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Abstract　Given a reflex ive Banach space X . In the ring of C∞ funct ion germ s Ε(X ) , any real
singu lar germ f in Ε(X ) w ho se second F rechet derivat ive at o rigin f ″(0) = T is a F redho lm

operato r is isomo rph ic to a germ of the fo rm
1
2

< T z , z > + g (v ) . If w e rep lace g by a

g 1 w h ich is isomo rph ic to g ,w e clearly ob tain a germ in Ε(X ) w h ich is isomo rph ic to the o rig2
inal one. How ever, is true converse of th is p ropo sit ion? In th is paper,w e w ill show that the
converse is also true.
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1. In troduction and conclusion s

In singu larity theo ry and ca tast rophe theo ry of germ s of C∞ funct ion s, sp lit t ing lemm a is a
very im po rtan t theo rem :

Proposit ion A (Sp lit t ing lemm a) 　A ssum e tha t the ring of g erm s of C
∞

f unctions a t O ∈Rn
is d e2

noted by Ε(n). If f ∈ Ε(n) is a sing u la r g erm and its H essian m a trix a t O has rank r, then f is rig h t

equ iva len t to g erm of f orm :
Q (x 1, x 2, ⋯, x r) + g (x r + 1, ⋯, x n) , (1)

w here Q (x 1, x 2, ⋯, x r) is a non2d eg enera te quad ra tic f orm in va riables x 1, x 2, ⋯, x r, g∈M 3 (n- r).
M 3 (n- r) is an id ea l consisting of those g erm s in x r+ 1, ⋯x n w hose f unction va lue and a ll the p a rtia l

d eriva tives of ord er less than or equa l to 2 a t o∈Rn- r
a re a ll z ero. ( [ 1 ]p. 45, p. 155)

　3 Rece ived date: 1995208216
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　　T here are sim ila r conclu sion s fo r certa in class of rea l singu lar germ s w h ich are defined a t O
on a H ilbert space o r Banach space and their second F rechet derivarives are a F redho lm opera to r.
( [2 ]p. 3612369, [3 ]p. 91295)

N ow , w e on ly sta te co rresponding conclu sion s fo r th is class of germ s at o rig in on a Banach
space as fo llow s:

Proposit ion B　A ssum e tha t X is a ref lex ive B anach sp ace and Ε(X ) d enotes the ring of g erm s of
C

∞
f unctions a t O ∈X . If f ∈Ε(X ) , f (0) = 0, f ′(0) = 0, f ″(0) = T is a F red holm op era tor, V = ker

T (f in ite d im ension ) , X = Z © V , then there ex ists g ∈M 3 (V ) such tha t f is rig h t equ iva len t to
g erm :

1
2

< T z , z > + g (v ) = Q (z ) + g (v ) , (2)

w here Q (z ) is a non2d eg enera te quad ra tic f orm in z.
O bviou sly, in (1) and (2) , if w e rep lace g by g 1 w h ich is righ t equ iva len t to g , then easily

know tha t Q + g 1 is righ t equ iva len t to Q + g . How ever, its converse: IfQ + g 1 is righ t equ iva len t
to Q + g , then is g 1 righ t equ iva len t to g ? In [1 ] p. 155, J. M art inet m en t ioned th is p rob lem , bu t
it w as no t p roved in th is litera tu re. In the pub lished litera tu res,w e seldom see som eth ing concern2
ing w ith it. A s a no te, w e w ill g ive a necessary and sufficien t condit ion of righ t equ iva lence and
con tact equ iva lence fo r th is class of sigu lar germ s, so as to illu st ra te the rela t ion sh ip betw een
righ t equ iva lence (o r con tact equ iva lence) of g 1 (v ) and g (v ) in Ε(V ) .

Theorem 1　A ssum e tha t X is a ref lex ive B anach sp ace, T : X → X 3
is a F red holm op era tor, ker

T = V , X = Z © V , then f unction g erm G: (z , v ) → 1
2

< T z , z > + g (v ) is rig h t equ iva len t to

g erm G 1: (z , v ) → 1
2

< T z , z > + g 1 (v ) in Ε(X ) , if and on ly if g (v ) is rig h t equ iva len t to g 1 (v ) in

Ε(V ).

