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General Frames for Bivariate Interpolation *
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Abstract: Two classes of general bivariate interpolating frames are established by in-
troducing multiple parameters. Many well known interpolating schemes, such as Newton
interpolation, branched continued fraction interpolation proposed by Siemaszko and sym-
metric continued fraction interpolation considered by Cuyt and Murphy, can be obtained
by choosing proper parameters in our results.
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1. Introduction

Let us briefly recall some classical results in univariate case. Given a set of real points
X = {zg,21,---,2,} C [a,b] C R and a function f(z) defined in [a,b], then one can
construct a polynomial P(z) of degree n

Plz)=ap+ai(z —zo) +as(z —zp)(z —z1)+ -+ a(z—20) - (& — 2pm1), (L.1)

where a; = f[zg, 21, -, ;] is the usual divided difference of the function f(z) at points
29,21, -+, i, such that it interpolates f(z) on the'set X. One may also establish a
continued fraction of the following form ([5])

A

i + '!

T — ] T — Ty
1.2
by + + b, (1.2)

R(:l:) = bo + ’

which interpolates f(z) on the set X, provided that b;,7 = 0,1,---,n, are chosen to be
the inverse differences of f(z) at points z¢,2,---,z;. It is obvious that (1.1) and (1.2)
can be rewritten as

Pn(z) = Qy,
Pu(z) = ap+(2—2)Pryr(e), k=n—-1,n-2,---,0, (1.3)
P(z) = Py(z)
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and

Ru(z) = by,
Ri(z) = b+ (2~ zi)[Resa(2)]™, k=n—-1,n-2,---,0, (1.4)
R(il!) = Ro(z).

respectively. Now we may incorporate the above two schemes into a more general one

Sa(zin) = un(n),
Sk(z;m) ug(n) + (2 — z1)[Sk41(z; )", (1.5)
S(z;m) = So(z;m),

where 7 takes the value 1 or —1, and u;(n) = F™[zg,z,,---,z;] which is computed by the
following steps

FM[z] = f(z,), p=0,1,---,7, (1.6)
7
F(”)[zo,zl,--.,zi] _ (F("I)[ﬁo,zl,-.-,zi_i,ﬁl?i]m— F(ﬂ)[ZQ,(Ill’-.-,zi——l]) , (17)
1 -1

Clearly we have

S(z;1) = P(z), S(z;—-1)= R(=z).

2. Bivariate schemes

Let II™™ denote a set of real points in JR? which satisfies the inclusion property, i.e., if
a point belongs to II""™, then the rectangular subset of points emanating from the origin
with the given point as its furthermost corner, also lies in II™™. We may write II"™™ in
the following form

o™ = {(z:,9;)l =0,1,...,m;;i = 0,1,...,n}

= {(=i,y;)lt =0,1,...,n;7 =0,1,...,m}, (2.1)
where
Mo =M, Ng =N, My > M1 22 Mypj Ng 2N 2> " 2 Ny
For:=10,1,...,n, let
simi(y;6,m) = aim(6,7),
sik(y;6,m) = ain(8,0) + (v — wi)lsipt1(y: 6, 0)),
k=m;—1,....1.0
2 b} b b b 2-2
si(y; 6,m) = s;io(y;8,m), (2:2)
un(2,y;8,m) = sa(y;6,7m),
L ui(z,y36,m) = si(y;8,m) 4 (2 — zi)[uira (2,956, 7)]"
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and for j = 0,1,...,m, let

tn;i(z:6,m) = bn;;(8,7),
ti(z6,m) = bii(6n) + (2 — @)tivai(z; 6,m))°,
l=n;-1,...,1,0
I bl ? 1 2.3
ti(z6,m) = to;(zi6m), (2:3)
'Um(’l:, ya 67 7;) = tm(z’ 6’ 77)7
L vi(z,9:6m) = t(2:6,m) + (¥ — y;3)[vj+a(2, 95 6,m)]".
In the above defined recursive schemes, § and 7 are chosen so that |§| = || = 1.
Theorem 2.1 Given f,, at each point (z,,y,) € II™™, let
F(6"’)[:cp;yq] = fpa (2.4)

J . 8, . . i
F(ﬁ’n)[ﬂlo,. ) «,mi;yq] - (F(b,fl)[zo’. . 1mi—2aziqu] —: F( n)[zO)"'vzl—Zyzz—lyyq]') ,

T; — T
(2.5)

ai,j(évn) = F(&n)[zoa"'7mi;y0a"'?yj] 11
F(ayn)[an cees T Yo, 1yj-—23 y_'/] - F(&n)[z(), e T Yo, 7yj-—21yj—-l]
= . (2.6)
Yi —¥i1
Then uo(z,y; 8, n) defined in (2.2) interpolates f,, at point (z,,y,) € II™™.

