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A Note on the Paper” On Hua\W ang Type Inequalities’
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(Dept of Electronics, The Second Northw est Institute for N ationalities, Y inchuan 750021)

Abstract In thispaper, wepoint out afault in Theorem B in [1], generalize Hua-
W ang type inequalities given by Theorem A in [1], and prove them by using ele-
mentary mean value inequalities It also makes the mproved Theorem B its corol-
lary.
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1 Introduction

L et 0, a be given positive numbers, p # 0, 1 be a real number,
Q= {x|xlz 0, ***,xn= 0, Xa+ ***+ xn =< O},

Q= {x |xl> 0, ***,xn> 0, X+ ***+ xn =< 6},

Fa(x) = (0- ian:xi)p+ a” 1iznl:x?, (1)
k= a/(n+ a), ha= 1/(n+ a).
Paper [1] generalized the inequality
(6- Xx1- ***- x0)°+ a(xi+***+ x2) = k& (p= 2 (2

(the equality holds if and only if x1= ***= x,= ha0) given by Prof. L. K. Huain [2] and theoth-
ers given by Prof. W ang Chunglie in [3], and by using themajorization and dynamic programn-
ming gave the follow ing wo results (be called by a joint nane Hau- W ang type inequalities):
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Theoran A L et §, a be given positive numbers, then forp > 1(p < 0),x  Q() we have
Fa(x) = K 'O (3)
when0< p < 1, theequality (3) reverses the direction U nder every circumstance, the equality

holds if and only if Xx1=***= Xn= haO.

Theoran B L et Obe a given positive number, thenforp > 1 (p < 0), x  Q() we have

2P < (5- x1- ***- xo)P+ n"P(xS 4+ cer+ xB) < 0 O (4
when 0< p< 1, theequality (4) reverses thedirection U nder every circumstance, the I t equality
holds if and only if x1=***= xn= &/(2n) ; the right one holds if and only if

S
x= A= (0,0, ***,4,0,***,00 (L= i=n).

Herewe first point out that forp < 0, the conclusion of Theorem B is not true Because
|'n+10[(5- Xi- *00- x)"+ N I(xB+ sret xD)]= + oo,

X &
the second half of (4) isnot true in &; x = Ai /i, the function has no meaning at Ai, o the

equality can not hold at the point The other conclusions of Theoren B are true except for this

circum stance
Themain task wew ill dealw ith in thispaper is to generalize the Theoren A. W ew ill try to

prove the generalized Theoran by avoiding the tools of majorization or dynamic progranming but

using elanentary mean value inequalities A s a result, we make the improved Theoran B its

corollary.
2 Generalization of Hua- W ang Type Inequalities

Leanma Leth = O, Z?zlbi: 1, then

(1) whenp> 1, wehave

nl'pSZ;b?i 1 (5)
(11) whenp < 0, we have _
nl'p<_§n;b?<+ o (herebi > 0); (6)
(111) when0< p< 1, wehave
1< Zb?s n“ " (7)
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The lét equalitiesin (5), (6) and the right onein (7) hold if and only if b= ***= b.= 1/n;
/—&—\
the right equality in (5) and the l& t one in (7) hold if and only if b= Ai(1) = (0, ***,0,1,0,

***.0) (1=i=n); whenp< 0, lmp_+o0 "=+ o,

i=1

Proof Leta= (a1, ***,a.) be a nonnegative sequence, q = (g, ***,g.) be a positive number

w eight sequencew ith Z,n: 0= 1, let# Obeareal nunber Now let usconsider ther - power

w eighted means of a
M(a,q) = Oqa)"
i=1

From [4], for each pair of numbersr < s, we have

M r(aaQ) S'vls(aaq)v (8)
and the equality holds if and only if a1 = ***= a.. Hence
G(a,q) = Mo(a,q) =Mi(aq) = H (a,9), (9)

w here
G(a,g) = Mo(a,q = I'ngM,(a,q)z I |a?i
r- i=1

isgeometricmean, andH (a,q) = M i(a,q) = Z,nz Jgiai is algebraic m ean

Now whenp > 1,
L= > o= () =My bTH = S T
i=1 i=1
w e get
NP < D= 1,
i=1 i=1

and the left equality holds if and only if b:= ***= b,= 1/h, the right one holds if and only if b=
Ai(1) (1< i=<n). Whenp< 0, - p> 0, using (8), (9) we have

n= 1/;: Jn*bi: 1M (b,{Jn‘}) = 1/G(b,{Jn‘})

= GURTATN =M U ARh = (3 7o),

thenn" P < ZT: b", and the equality holds if and only if bi= ***= b= 1/n. Thenwe have in-
equality (6). U sing the similar methods, we can prove the inequality (7). O

Theoren L et O, abe given positive numbers, thenw e have
(1) whenp> 1,
K'P < Falx) = '@, x Q (10)
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(11) whenp < O,
Kb *'® < Fa(x) <+ o, x (12)

(111) when0< p< 1,
@I =F.x) = K'® x Q (12

a, a= 1,
s(a) =
1, O0< a< 1

The Id t equalities in (10), (11) and the right one in (12) hold if and only if X1 = ***= Xn= had