Theorem 2　A ssum e tha t X is a ref lex ive B anach sp ace, T : X → X 3
is a F red holm op era tor, ker T

= V , X = Z © V , then f unction g erm G: (z , v ) → 1
2

< T z , z > + g (v ) is con tact equ iva len t to g erm

G 1: (z , v ) → 1
2

< T z , z > + g 1 (v ) in Ε(X ) , if and on ly if g (v ) is con tact equ iva len t to g 1 (v ) in

Ε(V ) . w here g , g 1 ∈M 3 (V ).

2. Pr il im inar ies

T he p roof of above conclu sion s is based on an app lica t ion of fo llow ing im p licit funct ion theo2
rem :

L emma 1　 ( Im p licit funct ion theo rem )　L et E , F , G be th ree B anach sp aces, f a con tinuously d if f er2
en tiable m app ing of an op en subsetA of E ×F in to G . L et (x 0, y 0) be ap oin t of A such tha t f (x 0, y 0)
= 0 and tha t the p a rtia l d eriva tiveD 2f (x 0, y 0) be a linea r hom eom orp h ism of F on to G . T hen , there
is an op en neig hborhood U of x 0 in E such tha t f or every op en connected neig hborhood U of x 0 con2
ta ined in U 0 , there is a un ique con tinous m app ing u of U in to F such tha t u (x 0) = y 0, (x , u (x ) ) ∈A
and f (x , u (x ) ) = 0 f or any x ∈U . F u rtherem ore, u is con tinuously d if f eren tiable in U , and its
d eriva tive is g iven by

u′(x ) = - (D 2f (x , u (x ) ) - 1 ü (D 1f (x , u (x ) ).
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( I t can be seen [4 ] p. 270, (10. 2. 1) ) (N ote: If f ∈C∞ , then u ∈C∞ )
Becau se T : X →X 3 is a F redho lm opera to r, ker T = V , thereby V is a fin ite d im en siona l lin2

ear sub space in X . T herefo re there is a p ro ject ive opera to r P V from X to V , thereby ( I - P V ) is a l2
so a p ro ject ive opera to r. ( [5 ], p. 112, theo rem 2)

W rit ing Z = R ( I - P V ) 2the range of ( I - P V ) . T hen X = V © Z and Z is a topo log ica l sup2
p lem en t of V ( [ 8 ], p. 1022103). X 3 = V 3 © Z 3 and Z 3 ≌V ⊥,V 3 ≌ Z ⊥ . W here, V ⊥= {x 3 ∈
X 3 ûx ∈V ] < x 3 , x > = 0}. Z ⊥ is sim ila r. ( [ 5 ], p. 107, T heo rem 3). Z 3 = T X = T Z.

L emma 2　L et 5 : (X , 0) → (X , 0) , (v , z ) 3→ 5 (v , z ) be a d if f eom orp h ism g erm , then there a re Á :
(X , 0) → (V , 0) , (v , z ) 3→ Á (v , z ) and Ω: (X , 0) → (Z , 0) , (v , z ) 3→ Ω(v , z ) such tha t 5 (v , z ) =
Á (v , z ) + Ω(v , z ).

Proof　Because X = V © Z , and Z is a topo logical supp lem en t ofV in X . W e need take on ly Á (v , z ) = PV 5 (v , z ) ,
Ω(v , z ) = ( I - PV ) 5 (v , z ).

3. The proof of theorem s

A ssum e tha t G (v , z ) =
1
2

< T z , z > + g (v ) is righ t equ iva len t to G 1 (v , z ) =
1
2

< T z , z > +

g 1 (v ) , then there are Á (v , z ) and Ω(v , z ) in lemm a 2 such tha t Q (z ) + g (v ) = Q (Ω(v , z ) ) +

g 1 (Á (v , z ) ) . N am ely G (v , z ) = G 1 (Á (v , z ) , Ω(v , z ) ) , w here, Q (z ) =
1
2

< T z , z > , 5 = Á +

Ω: (X , 0) → (X , 0) is a loca l d iffeom o rph ism.
T he p roof of theo rem s fo llow s direct ly from the fo llow ing tw o lemm as:

