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Abstract: L et H be a Hopf algeb ra over a field. T he an tisimp le H 2radicalA s (A ) fo r a H 2modu le
algeb ra A is defined. A s (2) is show n to be a special H 2radical and varies characterizat ions of an ti2
simp le H 2modu le algeb ras are given.
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1. In troduction and ba sic def in it ion s

R adica ls are an im po rtan t too l in st ructu re theo ry since they yield subdirect decom po sit ion of
the sem isim p le a lgeb ras. R ecen t ly, a lgeb ras w ith Hopf a lgeb ra act ion s becom e the sub ject of in2
ten se invest iga t ion (cd. [ 3 ] and [ 5 ]). So far, a lthough som e resu lts of rad ica ls of Hopf m odu le
a lgeb ras are in troduced and invest iga ted, the resu lts on th is top ic fo r Hopf m odu le a lgeb ras is
ra re. W e know tha t no t a ll the resu lts of the theo ry of rad ica ls of o rd inary rings can be carried
over to the theo ry of H 2rad ica ls. Fo r exam p le, A. V. Sido rov [ 5 ] gave an exam p le to show tha t the
AD S2theo rem does no t ho ld fo r H 2rad ica ls. In th is paper, w e w ill invest iga te the an t isim p le rad i2
ca l theo ry of Hopf m odu le a lgeb ras.

T h roughou t th is paper H deno tes a Hopf a lgeb ra over a field K . T ha t is, H is an a lgeb ra
w ith 1, and a coalgeb ra over K w ith com u lt ip lica t ion ∃: H → H ª H deno tes fo r each h ∈ H ,
∃ (H ) = 2 (h) h (1) ª h (2) , coun it Ε: H → k and an t ipode S : H → H .

Fo r com peletness, w e give the fo llow ing rudim en ts of Hopf a lgeb ras. A is an H 2m odu le a lge2
b ra if A is a K 2a lgeb ra w h ich is an H 2m odu le w ith H 2m odu le st ructu re Λ: H ª A →A , w rit ten
as Λ(h ª a) = h õ a , such tha t h (ab) = 2 (h) (h (1) õ a) (h (2) õ b) , fo r a ll a , b∈A , h ∈H , and
1H a = a , fo r a ll a ∈A , w here 1H is the un it of H . T he m easu ring is ca lled un ita l if A has a
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a un it elem en t 1 and if h õ 1 = Ε(h ) 1 fo r a ll h ∈H . Fo r exam p les, g roup s act ing on algeb ras by

au tom o rph ism s, group graded algeb ras, L ie a lgeb ras act ing on algeb ras as deriva t ion s are a ll H 2
m odu les a lgeb ras, w ith H = kG , H = (kG ) 3 and H = U (L ) , the respect ive Hopf a lgeb ras.

L et H be the ca tego ry of a ll associa t ive H 2m odu le a lgeb ras. T he ob jects of H are a ll associa2
t iveH 2m odu le a lgeb ras. T he m o rph ism s of H are tho se a lgeb ra hom om o rph ism s Υ: A → B , A ,B

∈ H , w h ich are a lso H 2m odu le m ap s. Such a Υw ill be ca lled an H 2hom om o rph ism. A n idea l I

of an H 2m odu le a lgeb ra A is ca lled an H 2idea l if the act ion of H on A leaves I invarian t. If I is an
H 2idea l of A then A öI is an H 2m odu le a lgeb ra via h (a + I ) = (ha) + I fo r a ll h ∈H , a ∈A .

It is easy to verify tha t H 2idea ls are the sam e as the kernel of H 2hom om o rph ism s.

T h roughou t th is paper, I ü
- HA m ean s tha t I is an H 2idea l ofA andA →B w ill deno te the fact

tha t B is a H 2hom om o rph ic im age ofA . W e refer to [6 ] fo r the basic no t ion s and resu lts of Hopf

a lgeb ras and [3 ], [ 4 ], [ 5 ], [ 7 ] o r [8 ] fo r rad ica l theo ret ic term s.