, the right equality in (10) and the l€t one in (12) hold if and only if x = Ai(d =
/—i—\
(0, ***,0,0,0, ***,0) fora= 1 (1<i<n)orx= (0, ***,0)for0< a< 1. Whenp < 0,
lmx; -+ 0Fn(X) =+ oo,

x

w here

Proof Each elanent x of Q(1) can be expressed asx = th, t [0, 8] (relatively t (0, ]) ,

whereb= (b1, ***, bn) isadirection factorw ithbi= 0 (relatively bi> 0) af]dZ?zlbiz 1. In the
direction b,

Fn(x) = Fa(th) = fu(t) = (- )+ a” 1ib‘i’t”, (13)
fro(t) = pl[a® 1Zb?tp'1- (5- 91, (14)

() = 0st= t(b) = &/[1+ aQ,b)7 1]
whenp > lorp< O,

{%m>0©wt@,

f'o(t) < 0=t< t(h), (15)
when0< p< 1,
f'o(t) > 0=t< t(b),
{f'b(t) < 0=t> t(h), (16)

Whenp > lorp < 0, in thedirectionb, Fn(x) = fo(t) has theminimum

g(b) = ful(t(b) = 6°[a<;]b?)p+1/<1+ a(gb?)pﬁ)]p' :
w hich mplies that

fo(t) = fu(t()) = g(b),t [0,0] (relatively t (0, 9]), (17)
the equality holds if and only if t= t(b). Becauseforr# 0, - 1, the function

U ((x) = [axlr/(1+ ax_rL})]', x> 0,
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is strictly monotone increasing, using the inequality n* * < Zi= b in (5), (6) we have
g(b) = Flal™ NFi/(1+ al™ NFD)]" = K 1S, (18)

the equality holds if and only if b= bo= (1/n, ***,1/n). U sing (17), (18) we haveforp > 1(p
<0, x Q(),

Fa(x) = f5(t) = g(b) = g(bo) = Fnlxo) = ki ', (19)
wherexo= t(b)bo= (&/(n+ a), ***,0/(n+ a)), the equality holds if and only if x = xoo0r x1
=***= x,= had. S0 the left inequalitiesin (10), (11) hold

W henp > 1, in thedirectionb, themaximum of f »(t) can only appear at ome end of the in-

terval [0, 0]. Ifa= 1, using the right inequality Zinzl b’ < 1in (5), we have
fo(d = @ D BT < a”'F= (),
fo(0)= &< a 'F= ¢ '(ad,
w hich mplies that
Fa(x) = fo(t) = & '@&F, x Q (20)
the equality holdsif andonly if t= &, b= Ai(1) orx= 0AI(1) = Ai(d) (1= i=<n). IfO< a<
1, then
(0 = @D BF< = ¢ ),
= 1
f,(0)= &= ¢ *(a) &,
w e alo have the inequality
Fox) = fo(t) = '@, x Q (22)

but now the equality holdsif and only if t= Oorx = 0, b= (0, ***,0). Now we haveproved the
inequality (10).
Whenp < 0, it isobvious that
XiI;rrJOFn(x) =+ o0, (22)
x
From (19) and (22), the inequality (11) holds

W hen 0< p< 1, using the inequality (16) and (7) in the lanma, we can similarly prove the
inequality (12). This complete the proof. O

Now thatw e have the comparatively general results, whena= n, we can get the mproved
Fom of Theorem B:

Corollary 1 Letd> 0, then the function

Gn(x) = (O- iXi)p"' n®” lzx?
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satid ies
(1) whenp> 1,

2P < Glx) =P, x  Q (23)
(1) whenp< 0,

2"P® < Gulx) <+ 0, x (24)
(111) when0< p< 1,

NP < Galx) < 2VPF, x Q (25)

The I t equalities in (23), (24) and the right one in (25) hold if and only if x:= ***= xn= &/2n
, the right equality in (23) and the l&f t one in (25) hold if and only if x = Ai(d) (1< i< n).
Whenp < 0O, I'rnxi”;llOGn(X) =+ o,

Letd,a> 0,p# 0, 1again, but
Q = {x|xi= 0 inié}, Q= {x|xi> O,Z}xiié}
i= 1 i=1

F(x) = (5- ixi)”+ a” 1ix?,

(wherew e assume that ZZ X! is convergent ) From the Theorem thatwe got just now, letn

-+ o |, we have

Corollary 2 Letd, a> 0, then
(1) whenp> 1,

0< F(x) =g '@ x Q (26)
(1) whenp< 0,
F(x) =+ o, x 1; (27)
(111) when0< p< 1,
F'@QF<FNKx)<+ o, x Q. (28)
The right equality in (26) and the It one in (28) hold if and only if x = A (0) =
Y SR "

(0, °**,0,6,0, ***) (1= i<+ o). Letx"= (§/(n+ a), ***,0/(n+ a),0, ***) Q,
whenp> 1, limn.oF(x") = 0; when0< p< 1, IMmiaF (x") = + o,
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