L emma 3　A ssum e tha t G (v , z ) = Q (z ) + g (v ) is rig h t equ iva len t to G 1 (v , z ) = Q (z ) + g 1 (z ) . then

0　0
0　T

=

5Á
5v

(0, 0) 5Á
5Z

(0, 0)

5Ω
5v

(0, 0) 5Ω
5Z

(0, 0)

t

0　0
0　T

5Á
5v

(0, 0) 5Á
5Z

(0, 0)

5Ω
5v

(0, 0) 5Ω
5Z

(0, 0)
.

F u rtherm ore, 5Ω
5z

(0, 0) : Z → Z is a linea r hom eom orp h ism . 5Á
5v

(0, 0) : V →V is a linea r hom eom or2
p h ism .

Proof　Becau se G (v , z ) = G 1 (5 (v , z ) ) = G 1 (Á (v , z ) , Ω(v , z ) ) = Q (Ω(v , z ) ) + g 1 (Á (v , z ) ) .
F rom differen t ia l ca lcu lu s on a Banach space, by tw ice d ifferen t ia t ing a t the o rig in,w e have

D G (v , z ) =
5G (v , z )

5v
,

5G (v , z )
5z

=
5g (v )

5v
,

5Q (z )
5z

= (g ’ (v ) , T z ) ,

D 2G (v , z ) =

52g (v )
5v 2

52g (v )
5z 5v

52Q (z )
5v 5z

52Q (z )
5z 2

=
g″(v ) 0

0 T
.

N o te g ∈M 3 (v ) , thereby g″(0) = 0. T herefo re

D 2G (0, 0) =
0　0
0　T

.

O n the o ther hand
D G 1 (5 (v , z ) ) = (D G 1 ü 5 (v , z ) ) õD 5 (v , z )
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=
5g 1

5v
ü Á (v , z ) ,

5Q
5z

ü Ω(v , z )

5Á
5v

(v , z ) 5Á
5z

(v , z )

5Ω
5v

(v , z ) 5Ω
5z

(v , z )
.

T herefo re
D 2G 1 (5 (v , z ) ) = D (D G 1 ü 5 (v , z ) ) õD 5 (v , z ) + (D G 1 ü 5 (v , z ) ) õD 25 (v , z )

= (D 2G 1 ü 5 (v , z ) ) õ (D 5 (v , z ) ) 2 + (D G 1 ü 5 (v , z ) ) õD 25 (v , z )

=

52 g 1

5v 2 ü Á (v , z ) 52 g 1

5z 5v ü Á (v , z )

52 Q
5v5z ü Ω(v , z ) 52 Q

5z 2 ü Ω(v , z )

5Á
5v

(v , z ) 5Á
5z

(v , z )

5Ω
5v

(v , z ) 5Ω
5z

(v , z )

2

+

　
5g 1

5v
ü Á (v , z ) ,

5Q
5z

ü Ω(v , z ) õD

5Á
5v

(v , z ) 5Á
5z

(v , z )

5Ω
5v

(v , z ) 5Ω
5z

(v , z )
.

F rom th is,w e easily know

D 2G 1 (0, 0) =
0　0
0　T

5Á
5v

(0, 0) 5Á
5z

(0, 0)

5Ω
5v

(0, 0) 5Ω
5z

(0, 0)

2

=

5Á
5v

(0, 0) 5Á
5z

(0, 0)

5Ω
5v

(0, 0) 5Ω
5z

(0, 0)

3

0　0
0　T

5Á
5v

(0, 0) 5Á
5z

(0, 0)

5Ω
5v

(0, 0) 5Ω
5z

(0, 0)

=

5Á
5v

(0, 0) 5Á
5z

(0, 0)

5Ω
5v

(0, 0) 5Ω
5z

(0, 0)

t

0　0
0　T

5Á
5v

(0, 0) 5Á
5z

(0, 0)

5Ω
5v

(0, 0) 5Ω
5z

(0, 0)
,

w here

[D 5 (0, 0) ]3 =

5Á
5v

(0, 0) 5Á
5z

(0, 0)

