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The Grouth of Laplace-Stieltjes Tran sform Convergen t
On ly in the R ight Half Plane3

J iang S huz hen
(Changchun T eachers’ Co llege, Changchun 130032)

Abstract　O n the analyt ic functions defined by exponen tia l series convergen t on ly in the righ t half
p lane, Yu J iarong [1, 2 ] in troduced the o rder (R ) and the o rder (R 2H ) and studied som e exponen tia l
series, Yu J ium an [3 ] in troduced the p rox im ate zero o rder (R ) of the functions and ob tained som e
resu lts. Fo r the study of the grou th of L ap lace2Stielt jes transfo rm , w e in troduce the o rder (R )

and get som e resu lts sim ilar to the case of exponen tia l series.
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L et L ap lace2Stielt jes t ran sfo rm

F (s) =∫
+ ∞

0
e- sx dΑ(x ) , (1)

w here s = Ρ + i t, Ρ and t being rea l variab les, Α(x ) is of bounded varia t ion on any in terva l 0 Φ x

Φ b < + ∞.
T ake the sequences of rea l num bers

0 = Κ1 < Κ2 < Κ3 < õõõ< Κn↑∞, (2)

sa t isfying the fo llow ing condit ion s:

lim
n→∞

n
Κn

< + ∞, (3)

lim
n→∞

(Κn+ 1 - Κn) < + ∞, (4)

　　 In th is paper w e suppo se tha t
lim
n→∞

log A 3
n öΚn = 0 (5)

　　3 Rece ived date: 1997206211
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w here A 3
n = sup

　
Κn < x Φ Κn+ 1

- ∞ < t < + ∞

û∫
x

Κn

e- ity dΑ(y ) û . T hen the ab scissa of ab so lu te convergence of (1) is

0 and the tran sfo rm (1) defines a funct ion F (S ) ana lyt ic in the righ t ha lf p lane.
L et

　　　　　　　　M (Ρ, F ) = sup
0< x < + ∞

- ∞< t< + ∞

û∫
x

0
e- (Ρ+ it) y d Α(y ) û ,

　　　　　　　　m (Ρ, F ) = m ax
1Φ n< + ∞

A 3
n e- ΚnΡ

　　　　　　　　log+ x =
log x , x Ε 1
0, x < 1

T he quan t ity

Θ= lim
Ρ→+ 0

log+ log+ M (Ρ, F )

log
1
Ρ

is ca lled o rder (R ) of F (S ) in Ρ > 0 , and if the lim it

Θ= lim
Ρ→+ 0

log+ log+ M (s, F )

log
1
Ρ

ex ists,

w e ca ll the funct ion F (S ) tha t have o rder (R ) Θincreasing o rderly.
In o rder to study the o rder (R ) of F (S ) , w e estab lish the fo llow ing lemm as:

L emma 1[ 1 ]　 L et Κand P a re p ositive constan ts, then Υ(Ρ) = Ρ- p - ΡΚ(Ρ > 0) , obta in m in im um

(1 + p ) ( Κ
p

)
p

1+ p in Ρ = ( p
Κ)

1
p + 1 .

L emma 2[ 1 ]　L et s and P a re p ositive constan ts, and 0 < p < 1 , then Υ(x ) = x p - Ρx (x Ε 0) , ob2

ta in m ax im um (1 - P ) ( p
Ρ )

p
1- p in x = ( p

Ρ )
1

1- p .

L emma 3[ 3 ]　 L et {an} is sequence of com p lex num bers. C is a p ositive constan t

lim
n→∞

[ log+ ûanûölogΚn ] Φ C.

If any Β> 0 and Χ> 0 (0 < Β< c) , there w ou ld ex ists Y > 0 such tha t any y′, y″sa tisf y ing log y″

Ε (1 + Χ) log y′and y′> Y , ex ist n such tha t y′Φ Κn Φ y″, and ûanû Ε Κc- Β
n , then w e w ou ld have

in creasing p ositive in teg ers sequences {n j } such tha t

lim
j→+ ∞

log+ ûan j
ûölogΚn j

= c, lim
j→+ ∞

logΚj+ 1ölogΚj = 1.

　　N ow w e app ly the lemm as to p rove the fo llow ing theo rem s.

Theorem 1　 S upp ose the transf orm (1) sa tisf ies (2) , (3) , (4) and (5) , then F (S ) is of ord er
(R ) ΘΖ

lim
n→∞

( log+ log+ A 3
n ) ölogΚn =

Θ
Θ+ 1

, (6)

w here
Θ

Θ+ 1 m ust be rep laced by 1 in the case Θ= + ∞.
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Proof　F irst w e p rove the necessity of the theo rem in the case 0 < Θ< + ∞.

L et I (x ; s + it) =∫
x

0
e- (s+ it) y d Α(y ) , w e have

　　　　　　　　　∫
x

Κn
e- ity d Α(y ) =∫

x

Κn
eΡy d y I (y ; Ρ + i t)

　 = I (y ; Ρ + i t) eΡy û x
Κn

- Ρ∫
x

∆
ΚnΥeΡy I (y ; Ρ + i t) dy (x Ε Κn).

