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Abstract　 In th is paper, w e po in t ou t a fau lt in T heo rem B in [1 ], genera lize H ua2
W ang type inequalit ies g iven by T heo rem A in [ 1 ], and p rove them by u sing ele2
m en tary m ean value inequalit ies. It a lso m akes the im p roved T heo rem B its co ro l2
la ry.
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1. In troduction

L et ∆, a be given po sit ive num bers, p ≠ 0, 1 be a rea l num ber,

8 = {x ûx 1 Ε 0, õõõ, x n Ε 0, x 1 + õõõ+ x n Φ ∆},

8 1 = {x ûx 1 > 0, õõõ, x n > 0, x 1 + õõõ+ x n Φ ∆},

F n (x ) = (∆ - 6
n

i= 1
x i) p + ap - 16

n

i= 1
x p

i , (1)

k n = aö(n + a) , h n = 1ö(n + a).

　　Paper [1 ] genera lized the inequality

(∆ - x 1 - õõõ- x n) 2 + a (x 2
1 + õõõ+ x 2

n) Ε k n∆2 (p = 2) (2)

( the equality ho lds if and on ly if x 1 = õõõ= x n = hn∆) g iven by P rof. L. K. H ua in [2 ] and the o th2
ers g iven by P rof. W ang Chunglie in [ 3 ], and by u sing the m ajo riza t ion and dynam ic p rogram 2
m ing gave the fo llow ing tw o resu lts (be ca lled by a jo in t nam e H au- W ang type inequalit ies) :

　3 Rece ived date: 1997-03-03

Biography: W ang J ianyong (19562 ) , m ale, bo rn in J ingning county, Gansu p rovince. M. Sc, Curren tly an associati p rofesso r

at the Second N o rtheast Institu te fo r N o tionalit ies.
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Theorem A　L et ∆, a be g iven p ositive num bers, then f or p > 1 (p < 0) , x ∈ 8 (8 1) w e have

F n (x ) Ε k p - 1
n ∆ (3)

w hen 0 < p < 1 , the equa lity (3) reverses the d irection. U nd er every circum stance, the equa lity

hold s if and on ly if x 1 = õõõ= x n = h n∆.

Theorem B　L et ∆be a g iven p ositive num ber, then f or p > 1 (p < 0) , x ∈ 8 (8 1) w e have

21- p ∆p Φ (∆ - x 1 - õõõ- x n) p + np - 1 (x p
1 + õõõ+ x p

n ) Φ np - 1∆p; (4)

w hen 0 < p < 1 , the equa lity (4) reverses the d irection. U nd er every circum stance, the lef t equa lity

hold s if and on ly if x 1 = õõõ= x n = ∆ö(2n) ; the rig h t one hold s if and on ly if

x = ∃ i = (0, 0, õõõ, ∆
i

, 0, õõõ, 0)　 (1 Φ i Φ n).

H ere w e first po in t ou t tha t fo r p < 0 , the conclu sion of T heo rem B is no t t rue. Becau se

lim
x i→+ 0

x∈8 1

[ (∆ - x 1 - õõõ- x n) p + np - 1 (x p
1 + õõõ+ x p

n ) ] = + ∞,

the second half of (4) is no t t rue in 8 1; x = ∃ i ∈ö8 1 , the funct ion has no m ean ing a t ∃ i , so the

equality can no t ho ld a t the po in t. T he o ther conclu sion s of T heo rem B are true excep t fo r th is

circum stance.

T he m ain task w e w ill dea l w ith in th is paper is to genera lize the T heo rem A. W e w ill t ry to

p rove the genera lized T heo rem by avo id ing the too ls of m ajo riza t ion o r dynam ic p rogramm ing bu t

u sing elem en tary m ean value inequalit ies. A s a resu lt, w e m ake the im p roved T heo rem B its

co ro lla ry.