5Ω
5v

(0, 0) 5Ω
5z

(0, 0)

3

: X 3 → X 3

is the con juga te opera to r of D 5 (0, 0) : X → X . ( [ 6 ]p. 168, T heo rem 6 and p. 172 L emm a 1)
F rom D 2G (0, 0) = D 2G 1 (0, 0) ,w e get

0　0
0　T

5Á
5v

(0, 0) 5Á
5z

(0, 0)

5Ω
5v

(0, 0) 5Ω
5z

(0, 0)

t

0　0
0　T

5Á
5v

(0, 0) 5Á
5z

(0, 0)

5Ω
5v

(0, 0) 5Ω
5z

(0, 0)
.

Com pu tt ing the above righ t side:

0　0
0　T

=

5Ω
5v

(0, 0)
3

T
5Ω
5v

(0, 0) 5Ω
5v

(0, 0)
3

T
5Ω
5z

(0, 0)

5Ω
5z

(0, 0)
3

T
5Ω
5v

(0, 0) 5Ω
5z

(0, 0)
3

T
5Ω
5z

(0, 0)
.

　　Com pare and no te T : Z → Z 3 is a symm etric linear hom eom o rph ism associa ted w ith Q , there2

fo re,
5Ω
5z

(0, 0) : Z → Z is a linear hom eom o rph ism ,
5Ω
5v

(0, 0) = 0 , thereby
5Á
5v

(0, 0) : V →V is a lso a lin2

ear hom eom o rph ism. W h ich ends the p roof.

L emma 4　T here ex ists a neig hborhood of O in V and a un ique C∞
m app ing Χ1: U → Z , Χ2: U → Z f or

G (v , z ) , G 1 ü 5 (v , z ) resp ectively such tha t Χ1 (0) = 0, Χ2 (0) = 0 , and Π v ∈V and Π z ∈Z , w e a l2
w ay s have < G′(v , Χ1 (v ) ) , z > = 0, < G′1 ü 5 (v , Χ2 (v ) ) , z > = 0.
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F u rtherm ore, Χ′1 (0) = 0, Χ′2 (0) = 0.

Proof　W e w ill on ly p rove the relevan t resu lts fo r G 1 ü 5 (v , z ). G (v , z ) is sim ila r.
F rom II,w e know tha t Z 3 = T X = T Z , X 3 = V 3 © Z 3 andV 3 ≌Z ⊥ . H ence, V 3 is no t on ly

a topo log ica l supp lem en t of Z 3 , bu t a lso the ann ih ila to r of Z . ( V 3 ≌ Z ⊥ )
L et P Z 3 be the con t inuou s p ro ject ion of X 3 on to Z 3 (= T X ) , then ker P Z 3 = V 3 .
Con sider m app ing

h: V × Z → T X , (v , z ) 3→ P Z 3 G′1 ü 5 (v , z ).

T hen h (v , z ) = 0 is equ iva len t to G′1 ü 5 (v , z ) ∈V 3 . N am ely, Π zλ ∈ Z , < G′1 ü 5 (v , z ) , zλ > = 0.

N o te h (v , z ) = P Z 3 T Ω(v , z ) , hence
5 Ω
5z

(0, 0) = P Z 3 T
5Ω
5z

(0, 0) .

F rom L emm a 3, w e know tha t
5Ω
5z

(0, 0) : Z → Z is a linear hom eom o rph ism , T : Z → Z 3 is a

symm etric linear hom eom o rph ism. By m ean s of im p licit funct ion theo rem : T here ex ists a neigh2
bo rhood U 2 of O in V and a un ique C∞m app ing Χ2: U 2 → Z such tha t Χ2 (0) = 0 and h (v , Χ2 (v ) ) = 0
. T h is is equ iva len t to P Z 3 T Ω(v , Χ2 (v ) ) = 0. N am ely < T Ω(v , Χ2 (v ) ) , zλ > = < G′1 ü 5 (v , Χ2 (v ) ) ,
zλ > = 0, Π zλ∈ Z .

