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Abstract L etH be aHopf algebraover a field The antismpleH -radicalAs(A) for aH -module
algebraA isdefined As(-) is shown to be a gecialH -radical and varies characterizations of anti-
smpleH -module algebras are given
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1 Introduction and basic def initions

Radicals are an important tool in structure theory since they yield subdirect decomposition of
the samisimple algebras Recently, algebrasw ith Hopf algebra actions become the subject of in-
tense investigation (cd [3] and [5]). So far, although some results of radicals of Hopf module
algebras are introduced and investigated, the results on this topic for Hopf module algebras is
rare W e know that not all the resultsof the theory of radicals of ordinary rings can be carried
over to the theory of H -radicals For example, A. V. Sidorov'® gave an exanple to show that the
AD S-theoren doesnot hold forH -radicals In thispaper, wew ill investigate the antismple radi-
cal theory of Hopf module algebras

Throughout this paper H denotes a Hopf algebra over a field K. That is, H is an algebra
with 1, and a coalgebra over K with comultiplication A:H - H ® H denotesfor eachh H,
AH) = Zwhw @ he , couniteH - kand antipodeS:H — H .

For compeletness, w e give the follow ing rudimentsof Hopf algebras A isanH -module alge-
bra ifA isaK -algebraw hich isanH -modulew ithH -module structureu: H ® A - A , written
asp(h®a) = h*a, such thath(ab) = Xw (hw * a) (h@2) * b) , foralla,b A, h H , and
lia= a, foralla A , wherels is the unit of H. Themeasuring iscalled unital ifA hasa
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aunitelanent Land ifh* 1= €(h)1forallh H . For exanples, groups acting on algebras by
automorphisns, group graded algebras, L ie algebras acting on algebras as derivationsare allH -
modules algebras, withH = kG, H = (kG) " andH = U (L) , the repective Hopf algebras

L et H be the category of all asociativeH -module algebras Theobjectsof H are all asocia-
tiveH -module algebras Themorphisnsof H are those algebra homomorphisns®A - B, A ,B

H, which are alsoH -modulemaps Such a®Rvill be called anH -homomorphisn. A n ideal |

of anH -module algebraA iscalled anH -ideal if the action of H onA leaves! invariant If | isan
H -ideal of A thenA /I isanH -module algebraviah(a+ 1) = (ha) + Iforallh H,a A.
It is easy to verify thatH -ideals are the same as the kernel of H -homomorphisns

Throughout thispaper, | <A meansthat | isanH -ideal of A andA - B w ill denote the fact
thatB isaH -homomorphic mageofA . W e refer to [6] for the basic notions and resultsof Hopf
algebras and [3], [4], [5], [7] or [8] for radical theoretic termm s

Definition A classR o H -module algebras is called an H -radical class in the sense & Kursh-
Amitsur, if R satid ies the f ollov ing conditions:

(1) R isH -hanamorphically closed: A -~ B andA R mplyB R;

(2) every H module algebra A contains a largest R-H -ideal R(A) called R-radical o A;

(3 foreveyA H,RAR@))=Q

For everyH -radical classR theclassS= {A H |R(A) = 0} iscalled the samisimple class
of R Clearly the radical class R consistsof allH -module algebrasA forwhichR(A) = A. Asis
well-known, for anyH -radical classR,R= USR. Moreover aloR(A) = (A)Sholdsfor every
H -module algebraA .

Definition A classd H module algebrasM is

(1) H -regular if every nonzeroH -ideal & A M has a nonzero H -hananorphic image in
M.

(2) hereditary if 1<vA M impliesl| M

Clearly, a hereditary class isawaysH -regular, but not conversely.

Let R and R' be wo H -radical classes, if for allH -module algebrasA,R(A) < R'(A) ,
then denote it by RC R" It isclear that R € R’ if and only if SR’ & SR.

L et N be a classof H module algebras W e say that an H -radical classR is the upperH -
radical class detemined by N if R is the largest H -radical class for which all A N are R-
samismple The upperH -radical determined by N, if exists, isdenoted by UN. For some class
es N the upperH -radicalsUNmay not exist, but ifM isanH -regular class, UM exists

Definition AnH -modulealgebraA iscalled H -prime if theproduct d any tw o nonzeroH -ide-
als is again nonzeroa H -prime ideals areH -ideal w ith an H -prime f actor algebra Similarly, we
can def ineH -sam ip rim eness

AnH -ideal of aH -module algebraA is said to be an essential H -ideal of A (denoted by
<A ), if forany0# K <wA wehavel n K # 0.
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Definition A ClassM o H -module algebras is called anH -gpecial class, if M satid ies

(1) EachA M isanH -primeH module algebras

(S2) If I<vA M implies| M.