2. Genera l iza t ion of Hua- W ang Type Inequa l it ies

L emma　L et bi Ε 0, 6
n

i= 1bi = 1 , then

( I )　w hen p > 1 , w e have

n1- p Φ 6
n

i= 1
bp

i Φ 1; (5)

　　 ( I I )　w hen p < 0 , w e have

n1- p Φ 6
n

i= 1
bp

i < + ∞ (here bi > 0) ; (6)

　　 ( I I I )　w hen 0 < p < 1 , w e have

1 Φ 6
n

i= 1
bp

i Φ n1- p. (7)
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T he lef t equa lities in (5) , (6) and the rig h t one in (7) hold if and on ly if b1 = õõõ= bn = 1ön ;

the rig h t equa lity in (5) and the lef t one in (7) hold if and on ly if b = ∃ i (1) = (0, õõõ, 0, 1,

i

0,

õõõ, 0) (1 Φ i Φ n) ; w hen p < 0, lim bi→+ 06
n

i= 1
bp

i = + ∞.

Proof　L et a = (a1, õõõ, an) be a nonnegat ive sequence, q = (q1, õõõ, qn) be a po sit ive num ber

w eigh t sequence w ith 6
n

i= 1q i = 1 , let ≠ 0 be a rea l num ber. N ow let u s con sider the r - pow er

w eigh ted m ean s of a

M r (a , q) = (6
n

i= 1
q ia

r
i ) 1ör.

F rom [4 ], fo r each pair of num bers r < s , w e have

M r (a , q) Φ M s (a , q) , (8)

and the equality ho lds if and on ly if a1 = õõõ= an . H ence

G (a , q) = M 0 (a , q) Φ M 1 (a , q) = H (a , q) , (9)

w here

G (a , q) = M 0 (a , q) = lim
r→0

M r (a , q) = 7
n

i= 1
aqii

is geom etric m ean, and H (a , q) = M 1 (a , q) = 6
n

i= 1q ia i is a lgeb ra ic m ean.

N ow w hen p > 1 ,

1
n

= 6
n

i= 1

1
n

bi = M 1 (b, {
1
n

}) Φ M p (b, {
1
n

}) = (6
n

i= 1

1
n

bp
i ) 1öp ,

w e get

n1- p Φ 6
n

i= 1
bp

i Φ 6
n

i= 1
bi = 1,

and the left equa lity ho lds if and on ly if b1 = õõõ= bn = 1ön , the righ t one ho lds if and on ly if b =

∃ i (1) (1 Φ i Φ n) . W hen p < 0, - p > 0 , u sing (8) , (9) w e have

　　　　　　 n = 1ö6
n

i= 1

1
n

bi = 1öH (b, {
1
n

}) Φ 1öG (b, {
1
n

})

= G ({
1
bi

}, {
1
n

}) Φ M - p ({
1
bi

}, {
1
n

}) = (6
n

i= 1

1
n

bp
i ) - 1öp ,

then n1- p Φ 6
n

i= 1b
p
i , and the equality ho lds if and on ly if b1 = õõõ= bn = 1ön . T hen w e have in2

equality (6). U sing the sim ila r m ethods, w e can p rove the inequality (7). 　□

Theorem　L et ∆, a be g iven p ositive num bers, then w e have

( I )　w hen p > 1 ,

k p - 1
n ∆p Φ F n (x ) Φ sp - 1 (a) ∆p , 　x ∈ 8 , (10)
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　　 ( I I )　w hen p < 0 ,

k p - 1
n ∆p Φ F n (x ) < + ∞, x ∈ 8 1, (11)

( I I I )　w hen 0 < p < 1 ,

sp - 1 (a) ∆p Φ F n (x ) Φ k p - 1
n ∆p , 　x ∈ 8 , (12)

w here

s (a) =
a , a Ε 1,

1, 0 < a < 1.

T he lef t equa lities in (10) , (11) and the rig h t one in (12) hold if and on ly if x 1 = õõõ= x n = hn∆
, the rig h t equa lity in ( 10 ) and the lef t one in ( 12 ) hold if and on ly if x = ∃ i (∆) =

(0, õõõ, 0, 0,

i

0, õõõ, 0) f or a Ε 1 (1 Φ i Φ n) or x = (0, õõõ, 0) f or 0 < a < 1. W hen p < 0,

lim x i→+ 0

x∈8 1

F n (x ) = + ∞.

