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Abstract: In this short note, using a Mysior’s example shows that a space with a regular
Gs-diagonal is not preserved by a finite-to-one and open map.
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In this paper, all spaces are regular and T}. N and R denote the sets of natural numbers
and real numbers, respectively. In [1], Mysior gave a simple example of a non-realcompact
space which is the union of two closed realcompact subspaces as follows.

Example 1 Let X = R x R. All points (z,y) with y # 0 are assumed to be isolated. A
base of neighborhoods of a point (z,0) is the family {U(z,n) : n € N} where each U(z,n)
is the union of three segments:

{(z,y): —1/n <y < 1/n},
{(z+1+y,y):0<y<1/n},
{(z+V2+y,~-y):0<y<1/n}.

Then X is a completely regular space which is an image of a metric space under a finite-
to-one and open mapl4l.

A space (X, 7) is submetrizable if there exists a topology 7/ on X such that 7/ C 7 and
(X, 7') is metrizable. A space X is said to have a (regular) Gs-diagonal if the diagonal of
X is a (regular) Gs-set in X2. A submetrizable space has a regular Gs-diagonal. A space
with a regular Gs-diagonal has a Gs-diagonal. We knew that a finite-to-one and open map
preserves the property with a Gs-diagonall?). It is a question whether submetrizability or
the property with a regular Gs-diagonal is preserved by a finite-to-one and open map.
We give a negative answer to the above question by proving the space X in Example 1
without any regular Gs-diagonal.
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In fact, if X has a regular Gs-diagonal, by Theorem 1 in [3], there exists a sequence
{it,} of open covers of X such that if  and y are distinct two points of X, then there are an
integer n and open set U and V containing z and y respectively such that Unst(V, u,) # 0.
We can assume that every element of u,, belongs to the base of neighborhood of X. Then
for each m € N,r € R, there is an m(r) € N with U(r,m(r)) € psn. Let Ry = {r € R :
m(r) = k}.

Then R = UgenRi. Thus int,(cl,(R,(m))) # @ for some o(m) € N, where 7 is the
usual Euclidean topology on R. By induction principle, we can construct a sequence
{Rn(n)} of subsets of R, here o : N — N, satisfying

(1) U(r,o(n)) € pn, for each r € R, ;(n).-

(2) 0 # i Ruti0(ns1)) C intr(cl(Ry, 5(n))) for each n € N.

Take a point a € Npencly((Ryp(n))). Put 2 = (a - v2,0),y = (a — 1,0).

Then U Nst(V,p,) # 0 for each n € N, and open sets U and V containing z and
y respectively. In fact, for each n,7,5 € N, take an integer k > max{o(n),%,j}. Let
be (a,a+1/k) N R, 5, then (b, —(b — a)) € U(z,i) Nst(U(y, ), #n), a contradiction.
Hence X has not any regular Gs-diagonal.

Corollary Submetrizability or property with a regular Gs-diagonal is not preserved by
a finite-to-one and open map.

Suppose p is a family of subsets of a space X.p is a k-network for X, if K is a compact
subset of X and U is an open neighborhood of K in X, there exists a finite subfamily p’
of p with K C Up’ C U. A space X is an R-space if X has a o-locally finite k-network.
It is obvious that a metric space is an R-space, and an R-space has a Gs-diagonal. It
is a question posed by the second author of this paper in [4] whether every R-space has
a regualar Gs-diagonal. We construct an example by revised Example 1 answering the
above question negatively.

Example 2 There exists an R-space without any regular Gs-diagonal.

Take Y = R X R,P(Y) denotes the power set of Y. Let S = {F € P(Y)®"*N :
z € Rbn € N,and 0 < y < 1/n, there exist a(y),b(y),c(y) and d(y) € R such that
ay) < z,b(y) < z,¢(y) <z +y+1,dy) < z+y+ V2 and

F(z,n)={(z,9):0<y<1l/ma(y)<z<zorc(y)<z<z+y+1}U
{(z,-y):0<y<1/nbly)<z<zord(y)<z<z+y+V2}

For eachz € R,ne N and F € S, put V(z,n,F) = {(z,0)} U F(z,n).

The set Y is endowed the following topology: all points (z,y) with y # 0 are assumed
to be isolated; a base of neighborhoods of a point (z,0) is the family {V(z,n,F) : n €
N,F € S}. Then Y is a completely regular space.

For each n € N, define

v _{ Rx{0},n=1
"7 {(z9):lyl 2 1/n},n > 1.

Then Y,, is a closed discrete subspace of Y, and ¥ = UpenY,. By the same way in
Example in [5], all compact subspaces of Y is finite. Thus {{y} : y € Y} is a g-locally
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finite k-network for Y, and Y is an R-space. By the same method in Example 1, we can
prove that Y has not any regular Gs-diagonal.
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