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The Grouth of L aplace-Stieltjes Trangorm Convergent
Only in the Right Half Plane’

Jiang Shuzhen
(Changchun Teachers College, Changchun 130032)

Abstract On the analytic functions defined by exponential series convergent only in the right half
plane, Yu Jiarong™? introduced theorder (R) and theorder (R-H) and studied som e exponential
series, Yu Jiuman' introduced the proximate zero order (R) of the functions and obtained some
results For the study of the grouth of L gplace-Stieltjes transform, we introduce the order (R)
and get ome results smilar to the case of exponential series
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L et L aplace-Stieltjes transform

+

F (s :IO e “da(x), (1)
wheres= 0+ it, 0and tbeing real variables, &(x) isof bounded variation on any interval 0 =< x
< b< + o,
T ake the sequences of real numbers
0= A< k< X<** < A1 o, (2
satisfying the follow ing conditions

Ei‘ <+ o, (3)
JE(?‘“' A) <+ o, (4)

In this paperw e suppose that -
lim logA. /A= 0 (5)

n-o
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whereA: = SUP , .y <., J'%e' "Ydo(y) | Then the abscissa of ablute convergence of (1) is

- 00 < t<+ o

0 and the transform (1) defines a function F (S) analytic in the right half plane

L et
wEE = e e ) |
- 00< < + 00
m(g,F) = max Ane ™
+ _ | logx, x =1
log” x = [01 w< 1
T he quantity
p= O'IJ’PO o 1
94
iscalled order (R) of F(S) ino> 0, and if the limit
_ . + + .
p= Ulﬁrp0JQg—If‘)“g_M—(s“F—)'_:L exists,
log p

w e call the function F (S) that have order (R) P increasing orderly.
In order to study the order (R) of F (S) , we establish the follow ing lenmas

Lenma 1" Let Aand P are positive constants, then X0) = 0 °- 0A(0> 0) , obtain minimum
a1
@+ p) (DFino= (i

Lenma 2! L etsand P are positive constants, and 0< p< 1, then®x) = x°- ox(x = 0) , ob-
1
tainmaximum (1- P) ('%)T»p_p inx = (-%—)1. b

L enma 3[3] L et {an} is sequence & canplex numbers C is a positive constant

I [log

an |/logh] < C.
If any B> Oand ¥> 0 (0< B< c), therewould existsY > Osuch thatany y',y"satifying logy"

> (1+ Ylogy'andy'> Y, existnsuch thaty' < A< y"”, and

an|[= X #, thenwewould have
in creasing positive integers sequences {n;} such that

- +
,im_ log

an |/logh, = ¢, lim logA-1/logh = 1
J_.+00

Now we gply the lenmas to prove the follow ing theorem s

Theoran 1  Suppose the trand om (1) satisfies (2), (3), (4) and (5), then F(S) isd order
R) P

.

Im (log” log Ar) /logh = 0t 1 (6)

wherep+ 1must be replaced by 1 in thecaseP= + oo .
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Proof Firstw e prove the necessity of the theoram in thecase0< P< + o .

Letl(x;s+ it) :J’Oe' & 9dx(y) , we have
IA e daly) :I edyl (y; o+ i)

= I(y; o+ it)e”

3 - qé&%‘”l (y; o+ it)dy (x = A).
Hencewhen o> 0,

J’;e' Ydaly) | < M (0,F)e”

By (4), there existsa constant u > Osuch that 0< Aw1-

A< U
Evidently w hen

&SXSA&L XE/\n"'I«L
Hencew e have

Ar < M (0;F)e* < M (0,F)e™
On theother hand, for any €> 0, there exists®> 0, when0< o< 0,

log"M (0, F) < ('1“)"”.
+ * _l. P+ €
Hencelog" An < log 2 + (0) + (W+ p)o.

Take fixed 0 (0, ®) , there existsan integerN , whenn> N, A0> log 2.
ByLanmal, whenn> N ,

og' A7 = @0+ wo+ (D)7 1+ P+ 9 (BT

Then
T—log' log' A; _ 7—log(+ P+ 9 + Tillog(2h + ) - log(P+ @]
nooo log A T n-w log,
_ P+ e
1+ P+ €

It'sproved that

— log” log” A. p
liMn_w logh < 0y 1 (7

On the other hand, supposemmoo (log” log" A+) /logh < P_h then there exists /' < P
such that

Im[(log" log" A+)/log] < p—,iLl.
hence there exsits a constant C > 0 such that

A, < cexp(?\?L”) (n= 1,23, ***).
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1
2 l

M (GF) = DAre W< czexp(;@La_ As)
n=0 n= 0

Combining [4] andLenmma 2, when 0> Oand0< €<

= csup exp[&TfLﬂ- X (0- e@]Ze‘ e
n= n=0

= enl Tyt (g9 1o(m) (- 0).