Proof From (2.2) we know

$ig-1¥g;6,m) = FPD(2q .. 2i90,--,Yg—2,Yq),
3i,q——2(yq; 637]) = F(sm)[z()v e Y0y - - -y Yg -3, yq])
3:1(3g;6,m) = FOD[zo ... 210,94,
$i0(¥g;6,m) = FOM g, ... 2:;5y,;
and
up(zp»yq;ﬁan) = F(&'?)[zo’.“,zp;yq],
up—l(zp,yq;‘san) = F((S’")[?Jo,---,3p—2,fcp§yq],
w2y, Y 6,m) = FOD[zg, 2,55,

F(d’")["’myq] = fpq-

uo(Zp, Yg; 6,7)
Theorem 2.1 is proved. Similarly one can prove the following

Theorem 2.2 Given g,, at each point (z,,y,) € II™™, let

G(ﬁ’n)["’p; Yal = Ipa» (2.7)
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G(6"’)[:np; Yo, .-, Y] =

2

(G(‘S"”[wp; Yo, ¥5-2,43) = G [epi g0, -, yjm2,95-1] )
Yi —Yji-1
(2.8)
b; ;(6,n) = G(5'")[z0, e ® Y0y Y]

_ G’(ﬁ»ﬂ)[ago,...,zi_g,zi;yo,...,yj] - G(&’?)[:co,...,:ci_z,:ci_l;yo,...,yj] K (2.9)

- i — @i o

Then vo(z,y;8,7n) defined in (2.3) interpolates g, 4 at point (z,,y,) € II™™.

As a matter of fact, (2.2) includes the following four different interpolating schemes.

Scheme 1

uo(z,y;1,1) = so(y;1,1) + (2 — zo)s1(y;1,1) + (2 — zo)(z — z1)s2(y; 1, 1)+

et (2 —zo)(e—21) (2 - 2o1)sa(y; 1,1, (2.10)
where
si(y;1,1) = aio(1,1) + (v — yo)ain(1,1) + (¥ — yo)(y — y1)ai2(1,1)+
ot (Y- yo)(y —v1) (Y~ Ymi—1)aim, (1, 1) (2.11)
Scheme 2 ‘
z-—-zo | Tz — z1 | T — Tpo1
uo(z,y;1,—-1) = so(y;1,-1) + + + -+ , (2.12
oy ) = soly ) [ s1(y:1,-1) | sa(y;1,-1) sn(y;1,-1) (212)
where
si(y;1,-1) = a;0(1, 1) + (v — yo)aia(1, —1) + (v — wo)(y — v1)ai2(1, -1)+
et (y - y())(y - yl) e (y - ynl;—l)ai,nl.,'(17 _1) (213)
Scheme 3

uo(z,y; —1,1) = so(y; —1,1) + (z — zo)s1(y; —1,1) + (2 — o)(z — z1)s2(y; -1, 1)+

et (z—zo)(z—z1) (= = 2ao1)sa(y; —1,1), (2.14)
where
Y-y | Y-y | Y = Ym,—1
iy -1,1) = a;io(-1,1 L 2.15
st =eolb )+ o ) et T [amen . B
Scheme 4
uo(z,y; -1, -1)
z — g | z - | T—Th_y
— :—1, -1 , 2.16
soly )+ | s1(y; -1, -1) ’ | s2(y;-1,-1) AR PP gy (210)
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where

PN y yo | y-w |, Y= Ymi-1 |

B e oY s M [ G e L PP iy
Therefore ug(z,y;1,1) is usual Newton interpolating polynomial and uo(z, y; —1, —1) stands
for a kind of rational interpolation by branched continued fractions (see, e.g., {1,4])
while uyp(z,y;1,~1) and uo(z,y; —1,1) represent blending interpolation schemes. Simi-
larly the equation (2.3) also contains four different interpolating schemes, i.e., vo(z,y;1,1),
vo(z,y; —1, —1), vo(z,y;1,—1) and vo(z, y; —1,1), and it is easy to see that up(z,y;1,1) =
vo(z,y;1,1) if fpq = gpq for every (z,,y,) € II™™.