D ef in it ion　 A class R of H 2m od u le a lg ebras is ca lled an H 2rad ica l class in the sense of K u rsh2
A m itsu r, if R sa tisf ies the f ollow ing cond itions:

(1)　R is H 2hom om orp h ica lly closed : A → B and A ∈ R im p ly B ∈ R ;
(2)　every H 2m od u le a lg ebra A con ta ins a la rg est R2H 2id ea l R (A ) ca lled R2rad ica l of A ;
(3)　f or every A ∈H, R (A R (A ) ) = 0.

Fo r every H 2rad ica l class R the class S = {A ∈HûR (A ) = 0} is ca lled the sem isim p le class
of R. C learly the rad ica l class R con sists of a llH 2m odu le a lgeb rasA fo r w h ich R (A ) = A . A s is

w ell2know n, fo r any H 2rad ica l class R, R = USR . M o reover. a lso R (A ) = (A ) S ho lds fo r every
H 2m odu le a lgeb ra A .

D ef in it ion　 A class of H 2m od u le a lg ebras M is

(1)　H 2reg u la r if every nonz ero H 2id ea l of A ∈M has a nonz ero H 2hom om orp h ic im ag e in

M.
(2)　hered ita ry if I ü

- HA ∈M im p lies I∈M

C learly, a hered ita ry class is a lw ays H 2regu lar, bu t no t conversely.

L et R and R′be tw o H 2rad ica l classes, if fo r a ll H 2m odu le a lgeb ras A , R (A ) Α R′(A ) ,

then deno te it by R< R′. It is clear tha t R Α R′if and on ly if SR′Α SR .

L et N be a class of H 2m odu le a lgeb ras. W e say tha t an H 2rad ica l class R is the upper H 2
rad ica l class determ ined by N if R is the la rgest H 2rad ica l class fo r w h ich a ll A ∈ N are R2
sem isim p le. T he upper H 2rad ica l determ ined by N, if ex ists, is deno ted by UN . Fo r som e class-

es N the upper H 2rad ica ls UN m ay no t ex ist, bu t ifM is an H 2regu lar class, UM ex ists.

D ef in it ion　 A n H 2m od u le a lg ebra A is ca lled H 2p rim e if the p rod uct of any tw o nonz ero H 2id e2
a ls is ag a in nonz ero. H 2p rim e id ea ls a re H 2id ea l w ith an H 2p rim e f actor a lg ebra. S im ila rly , w e

can d ef ine H 2sem ip rim eness.

A n H 2idea l of a H 2m odu le a lgeb ra A is sa id to be an essen t ia l H 2idea l of A (deno ted by
I ü

- H oA ) , if fo r any 0≠ K ü
- HA w e have I ∩ K ≠ 0.
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D ef in it ion　 A C lassM of H 2m od u le a lg ebras is ca lled an H 2sp ecia l class, if M sa tisf ies
(S 1)　E ach A ∈M is an H 2p rim e H 2m od u le a lg ebras.
(S 2)　If I ü

- HA ∈M im p lies I∈M.

(S 3)　If I ü
- H oA w ith I∈M im p lies A ∈M.

If M is an H 2sp ecia l class, then by (S 2) , w e know tha tM is H 2reg u la r, thus the upp er H 2rad ica l
R = UM ex ists, w e ca ll R a sp ecia l H 2rad ica l d etim ned by M .

W e now give an in trin sic characteriza t ion fo r specia l H 2rad ica ls sim ila r to tha t ob ta ined by
Gardner and W eigandt fo r rings [8 ].

Theorem 1　 If P is a hered ita ry H 2rad ica l class and P is the class of a ll H 2p rim e H 2m od u le a lg e2
bras, then SR∩P is a lw ay s an H 2sp ecia l class. In f act it is the la rg est H 2sp ecia l class con ta ined in
SR . If R is a sp ecia l H 2rad ia l. T hen R = U (SR∩ P) .