(S3) If I<9uA with | M impliesA M.
If M isan H -gecial class, then by (S2), weknov thatM isH -regular, thus the upper H -radical
R= WM exists, we call R a pecial H -radical detimned by M .

W e now give an intrinsic characterization for gpecial H -radicals similar to that obtained by
Gardner andW eigandt for rings [ 8]

Theorem 1 If Pisa hereditary H -radical classand P is theclassd all H -primeH module alge-
bras, then SRn PisalwaysanH -gecial class In fact it isthe largest H -special class contained in
SR. If Risa gecial H -radial. ThenR= U(SRn P).

Proof It istrivial that SR n P satisfies (S1) and (S2). SinceR is hereditary, it iseasy to prove
that SR is closed under essential extensions ThusSR n P is al® closed under essential exten-
sions

If R isa gpecial H-radical, then there existsan H-gecial classM such thatR= UM and hence
M S SR. AloM € SRn Pholds HenceR= USRS U(SRn P) € WM = R. O

Definition AnH modulealgebraA issaid to be subdirectly irreducible (abbreviated assdi) if the
intersection o all nonzeroH -idealsd A isnot zera W ecalled H module algebra A ispsdi if itis
anH -prime and sdi. W e shall denoteby H (A ) theheart & an sdi H module algebraA, i e , H
A)=n{I<uA [1£ 0.

Inw hat follows, wew ill let Ho= {A H IA isa sdi H module algebra}.

Proposition 2 If A Hpo, thenH (A)?= OorH (A) = H (A)?isaH -simpleH -module algebra

Proposition 3 L et R be a hereditary H -radical and A Ho. ThenA isR -sanisimple if and only
if H(A) isRsanisimple

Theorem 4 TheclassM o all psdi H module algebras is an H -special class

Proof SupposethatA isapsdiH -module algebraw ith heartH (A) and 0# | <nA . For any 0#
J<ul, by theprmenessofA , weknow JI# OandIJ1 # 0. SincelJl isanH -ideal of A , it
follows thatH (A) < 131 < J. Therefore, | isapsdiH -module algebraw ith heart H (A).
ThusM satisfies (S2).

Nextwe prove thatM satisfies (S3). Suppose that | <#oA and | M with heartH (1). We

first prove thatA isH -prine For if I1, l2areH -idealsof A such that 1112= 0, then (1.n 1) (I2
Nn 1) = 0. By theH -primenessof | , wehavel:n I = Oorlzn I= 0. Sincel <uoA , we get
that 1= Oorl2= 0, thatis, A isH -prme Secondly, weprove thatA issdi LetK bean arbi-
trary nonzeroH -ideal ofA. Then0% I n K<wul, henceH (1) € I n KandH (1) € K. Itfol-
low s thatA isapsdiH -module algebra Thisprove thatM satisfies (S3).

Definition The upper H -radical determined by the H -gpecial class o all psdi H module alge
bras is called antisimpleH -rasical & H -module algebras and denoteby As(-). AnH module alge-
braA forwhichAs(A)=A iscalled antisinple
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A nalogously for rings, we have

Theoran 5 For any H modulealgebra A, As(A) = n {I<uA:A/l is a psdi H module
algebra}.

Proof For brevity, letk = n {I<sA:A /I isapsdiH -module algebra}. It isclear thatAs(A) <
K. Weclam that K isAs-radical If K isnotAs-radical, then there exists an 1<« K such that
K/l ispsdi LetC= {x A:xK S 1}. ThenbyLenmab5in [5], it iseasy to prove thatC<rA
and C/! isthemaximalH -ideal ofA /I such that (C/1) n (K/1) = 0. Hence, A /C isan essential
extension of (C+ K)/. Since(C+ K)/ K/l andK/l isp«di, it follow s thatA /C ispdi
ThenC 2 K andKK S I, which contradictsK /1 ispsdi ThusK isAs-radical Thiscompletes
the proof.

The next result gives characterization of antismpleH -module algebras Itsproof is idential
to those of the corregponding result for rings (see [7]).

Proposition 6  The follov ing are equivalent f or an H module algebra A.