3. Symmetric schemes

Let
N = max{i|(z;, y;) € "™}, (3.1)
€_‘:(E())617."351\f)a 5:(6())61’”'161\7), (3.2)

where |e;| = |8;] = 1 for¢ = 0,1,---, N. With these symbols one can establish the following
interpolation scheme

Inii(256) = ena
gri(zie)) = cri+ (2= 2i)grri(z; )], k=i+1,...,n; -1,
gi(z) = girri(@;€),
mi(¥:6:) = Cimgs
hia(y;6) = cii+ (y—y)lhigs(w:6))%, 1=di4+1,...,m -1, (3.3)
hi(y) = hiina(y; 6:),
wi(e,y;€,6) = cii+(z - 2)gi(@)]7 + (v — w)h(®)”, i=0,1,...,N,
an(z,9:6,6,m) = wn(z,yien,6n),
zi(z,y; €, 5 ,n) = wilz,y;€i,8:) + (2 — 2 )y — yi)zit1(=, y; € g8, ,m]", i=0,1,...,N.
Theorem 3.1 Given h, 4 at each point (z,,y,) € II"™™, let
Hlzpyq) = hpgs (3.4)

Cii = H[an'--azi;yOa---,yi]

H[T,(], ey -2, T4, Yo, - - - ayi—zayi] - H[IQ,.. 3 Ti-1,Y0, - - - 7y1:—2ayi]
_H[zﬂa' < Zi—=2,24 Y05 - - - ayi——l] + H[Zo,. -y Zi-13Y0, - - - 7yi—1]

= . (3.5)
(z: — 2i—1)(¥i — yi-1)
e (i<j7)= Hlzoy--- i 90,---, Y]
b
— H[xO)"'axi;yO)"'ayj—Zvyj]_H[z()?""zi;y()a"'ayj—l] (36)
Yy — Y1 ’
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¢i; (i>j7)y=Hlzeo,...,2i;90,---,Y;]

vyj] _H[zOv“-yzi—l;yOa--'ayj]

(H[z01 ey T2, %5, Y0, - .
i — Ti-1

-

Then zo(z,y;€,8,7) defined in (3.3) interpolates hyq at point (zp,y,) € II™™,

Proof We might as well suppose p < ¢ ( the proof for the case when p > ¢ is similar).

From (3.3) we know

hpyq—l(yq;‘sp) H[an"'1$p;y01"'syq—21yq]7
hp,q——2(yq;6p) = H[Z()a‘-'a:cp;yO,"'syq—Sayq])
hﬁ(yq) = H[ZUV"1xp;y0v"'ayp»yq]7
therefore
zp(£p7 yqv 5, 67 77) = wp(zln yq» Epv 6{)) = H[IO, ... 71:[); Yo,... 7yp—1ayq]'
Since
(zp—2p—1)[gp-1(2p)]**™" = H[zo,.. ., 2p=2,2p;Y0,-- -, Yp-1] — H[Z0,. .., Zp=1;Y0, - - -, Yp—1]
and
hp—l(yq) = H[Zo, ey Lp-13Y0, - - :yp—lﬁyq]’
we have
wp—l(zzn yq;5p~-1a6p—l)
= Hlzo,...,2p-2,2p;Y0,- -, Yp—1] + H[Zo, .. ., Zp_1;Y0,- - -, Yp—2, Yq] —
H[fBO,---vxp~1§y0:~--ayp—1]
and hence
Zp._l(lfp,yq; g, 61 7]) = H[Zo, e Tp—2, Tp Y0, - - - )yp—Z,yq]'

Proceeding in much the same manner, one gets

—

Zl(mp,yq; Ea 677]) =

H[Z(), Tp; yO:yq]'

It follows from the equation (3.3) and the recursive expressions given in the theorem that

9p.0(Zp; €0)

gp-l,o(-’cp;éo)

cp,(h

It

go(zp)
ho(yq)

H[Z!(),..

9y Lp—2,Tp; yO]’

91,0(2p; €0) = H[zo,2p; y0),

H{zo; 0, yq},
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which yields
wo(2p, Yq; €0,60) = Hzp;yo] + Hlzo; y] — H[=o; yo)-
As a result, we finally obtain

ZO(zps yqa gaéan) = H[zp; yq] = hl’v‘]'

Theorem 3.1 is proved.

If we choosen=1ande; =6, =1fort=0,1,...,N, then z(z,y;¢€, 8, 7n) turns out to
be the Newton interpolation polynomial over II™'™; if we choose n = -1 and ¢; = §; = -1
fori=0,1,..., N, then zy(z,y; €, 8, n) becomes the symmetrlc branched continued fraction
discussed by Cuyt and Murphy et al (see [2,3]) which takes on the following form

Th_1 Y=Yk I
H{zo; o +ZIH%’ Tk Yol J’z:| H{zo; yo, - ,yk]+

Y —Zj1 — Yj-1
Z ( -1y — ¥i-1)

LTy Y—Yk—1

j=1 g eee eyl - i ™y
J leo, » 255 Yo, ay;)] t+ Ek:j+1 [ H[w(),'",mk?yow",yj] + Zk:j+1 I H[‘”O»"':J’j;y(),'"ayk]
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