Proof　 It is t rivia l tha t SR∩ P sa t isf ies (S1) and (S2). Since R is hered ita ry, it is easy to p rove
tha t SR is clo sed under essen t ia l ex ten sion s. T hu s SR ∩ P is a lso clo sed under essen t ia l ex ten2
sion s.

If R is a specia l H 2rad ica l, then there ex ists an H 2specia l classM such tha t R = UM and hence
M Α SR . A lso M Α SR∩ P ho lds. H ence R = USR Α U (SR∩ P) Α UM = R . 　□

D ef in it ion　A n H 2m od u le a lg ebra A is sa id to be subd irectly irred ucible (abbrev ia ted as sd i) if the
in tersection of a ll nonz ero H 2id ea ls of A is not z ero. W e ca lled H 2m od u le a lg ebra A is p sd i if it is
an H 2p rim e and sd i. W e sha ll d enote by H (A ) the hea rt of an sd i H 2m od u le a lg ebra A , i. e. , H
(A ) = ∩{I ü

- HA û I≠0}.

In w hat fo llow s, w e w ill let HD = {A ∈H ûA is a sd i H 2m od u le a lg ebra}.

Proposit ion 2　 If A ∈HD , then H (A ) 2 = 0 or H (A ) = H (A ) 2
is a H 2sim p le H 2m od u le a lg ebra.

Proposit ion 3　 L et R be a hered ita ry H 2rad ica l and A ∈HD. T hen A is R 2sem isim p le if and on ly
if H (A ) is R sem isim p le.

Theorem 4　 T he classM of a ll p sd i H 2m od u le a lg ebras is an H 2sp ecia l class.

Proof　Suppo se tha tA is a p sd iH 2m odu le a lgeb ra w ith heart H (A ) and 0≠ I ü
- HA . Fo r any 0≠

J ü
- H I , by the p rim eness of A , w e know J I ≠ 0 and IJ I ≠ 0. Since IJ I is an H 2idea l of A , it

fo llow s tha t H (A ) Α IJ I Α J . T herefo re, I is a p sd i H 2m odu le a lgeb ra w ith heart H (A ) .
T hu sM sa t isf ies (S2).

N ex t w e p rove tha tM sa t isf ies (S3). Suppo se tha t I ü
- H oA and I ∈M w ith heart H ( I ) . W e

first p rove tha t A is H 2p rim e. Fo r if I 1, I 2 are H 2idea ls ofA such tha t I 1 I 2 = 0 , then ( I 1∩ I ) ( I 2

∩ I ) = 0. By the H 2p rim eness of I , w e have I 1∩ I = 0 o r I 2∩ I = 0. Since I ü
- H oA , w e get

tha t I 1 = 0 o r I 2 = 0 , tha t is, A is H 2p rim e. Secondly, w e p rove tha t A is sd i. L et K be an arb i2
t ra ry nonzero H 2idea l ofA . T hen 0≠ I∩ K ü

- H I , hence H ( I ) Α I∩ K and H ( I ) Α K . It fo l2
low s tha t A is a p sd iH 2m odu le a lgeb ra. T h is p rove tha tM sa t isf ies (S3).

D ef in it ion　 T he upp er H 2rad ica l d eterm ined by the H 2sp ecia l class of a ll p sd i H 2m od u le a lg e2
bras is ca lled an tisim p le H 2rasica l of H 2m od u le a lg ebras and d enote by A s (2). A n H 2m od u le a lg e2
bra A f or w h ich A s (A ) = A is ca lled an tisim p le.
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A nalogou sly fo r rings, w e have

Theorem 5　 F or any H 2m od u le a lg ebra A , A s (A ) = ∩ {I ü
- HA : A öI is a p sd i H 2m od u le

a lg ebra}.