By differen t ia t ing the equat ion P Z 3 T Ω(v , Χ2 (v ) ) = 0 at v = 0 , g iving

P Z 3 T
5Ω
5v

(0, 0) +
5Ω
5z

(0, 0) Χ2′(0) v = 0 fo r a ll v.

N am ely P Z 3 T
5Ω
5z

(0, 0) Χ′2 (0) v = 0 (Π v ∈V ) . T herefo re Χ′2 (0) = 0.

Sim ila rly, fo r G (v , z ) , there ex ists a neighbo rhoodU 1 ofO in V and a un ique C∞m app ing Χ1: U 1

→ Z such tha t Χ1 (0) = 0, < G′(v , Χ1 (v ) ) , zλ > = 0, Π zλ∈ Z , and Χ′1 (0) = 0.
T ake U = U 1 ∩U 2 , then U , Χ1: U → Z and Χ2: U → Z are desired.

Proof of theorem 1　Fo r G (v , z ) : In U , z = Χ1 (v ) , thereby G (v , z ) = G (v , Χ1 (v ) ) =
1
2

< T Χ1 (v ) ,

Χ1 (v ) > + g (v ). F rom L emm a 4, < G′(v , Χ1 (v ) , z > = 0, Π z ∈ Z . In part icu la r, take z = Χ1 (v )
, w e have < G′(v , Χ1 (v ) ) , Χ1 (v ) > = 0. N am ely < T Χ1 (v ) , Χ1 (v ) > = 0. T herefo re G (v , Χ1 (v ) ) =
g (v ) fo r a ll v ∈U .

Sim ila rly, fo r G 1 (v , z ) , in U : z = Χ2 (v ) . T hereby

G 1 ü 5 (v , z ) = G 1 ü 5 (v , Χ2 (v ) ) =
1
2

< T Ω(v , Χ2 (v ) ) , Ω(v , Χ2 (v ) ) > + g 1 ü Á (v , Χ2 (v ) ).

How ever, < G′1 ü 5 (v , Χ2 (v ) ) , z > = 0, Π z ∈ Z . In part icu la r, take z = Ω(v , Χ2 (v ) ) ,w e get

< G′1 ü 5 (v , Χ2 (v ) ) , Ω(v , Χ2 (v ) ) > = 0.

N am ely < T Ω(v , Χ2 (v ) ) , Ω(v , Χ2 (v ) ) > = 0.
T herefo re G 1 ü 5 (v , Χ2 (v ) ) = g 1 ü Á (v , Χ2 (v ) ) in U . T hu s, in U < V : G (v , Χ1 (v ) ) = G 1 ü

5 (v , Χ2 (v ) ) . N am ely g (v ) = g 1 ü Á (v , Χ2 (v ) ) .
N ow , on ly need to p rove: Á : (V , 0) → (V , 0) , v 3→ Á (v , Χ2 (v ) ) is a loca l d iffeom o rph ism.

D ifferen t ia t ing Á (v , Χ2 (v ) ) a t v = 0 :

Á ′(0) =
5Á
5v

(0, 0) +
5Á
5z

(0, 0) Χ′2 (0) =
5Á
5v

(0, 0).
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By L emm a 3, w e know tha t
5Á
5v

(0, 0) : V →V is a linear hom eom o rph ism. T herefo re, Á : (V , 0) →

(V , 0) , v 3→ Á (v , Χ2 (v ) ) is a loca l d iffeom o rph ism. W h ich ends the p roof.

The proof of Theorem 2　Sim ila r to T heo rem 1. Om it.
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一类实奇芽等价的充要条件
岑 燕 斌

(黔南师专数学系, 贵州都匀 558000)

岑 燕 明
(贵族民族学院数学系, 贵阳 550025)

摘　要

给定一自反的Banach 空间X . 在 c∞ 函数芽环 Ε(X ) 中, 任何在原点O ∈X 的实奇芽 f , 若其

二阶 F rechet 导数 f ″(0) = T 是一个 F redho lm 算子, 则它同构于形如:
1
2

< T z , z > + g (v ) 的一

个芽. 如果代替 g 以一个与之同构的芽 g 1 , 显然得到一个与原来的芽同构的芽. 然而, 其逆是否真
呢? 本文将证明其逆命题亦真.
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