Proof　Each elem en t x of 8 (8 1) can be exp ressed as x = tb, t ∈ [0, ∆] ( rela t ively t ∈ (0, ∆]) ,

w here b = (b1, õõõ, bn) is a d irect ion facto r w ith bi Ε 0 (rela t ively bi > 0 ) and 6
n

i= 1 bi = 1. In the

d irect ion b ,

　　　　　　　 F n (x ) = F n ( tb) = f b ( t) = (∆ - t) p + ap - 16
n

i= 1
bp

i tp , (13)

f ′b ( t) = p [ap - 16
n

i= 1
bp

i tp - 1 - (∆ - t) p - 1 ], (14)

f ′b ( t) = 0Ζ t = t (b) = ∆ö[1 + a (6
n

i= 1
bp

i )
1

p - 1 ].

w hen p > 1 o r p < 0 ,

f ′b ( t) > 0Ζ t > t (b) ,

f ′b ( t) < 0Ζ t < t (b) ,
(15)

w hen 0 < p < 1 ,

f ′b ( t) > 0Ζ t < t (b) ,

f ′b ( t) < 0Ζ t > t (b) ,
(16)

　　W hen p > 1 o r p < 0 , in the d irect ion b, F n (x ) = f b ( t) has the m in im um

g (b) = f b ( t (b) ) = ∆p [a (6
n

i= 1
bp

i )
1

p - 1ö(1 + a (6
n

i= 1
bp

i )
1

p - 1) ]p - 1,

w h ich im p lies tha t

f b ( t) Ε f b ( t (b) ) = g (b) , t ∈ [0, ∆] (rela tively t ∈ (0, ∆]) , (17)

the equality ho lds if and on ly if t = t (b) . Becau se fo r r ≠ 0, - 1 , the funct ion

U (x ) = [ax
1
r ö(1 + ax

1
r }) ] r, 　x > 0,
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is st rict ly m ono tone increasing, u sing the inequality n1- p Φ 6
n

i= 1 bp
i in (5) , (6) w e have

g (b) Ε ∆p [a (n
1- p )

1
p - 1ö(1 + a (n1- p )

1
p - 1) ]p - 1 = k p - 1

n ∆p , (18)

the equality ho lds if and on ly if b = b0 = (1ön , õõõ, 1ön ) . U sing (17) , (18) w e have fo r p > 1 (p

< 0) , x ∈ 8 (8 1) ,

F n (x ) = f b ( t) Ε g (b) Ε g (b0) = F n (x 0) = k p - 1
n ∆p , (19)

w here x 0 = t (b0) b0 = (∆ö(n + a) , õõõ, ∆ö(n + a) ) , the equality ho lds if and on ly if x = x 0 o r x 1

= õõõ= x n = h n∆. So the left inequalit ies in (10) , (11) ho ld.

W hen p > 1 , in the d irect ion b , the m ax im um of f b ( t) can on ly appear a t som e end of the in2

terva l [0, ∆] . If a Ε 1 , u sing the righ t inequality 6
n

i= 1 bp
i Φ 1 in (5) , w e have

　　　　　　　 f b (∆) = ap - 16
n

i= 1

bp
i ∆p Φ ap - 1∆p = sp - 1 (a) ∆p ,

f b (0) = ∆p Φ ap - 1∆p = sp - 1 (a) ∆p ,

w h ich im p lies tha t

F n (x ) = f b ( t) Φ sp - 1 (a) ∆p , 　x ∈ 8 , (20)

the equality ho lds if and on ly if t = ∆, b = ∃ i (1) o r x = ∆∃ i (1) = ∃ i (∆) (1 Φ i Φ n) . If 0 < a <

1 , then

　　　　　　　 f b (∆) = ap - 16
n

i= 1
bp

i ∆p < ∆p = sp - 1 (a) ∆p ,

f b (0) = ∆p = sp - 1 (a) ∆p ,

w e a lso have the inequality

F n (x ) = f b ( t) Φ sp - 1 (a) ∆p , 　x ∈ 8 , (21)

bu t now the equality ho lds if and on ly if t = 0 o r x = 0, b = (0, õõõ, 0) . N ow w e have p roved the

inequality (10).