Proof　Fo r b revity, let K = ∩{I ü
- HA : A öI is a p sd iH 2m odu le a lgeb ra}. It is clear tha tA s (A ) Α

K . W e cla im tha t K is A s 2rad ica l. If K is no t A s 2rad ica l, then there ex ists an 1ü
- H K such tha t

K öI is p sd i. L et C = {x ∈A : x K Α I }. T hen by L emm a 5 in [5 ], it is easy to p rove tha t C ü
- HA

and C öI is the m ax im alH 2idea l ofA öI such tha t (C öI ) ∩ (K öI ) = 0. H ence, A öC is an essen t ia l
ex ten sion of (C + K ) öC . Since (C + K ) öC ≌ K öI and K öI is p sd i, it fo llow s tha t A öC is p sd i.
T hen C Β K and K K Α I , w h ich con trad icts K öI is p sd i. T hu s K isA s 2rad ica l. T h is com p letes
the p roof.

T he nex t resu lt g ives characteriza t ion of an t isim p le H 2m odu le a lgeb ras. Its p roof is iden t ia l
to tho se of the co rresponding resu lt fo r rings (see [7 ]).

Proposit ion 6　 T he f ollow ing a re equ iva len t f or an H 2m od u le a lg ebra A .
(a)　A is an tisim p le.
(b)　E very H 2hom om orp h ic im ag e of A is a subd irect sum of sd i H 2m od le a lg ebras A i ( i∈I )

such tha t H (A i) 2= 0 f or each i∈I.
(c)　A d oes not con ta in any H 2p rim e id ea l P such tha t A öP has a m in im a l H 2id ea l.
(d )　N o H 2id ea l of A can be m app ed H 2hom om orp h ica lly on to a nonz ero sim p le H 2m od u le

a lg ebra.

Proposit ion 7　A n H 2m od u le a lg ebra A is an tisim p le if and on ly if f or every H 2hom om orp h ic im 2
ag e A of A w e have (3 ) :〈aλ〉2H≠〈aλ〉H. F or every nonz ero p rincip a l H 2id ea l〈aλ〉H of A .

Proof　Bo th an t isim p licity and condit ion (3 ) a re obviou sly H 2hom om o rph ica lly invarian t p rop2
ert ies.

If A is an an t isim p le H 2m odu le a lgeb ra, fo r w h ich (3 ) does no t ho ld, then there ex ists an H

2hom om o rph ic im age A = A öI ofA and aλ∈A such tha t〈aλ〉2H =〈aλ〉H . L et 2 = {K ü
- HA ûa∈öK Β

I }. By Zo rn′s lemm a, there ex ists a m ax im al H 2riad ia l K ∈ 2 . T herefo re A öK is an sd i H 2
m odu le a lgeb ra w ith heart (〈a〉H + k ) öK =〈a + K〉H and〈a + K〉2H =〈a + K〉H . T herefo reA

is no t an an t isim p le H 2m odu le a lgeb ra, a con trad ict ion.
Conversely, if A is no t an t isim p le, then A öI is sd i w ith idem po ten t heart K öI fo r som e H 2

idea l I . T hen w e have K öI =〈aλ〉H and〈aλ〉2H =〈aλ〉H . T he condit ion (3 ) is no t fu lf illed.

D ef in it ion　L etM be an a rbitra ry class of H 2m od u le a lg ebras.
(a)　A non2H 2sim p le H 2m od u le a lg ebra A is ca lled an H M 2m od u le a lg ebra if
( i)　A öI ∈M f or every nonz ero H 2id ea l I of A .
( ii)　E very m in im a l H 2id ea l of A belong s toM .
(b)　A n H 2sim p le H 2m od u le a lg ebra A is an H M 2m od u le a lg ebra if and on ly if A ∈M .

T he class of a ll H M 2m od u le a lg ebras is d enoted by M 3
and w e w ill assum e tha t 0 belong s to every

nonem p ty class of H 2m od u le a lg ebras.
T he p roof of the fo llow ing tw o lemm as is st ra igh tfo rw ard.
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L emma 8　F or any hered ita ry class M of H 2m od u le a lg ebras, M 3
is H 2hom om orp h ica lly

closed.