Hencew e have
E}[Iog+ log* M (0, F) ]/log ':;‘ <pP<P

This is contradictory w ith the condition of the theorem. T he necessity of this theoren isproved
W e can easily prove a sufficiency of the theoream smilar to proof of the necessity.

Theorem 2 L et trand om (1) satifies (2), (3), (4) and (5). Then function F (S) that have or-

der (R) Pisreqularized increasing <

() limoo (log” log” A.) /logh = —£2

1+ p°
(ii) There exists a increasing positive integers sequences {n;} such that

P _
1+ P Im?\.1j+1/2\n 1

Wherep—f—lmust be replaced by 1 in thecaseP= + oo .

lim (log” log" A+) /loga, =
o+

Proof Firstwe prove a sufficiency of the theorem in thecase0< P< + o .
For any €> Oand sufficiently largej ,

* L c
Ane 7> exp (Nt e- As).
Take 0; satisfies

_LE_ P+ 1- €
[(p+ 1_ 6)0]] ’
when g+1< 0= G, evidently have
1= Im (- logg+ 1)/(- logg) = Im (- logo) /(- loga),
+ o0 jo+ o

] -
1 oo Ly ag. 1

M (0, F) = 2An*ie-/\1j > 5> 2exp(?\?if'ﬁe_f- X G),

ByLenma 2
- g/1+ p-
g

exp[(1+ p e)((1+ p- e) )"l

M (0,F) = Zexp[ (1- 1+ ol

@0 o/ 0 9
€) ) 1- (- 9/(1+ P- @ ]
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Then
_ - 1
1m [log" log" M (0,F)/log 7]

i + 1 1 P- ¢ p- € 1
> lim_log” {log 5 + [7 5 e(( s e)cr,-) 1} /log "
-

! 1
+ A 1 pP- €
|Og 2[1+ p- E[((1+ P- aaq) i

g+ 0 -l-
log s

= pP- €

Combining the above inequality and the theoren 1w e have
I- + + _J_ _
Jim [log” log" M (0,F) /log /1= P

Now w e prove the necessity of the theorem.

By Theoram 1, i) evidently hold
Hypotheses ii) isnot hold, by L enma 3 there exists (P> f) and ¥ such that
. L2 g
Ar < expN"F nij=<n=<n",
wheren’; and n"; are sufficiently large integers, n"y > n'j+1, logAr, > (1+ Ylogh, (j = 1,2,3,
Il.) .
ByLenma 2
Ane W< exp{le)_—B[(P- B /(1+ P- PBs]”F, ni<n<n (8)
Take €> 0 such that
(h+ 9/+ D)< p-
where0< Tl< p. Then there exists a positive integer no, whenn > no,
* _pd._L
Ane M< exp[AE- AT
Letn; > no, takes'; such that
P
(AW)"2= [(P+ §/(1+ P+ 901" "¢
ByL enma 2, for sufficiently largej , whenno < n=< n'j,

. ad P+ € LeL P+ € =
Ane M= expl T gy 1T IL (L gy I

< exp[k(1/0)" M, 9)

w herek is a positive number.
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For sufficiently largej , whenn = n/' , take Av, = A7, V< Av,w e have

. e o
Ane ™ < exp[(Ar) "™ - An0]

e g1+ ) A+ Y
= ep{TE 5] V7 (- (P50 e (10)

€ 1+ P+ €
Combining (8), (9) and (10), we see that for sufficiently large j
m(0,F) = exp[ki(1/0)" ],
w hereki is apositive number, 1 = min{g, }.
Similar to theway proved Theorem 1, we can easily prove, for any sufficiently largej ,

M (0, F) < exp[ka(1/0')" ],
w herek: is a positive number.

This is contradictory w ith the condition of the theorem.
The proof is completed

When P=+ o , theproof issmilar to thecase0< P< + oo .
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