(a) A isantismple

(b)) Every H -hananorphic image d A isa subdirect sum o sdi H modle algebrasAi(i 1)
such thatH (A )?>= Ofor each i |

(c) A does not contain any H -prime ideal P such thatA /P hasaminimal H -ideal.

(d) NoH-ideal & A can bemapped H -hananorphically onto a nonzero simple H module
algebra

Proposition 7 AnH -module algebraA isantisimple if and only if for every H -hananorphic im-
ageA d A wehave (*): ai# an For every nonzero principal H -ideal a n o A .

Proof Both antismplicity and condition (* ) are obviously H -homomorphically invariant prop-
erties

If A isan antismpleH -module algebra, forwhich (* ) doesnot hold, then there existsanH
-homomorphic mageA = A /I ofA anda A suchthat ad= awu. LetZ= {K<wA [a /K 2
I}. By Zorn's lanma, there exists amaximalH -riadial K Y. ThereforeA /K isan sdiH -
module algebraw ith heart (a w + k) /K = a+ K wand a+ K &= a+ K . ThereforeA
isnot an antismpleH -module algebra, a contradiction

Conversely, ifA isnot antisimple, thenA /I is sdiwith idenpotent heart K /I for omeH -
ideal I. ThenwehaveK/I = awand a4 = awu. Theoondition (*) isnot fulfilled

Definition L etM be an arbitrary classd H -module algebras

(a) A non-H -simpleH -module algebraA iscalled anH v module algebra if

(i) A/l M for every nonzeroH -ideal | o A .

(ii) Every minmalH -ideal o A belongs toM .

() AnH -sinpleH module algebraA isanHwv module algebra if and only if A M.
Theclassd allHwv -module algebras is denoted byM ~ and w ew ill assume that O belongs to every
nonempty classd H -module algebras

The proof of the follow ing two lemmas is straightfomw ard
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Lenma 8 For any hereditary class M o H -module algebras, M~ is H -hanamorphically
closed.

Leanma9 LetM beaclassd H module algebras If theclassd all nilpotentH -module alge-
braNSM , thenNSM .

Lanma 10 LetM beaclssd H module algebras satifying

(@) M is hereditary.

(b)) M contains all nilpotentH -module algebras

(c) M satid ies the extension property.

ThenM ~ is hereditary, H -homomorphically closed and contains all the nilpotentH -module
algebras

Proof ByLenmag8andLenmay, it isclear thatM ~ isH -homomorphically closed and contains
all nilpotentH -module algebras

To show thatM  is hereditary, letA M "~ and0# 1<wA. Ifl isH -simplethen| isamini-
malH -ideal of A and hencel M . Thusl M ~. Supposethat! isnotH -smpleandK isany
nonzeroH -idealof I. If K w= 1, then!/K isnilpotent since ( K «)®< K. By (b) of the hy-
pothesiswe havel/K M. If1 = K, itfollowsthatK <vA andweA /K M . From the fact
thatM is hereditary and I /K <vA /K A /K , itfollowsthat1/K M . Letusthereforeassune
thatKk € K w < I. Then 1/K)/(K w/K) 1/K wandl/ K u« M sinceitisanH -ideal
ofA/ K w M andM is hereditary.

Furthemore K w/K M since it isnilpotent And1/K M by (c).

If I contains aminimal H -idealL , thenL® = OorL?= L. By the definition of M ",
L M. O

Corollary 11 If Risany supernilpotentH -radical class, then RS R" and R" ishereditary and H
-hananorphically closed.

In order to give a characterization o antisimpleH -radical classAsasa loverH -radical class
wegive

Definition A H -module algebraA iscalled anH -module algebra if every nonzero elenenta d A
satifies a4 # aw.
If we denote the classof alla-H -module algebras by K. W e obtain

Theoran 12 K = A..

Proof L etA K™ . IfA isH -simple, wehaveA K. Then, in viev of thefact that a » #
(a)u)’forany0# a A, itfollowsthatA isazeroH -module algebraand henceA A.. If
A isanonH -smpleH -module algebra, letA /I beanyH -homomorphic mageofA . SinceA
K" ,wegetA/l K. ForeveryO# a A=A/l, itfollowsthat a 4 # a «. By Proposition
7wehaveK™ S A..

Conversely, ifA  As, the construction of K™ and Proposition 7 mply thatA K . Hence

A<<S K’ , o that the theoren isproved
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