L emma 9　 L et M be a class of H 2m od u le a lg ebras. If the class of a ll n ilp oten t H 2m od u le a lg e2
bra N Α M , then N Α M 3 .

L emma 10　 L et M be a clss of H 2m od u le a lg ebras sa tisf y ing
(a)　M is hered ita ry.
(b)　M con ta ins a ll n ilp oten t H 2m od u le a lg ebras.
(c)　M sa tisf ies the ex tension p rop erty.
T henM 3 is hered ita ry, H 2hom om o rph ica lly clo sed and con ta in s a ll the n ilpo ten t H 2m odu le

a lgeb ras.

Proof　By L emm a 8 and L emm a 9, it is clear tha tM 3 is H 2hom om o rph ica lly clo sed and con ta in s
a ll n ilpo ten t H 2m odu le a lgeb ras.

To show tha tM 3 is hered ita ry, letA ∈M 3 and 0≠ I ü
- HA . If I is H 2sim p le then I is a m in i2

m al H 2idea l of A and hence I ∈M . T hu s I ∈M 3 . Suppo se tha t I is no t H 2sim p le and K is any
nonzero H 2idea l of I . If〈K〉H = I , then I öK is n ilpo ten t since (〈K〉H ) 3 Α K . By (b) of the hy2
po thesis w e have I öK ∈M . If I = K , it fo llow s tha t K ü

- HA and w e A öK ∈M . F rom the fact

tha tM is hered ita ry and I öK ü
- HA öK ∈A öK , it fo llow s tha t I öK ∈M . L et u s therefo re assum e

tha t K Α〈K〉H Α I . T hen ( I öK ) ö(〈K〉H öK ) ≌ I ö〈K〉H and I ö〈K〉H ∈M since it is an H 2idea l
of A ö〈K〉H ∈M andM is hered ita ry.

Fu rtherm o re〈K〉H öK ∈M since it is n ilpo ten t. A nd I öK ∈M by (c).
If I con ta in s a m in im al H 2idea l L , then L 2 = 0 o r L 2 = L . By the defin it ion of M 3 ,

L ∈M. 　□

Corollary 11　If R is any sup ern ilp oten t H 2rad ica l class, then R Α R3
and R3

is hered ita ry and H
2hom om orp h ica lly closed.

In ord er to g ive a cha racteriz a tion of an tisim p le H 2rad ica l classA s as a low er H 2rad ica l class
w e g ive

D ef in it ion　A H 2m od u le a lg ebra A is ca lled an H 2m od u le a lg ebra if every nonz ero elem en t a of A
sa tisf ies〈a〉2H ≠〈a〉H .

If w e deno te the class of a ll a 2H 2m odu le a lgeb ras by K . W e ob ta in

Theorem 12　 K3 = A s .

Proof　L et A ∈ K3 . If A is H 2sim p le, w e have A ∈ K . T hen, in view of the fact tha t〈a〉H ≠
(〈a〉) H ) 2 fo r any 0≠ a∈A , it fo llow s tha t A is a zero H 2m odu le a lgeb ra and hence A ∈A s . If

A is a non H 2sim p le H 2m odu le a lgeb ra, let A öI be any H 2hom om o rph ic im age of A . SinceA ∈
K3 , w e getA öI∈K . Fo r every 0≠aλ∈A = A öI , it fo llow s tha t〈aλ〉2H ≠〈aλ〉H . By P ropo sit ion
7 w e have K3 Α A s .

Conversely, if A ∈A s , the con struct ion of K3 and P ropo sit ion 7 im p ly tha t A ∈K3 . H ence
A s Α K3 , so tha t the theo rem is p roved.
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Hopf 模代数的反单根

姚 忠 平
(聊城师范学院, 山东252059)

王 顶 国
(曲阜师范大学数学系, 山东273165)

摘　要

设H 为域上Hopf代数. 本文定义了H 2模代数A 的反单H 2根A s (A ) ,证明了A s (2) 为特殊
H 2根且给出反单H 2模代数的各种刻画.
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