H ence w hen Ρ > 0 ,

û∫
x

Κn

e- ity dΑ(y ) û Φ 2M (Ρ, F ) eΡx.

　　By (4) , there ex ists a con stan t Λ > 0 such tha t 0 < Κn+ 1 - Κn < Λ.

Eviden t ly w hen

Κn Φ x Φ Κn+ 1,　x Φ Κn + Λ.

H ence w e have

A 3
n Φ 2M (Ρ, F ) eΡx Φ 2M (Ρ, F ) e

(Κn+ Λ) Ρ.

　　O n the o ther hand, fo r any Ε> 0 , there ex ists Ρ0 > 0 , w hen 0 < Ρ < Ρ0 ,

log+ M (Ρ, F ) < ( 1
Ρ ) Θ+ Ε.

H ence log+ A 3
n Φ log 2 + ( 1

Ρ ) Θ+ Ε + (Κn + Λ) Ρ.

　　T ake fixed Ρ∈ (0, Ρ0) , there ex ists an in teger N , w hen n > N , ΚnΡ > log 2.

　　By L emm a 1, w hen n > N ,

log+ A 3
n Φ (2Κn + Λ) Ρ + ( 1

Ρ ) Θ+ Ε Φ (1 + Θ+ Ε) (
2Κn + Λ
Θ+ Ε )

Θ+ Ε
1+ Θ+ Ε.

T hen

　　 lim
n→∞

log+ log+ A 3
n

log Κn
Φ lim

n→∞

log (1 + Θ+ Ε) +
Θ+ Ε

1 + Θ+ Ε[ log (2Κn + Λ) - log (Θ+ Ε) ]

logΚn

=
Θ+ Ε

1 + Θ+ Ε.

It′s p roved tha t

lim n→∞
log+ log+ A 3

n

logΚn
Φ Θ

Θ+ 1
. (7)

　　O n the o ther hand, suppo se lim n→∞ ( log+ log+ A 3
n ) ölogΚn <

Θ
Θ+ 1 then there ex ists Θ′< Θ

such tha t

lim
n→∞

[ ( log+ log+ A 3
n ) ölogΚn ] <

Θ′
Θ′+ 1

,

hence there ex sits a con stan t C > 0 such tha t

A 3
n < cexp (Κ

Θ′
1+ Θ′
n )　 (n = 1, 2, 3, õõõ).
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Com b in ing [4 ] and L emm a 2, w hen Ρ > 0 and 0 < Ε<
1
2

,

　　　　　M (Ρ, F ) Φ 6
∞

n= 0
A 3

n e- ΚnΡ Φ c6
∞

n= 0
exp (Κ

Θ′
1+ Θ′
n - Κns)

Φ c sup
nΕ 0

exp [Κ
Θ′

1+ Θ′
n

- Κn (Ρ - ΕΡ) ]6
∞

n= 0
e- ΚnΕ

Φ exp [
(Θ′) Θ′

(1 + Θ′) 1+ Θ′õ ( 1
(1 - Ε) Ρ) Θ′]o ( 1

ΕΡ) (Ρ→ 0+ ).

H ence w e have

lim
Ρ→+ 0

[ log+ log+ M (Ρ, F ) ]ölog
1
Ρ Φ Θ′< Θ.

T h is is con trad icto ry w ith the condit ion of the theo rem. T he necessity of th is theo rem is p roved.

W e can easily p rove a sufficiency of the theo rem sim ila r to p roof of the necessity.

Theorem 2　 L et transf orm (1) sa tisf ies (2) , (3) , (4) and (5). T hen f unction F (S ) tha t have or2
d er (R ) Θis requ la riz ed increasing Ζ

( i)　 lim n→∞ ( log+ log+ A 3
n ) ölogΚn =

Θ
1 + Θ,

( ii)　T here ex ists a increasing p ositive in teg ers sequences {n j } such tha t

lim
j→+ ∞

( log+ log+ A 3
n j

) ölogΚn j
=

Θ
1 + Θ, lim

j→∞
Κn j+ 1öΚn j

= 1.

W here Θ
Θ+ 1m ust be rep laced by 1 in the case Θ= + ∞.

Proof　F irst w e p rove a sufficiency of the theo rem in the case 0 < Θ< + ∞.

Fo r any Ε> 0 and sufficien t ly la rge j ,

A 3
n j

e- Κnj
Ρ > exp (Κ

Θ- Ε
Θ+ 1- Ε
nj

- Κn j
s).

