+
hl[%(i,j+1)+%(i+1,j) ( i) —3m (+1]+1)}+
s [3%(i+1,j+1)+3g—£(i, ')——a—f( 1, ])—a—f(z]+1)]
4h2§—§(i+§,j+1)—12[f(i+1,j)—f(i,j+1)1}—
SMGLlit g0 )= pha (4 1+ 1), (34)

If f € C*(D), then we expand the right sides in (3.4) around the point (i + 3.7+ 1) by
Taylor formula and get

] < E(Dh*w(9* f, h). (3.5)
Similarly, we can get
|Bij+1] < K(D)R*w(0*f, h). (3.6)

Thus, from (3.3), we have the following recursion relations:(fixed i)

|61~,~+1 + 2aij+1 + 2,@,'j+1 + 6‘)‘,:_7'+1| < |0ij + 201,']' + Q,Bij + 6‘)‘0'! + K(l)h4w(a4f, h), (3.7)

and specially, if ¢ = 0, then we have recursion relations:

100]‘4'1 + 2aoj+1 + 2ﬂ0j+1 + 6‘)’0j+1| S |9()J + 2aoj + 2,@0_] + 670]' + K(l)h4LU(34f, h) (38)
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m-—1
Let Do = |J Do, be the first row of rectangular domain D triangulated by type-1I
j=0

triangulation. We estimate the errors in Dg, at first,in D(()%,), by [3] and (2.5),(2.6),We
have

Is — 3] < Tlvoo| + o] + |Bool + 16700 + 2a00 + 2800 + bool- (3.9)
From (2.1),(2.3),we have
A-X = F, (3.10)
where
6 2 2 1
6 2 -2 -1
A= 6 -2 -2 1 ’
6 -2 2 -1
X = (700,000,/300,900)T,
F = (F1, Fa, F3, Fa)T,
and

1

— 1
Fy = F1(0,0) 4+ 12f(=, =) + 4woo + 4too + 2ugo,

Fy = F3(0,0) + 12f(5, =) — 4woo — 4to0 — 2uoo,

b

F3 = F5(0,0) + 12( ) — 4wpo — 4too + 2upo,

bl

DO = DN =t N = BN
DN =N =N =N

Fs= F4(0,0) + 12f( ) — 4wao + 4too — 2upo.

Y

If f € C*(D), then by substituting (2.2) ,(2.4) and (2.5) into the above expression and
expanding every term of JA-:J(] = 1,2,3,4) at the point (%,1) by the Taylor formula, we
have .

|75 < K(DR*w(8*F,h) (5 =1,2,3,4). (3.11)

Therefore from (3.10), we have
700l lexool, [Bool s [600] < K (1)h%w (8" f, k). (3.12)

We can get similar estimation as above on D(()g)(k = 2,3,4) and obtain the following
estimation on Dyg:

600 — 2c00 + 2800 + 6700] < K ()R*w(8*f, h). (3.13)
By the recursion relations (3.8), we have
|60j+1 + 20041 + 2B0j41 + 670j11] < K(1)R°w(8*f, h). (3.14)
Since the length of recursion does not exceed n, combining (3.5) and (3.6), we have

160541 + 6705411 < K(DR w(9*f, R). (3.15)
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and by the definition of 641, 70j+1 and tg;41, we can get

1. 1 1, 1
boj+1 — 67041 = Uoj+1—ﬁ0j+1—65(5»]+1+§)+6f('2‘,.7+1+§)
82f 1 . 1, (h\?
= toit = [‘5;7(5’“”5)(7) "
0%f 1 1 (h2)2+82f 1. 1. hy hy

5y—2(§,1+1+§) a_zg}(E’HH_)“_ -

2
1 1 1 1
1 - —i4+14=).

65(2,]+1+2)+6f(2,]+ +2)

If f € C4D), using (2.5) and expanding the rights of above on point (3,7 + 1) by
Taylor formula, we can get

60j+1 ~ 670j41] < K (DRI f]l-. (3.16)

Similarly, we can obtain the estimation as above on D(()I;) (k=2,3,4), thus, from (3.15),
(3.16), (3.5) and (3.6),we have following estimations on Do(j = 0,1,---,n — 1)

v0il, lewogls 1Bosl, 160;] < K (D)[h*w(8* f, k) + h¥| fll.). (3.17)

Since S(x,y) is C'-continous on (: + 1,7)(z + 1,7 + 1), by [4,p382], we have
. . 1 . 1, 1
"ui+1j+1_2tH—1j+1+2wi+1j+1—uiﬂ»l_zwij»k1+2tij+l+65('l+:,):,]+1+§)+65(H‘1+§»]+1+§)
= 2y — 2Yinip2 + 65 (641,75 +1)+65(i+1,5+2). (3.18)

m-1
By the same method, we can get the estimations on first column D; = |J Dso:
1=0

1Yo, letiol, |Biol, 16i0] < K (D)[R*w(8* f, k) + R*||£]I.). (3.19)
Using (3.1) and (3.18), we can get the following recursion relations [4,p382]:

(wi; + 2t:5) — (ip1j4+1 + 2bip1541)
= dwijp1 — 2wij — 2wigaj41 + 225541 — 2211541 + 2¥it1541 — 2Yiv1542 +
6S(5,j +1)+6SGE+1,j+1)+65(i+1,7+1)+6S5(+1,5+2) -
.11 .1, 1 .1 1
65(’+5,J+ 5)‘65(’+ §,J+1+ 5)_65("}’ 5»]+1+ 5)"
. 1 . 1
65(i+14 5,5+ 1+ 3). (3.20)

Hence, using the interpolation conditions of S and S,we have
(0:5428:;5) — (Biv1j41+2Biv1541) = daijpr— 204 — 20341541~
6[ij +27ij+1 +Yiv1j+1]- (3.21)
By (2.5) and by expanding 7;; = S(i+ 3,5+ 3)— f(i + 1,3+ 3) at the point (i + Li+d)
by Taylor formula, we have

— 530 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Combining (3.5) and (3.21), we get the recursion relation
1641541 + 2Bi41i01| < 1055 + 26i51 + K (DA*w(0* £, k) + [ £I]. (3.23)
From (3.17) and (3.19), we have
16i0 + 2810, 160 + 2805 < + K ([A*w (0 f, k) + h*|| fIL.].
Since the length of recursion (3.23) does not exceed max(m,n),we have
16:41541 + 2Bivri| < K(D)[R2w(8* f, k) + K3||fIl.]. (3.24)
and combining (3.6), we get
6:11511] < K(D[Rw(@*f, h) + W3 £I1.) (3.25)

Thus, from (3.5), (3.6), (3.22) and (3.25), we have the following estimation on D;;(z #
0,7 # 0): _
1731, leijl, 1Bij, 16:5] < K(D)[RPw(8* £, k) + K| fI].]. (3.26)

According to the methods in [2]-[4], for f € C*(D), we can get
s — 5| < K()Rw(@"f, k) + K F]L.). (3.27)
By [1],if f € 6(4)(D), then we have

|F-5| < K(z).max(pA,p;I) [h2||f||*+h2w (a4f, h)] , for (2,y)€ D\[0, h—h1]®10, l—hs),

|£-81< K(1)max(p,, p3" ) [Bllfll.+h%w (87, B)|, for (z,y) €[0, hi—h1]®[0, lo—hs]. (3.28)

Combining (3.27) and (3.28), we complete the proof of theorem 3.1.
Acknowledgement The author would like to thank Professor Xuan Peicai for his con-
stant encouragement and help.
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