W hen p < 0 , it is obviou s tha t

lim
x i→+ 0

x∈8 1

F n (x ) = + ∞. (22)

F rom (19) and (22) , the inequality (11) ho lds.

W hen 0 < p < 1 , u sing the inequality (16) and (7) in the lemm a, w e can sim ila rly p rove the

inequality (12). T h is com p lete the p roof. 　□

N ow that w e have the com para t ively genera l resu lts, w hen a = n , w e can get the im p roved

Fo rm of T heo rem B:

Corollary 1　L et ∆ > 0 , then the f unction

G n (x ) = (∆ - 6
n

i= 1
x i) p + np - 16

n

i= 1
x p

i
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sa tisf ies

( I )　w hen p > 1 ,

21- p ∆p Φ G n (x ) Φ np - 1∆p , 　x ∈ 8 , (23)

　　 ( I I )　w hen p < 0 ,

21- p ∆p Φ G n (x ) < + ∞, 　x ∈ 8 1, (24)

　　 ( I I I )　w hen 0 < p < 1 ,

np - 1∆p Φ G n (x ) Φ 21- p ∆p , 　x ∈ 8. (25)

T he lef t equa lities in (23) , (24) and the rig h t one in (25) hold if and on ly if x 1 = õõõ= x n = ∆ö2n

, the rig h t equa lity in (23) and the lef t one in (25) hold if and on ly if x = ∃ i (∆) (1 Φ i Φ n) .

W hen p < 0, lim x i→+ 0

x∈8 1

G n (x ) = + ∞.

L et ∆, a > 0, p ≠ 0, 1 aga in, bu t

　　　　　 8 3 = {x ûx i Ε 0, 6
∞

i= 1
x i Φ ∆}, 　8 3

1 = {x ûx i > 0, 6
∞

i= 1
}x i Φ ∆}

F (x ) = (∆ - 6
∞

i= 1
x i) p + ap - 16

∞

i= 1
x p

i ,

(w here w e assum e tha t 6
∞

i= 1x
p
i is convergen t. ) F rom the T heo rem tha t w e go t ju st now , let n

→+ ∞ , w e have

Corollary 2　L et ∆, a > 0 , then

( I )　w hen p > 1 ,

0 < F (x ) Φ sp - 1 (a) ∆p , 　x ∈ 8 3 ; (26)

　　 ( I I )　w hen p < 0 ,

F (x ) = + ∞, 　x ∈ 8 3
1 ; (27)

　　 ( I I I )　w hen 0 < p < 1 ,

sp - 1 (a) ∆p Φ F (x ) < + ∞, 　x ∈ 8 3 . (28)

T he rig h t equa lity in ( 26 ) and the lef t one in ( 28 ) hold if and on ly if x = ∃3
i (∆) =

(0, õõõ, 0, ∆,

i

0, õõõ) (1 Φ i < + ∞) . L et x n = (∆ö(n + a) , õõõ, ∆ö(n + a)

n

, 0, õõõ) ∈ 8 3 ,

w hen p > 1 , lim n→∞F (x n) = 0 ; w hen 0 < p < 1, lim n→∞F (x n) = + ∞.
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关于“华罗庚2王中烈型不等式”一文的注记

王 见 勇
(西北第二民族学院电子系, 宁夏银川750021)

摘　　要

指出了[1 ]的定理2中的一个错误, 推广了[1 ]中定理1给出的华罗庚- 王中烈型不等式, 避开控

制不等式与动态规划模型等专门工具, 改用较为初等的平均值不等式证明之, 使改正后的[ 1 ]中的

定理2成其推论.
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