T ake Ρj sa t isf ies

Κn j
= [

Θ- Ε
(Θ+ 1 - Ε) Ρj

]Θ+ 1- Ε,

w hen Ρj + 1 < Ρ Φ Ρj , eviden t ly have

1 = lim
j→+ ∞

(- logΡj + 1) ö(- logΡj ) = lim
j→+ ∞

(- logΡ) ö(- logΡj ) ,

M (Ρ, F ) Ε 1
2

A 3
n j

e- Κnj
Ρ Ε 1

2
A 3

n j
e- Κnj

Ρj >
1
2

exp (Κ
Θ- Ε

1+ Θ- Ε
nj

- Κn j
Ρj ) ,

By L emm a 2

　　　M (Ρ, F ) Ε 1
2

exp [ (1 -
Θ- Ε

1 + Θ- Ε) (
(Θ- Ε) ö(1 + Θ- Ε)

Ρj
)

(Θ- Ε) ö(1+ Θ- Ε)
1- (Θ- Ε) ö(1+ Θ- Ε) ]

=
1
2

exp [ ( 1
1 + Θ- Ε) ( Θ- Ε

(1 + Θ- Ε) Ρj ) Θ- Ε].
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T hen

　　　　　 lim
Ρ→+ 0

[ log+ log+ M (Ρ, F ) ölog
1
Ρ ]

　 Ε lim
Ρ→+ 0

log+ {log
1
2

+ [
1

1 + Θ- Ε( Θ- Ε
(1 + Θ- Ε) Ρj

) Θ- Ε]}ölog
1
Ρ

　 Ε lim
Ρ→+ 0

log+ 1
2

1
1 + Θ- Ε ( Θ- Ε

(1 + Θ- Ε) Ρj

Θ- Ε

log
1
Ρ

　 = Θ- Ε.

Com b in ing the above inequality and the theo rem 1 w e have

lim
Ρ→+ 0

[ log+ log+ M (Ρ, F ) ölog
1
Ρ ] = Θ.

　　N ow w e p rove the necessity of the theo rem.

By T heo rem 1, i) eviden t ly ho ld.

H ypo theses ii) is no t ho ld, by L emm a 3 there ex ists Β(Θ> Β) and Χsuch tha t

A 3
n < exp (Κ

Θ- Β
1+ Θ- Β
n )　n′j Φ n Φ n″j ,

w here n′j and n″j are sufficien t ly la rge in tegers, n″j > n′j+ 1, logΚn″j > (1 + Χ) logΚn′j ( j = 1, 2, 3,

õõõ) .

By L emm a 2

A 3
n e

- ΚnΡ < exp {
1

1 + Θ- Β[ (Θ- Β) ö(1 + Θ- Β) s ]Θ- Β},　n′j Φ n Φ n″j. (8)

　　T ake Ε> 0 such tha t

(Θ+ Ε) ö(1 +
Χ
2

) < Θ- Γ,

w here 0 < Γ< Θ. T hen there ex ists a po sit ive in teger n0 , w hen n > n0 ,

A 3
n e- ΚnΡ < exp [Κ

p + Ε
1+ Θ+ Ε
n - ΚnΡ].

　　L et n j > n0 , take s′j such tha t

(Κn′j )
1+ Χ

2 = [ (Θ+ Ε) ö(1 + Θ+ Ε) Ρ′j ]1+ Θ+ Ε.

　　By L emm a 2, fo r sufficien t ly la rge j , w hen n0 Φ n Φ n′j ,

　　　　　　　A 3
n e

- ΚnΡ′j Φ exp [
Θ+ Ε

1 + Θ+ ΕΡ′j ]
Θ+ Ε

1+ Χö2 [1 - ( Θ+ Ε
1 + Θ+ ΕΡ′j )

1
1+ rö2Ρ′j ]}

< exp [k (1öΡ′j ) Θ- Γ], (9)

w here k is a po sit ive num ber.
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Fo r sufficien t ly la rge j , w hen n Ε n3
j , take Κλn″j = Κ1+ Χ

n′j < Κn″j w e have

　　　　A 3
n e- Κns′j Φ exp [ (Κλn″j )

Θ+ Ε
1+ Θ+ Ε - Κλn″j Ρ′j ]

= exp {[
Θ+ Ε

1 + Θ+ Εs′j ]
(Θ+ Ε) (1+ Χ)

1+ Χö2 [1 - ( Θ+ Ε
1 + Θ+ ΕΡ′j )

1+ Χ
1+ Χö2Ρ′j ]}. (10)

Com b in ing (8) , (9) and (10) , w e see tha t fo r sufficien t ly la rge j

m (Ρ, F ) Φ exp [k 1 (1öΡ′j ) p - Γ1 ],

w here k 1 is a po sit ive num ber, Γ1 = m in{Β, Γ}.

Sim ila r to the w ay p roved T heo rem 1, w e can easily p rove, fo r any sufficien t ly la rge j ,

M (Ρ′j , F ) < exp [k 2 (1öΡ′j ) Θ- Γ],

w here k 2 is a po sit ive num ber.

T h is is con trad icto ry w ith the condit ion of the theo rem.

T he p roof is com p leted.

W hen Θ= + ∞ , the p roof is sim ila r to the case 0 < Θ< + ∞.
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在右半平面收敛的Laplace-Stieltjes变换的增长性

姜 淑 珍
(长春师范学院, 130032)

摘　要

本文研究了在右平面收敛的L ap lace2Stielt jes变换的增长性,得到了与指数级数类似的结果.
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