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BCC-A Igebra and Integral Panonoid”
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Abstract In thispgperw e investigate the relation betw een BCC-algebras and integral pomonoids
This is a generalization of a result by | Fleischer in [2].
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An algebra (X; *,0) iscalled aBCC-algebra if it satisfies the follow ing axiom s
(1) (k*y)*(@z*y))* (x*z)= 0;

(2) x*x= 0;
(3 0*x= 0;
(4 x*0= x;

(5) x*y=y*x= Ompliesx = y.
The above definition isa dual form of theordinary definition A ny BCK-algebra isaBCC-al-
gebra, but there areBCC-algebrasw hich are not BCK-algebras A BCC-algebra isaBCK-algebra

iff it satisfies the identity

(6 (x*y)*z= (x*z)*y

If (X; *,0) isaBCC-algebra, then the relation = defined on X by

(7) x=<yiffx*y=0
is apartial order on X with 0 as a snmallest elanent M oreover, the relation has the follow ing
properties

(8 (x*y)*(z*y) = x*z;

(99 x=yimpliesx*z=<y*zandz*y < z*x;

(10) x*y =< x

A monoid is an algebra M ; *, 1) with a binary operation * and a nullary operation 1 (in-
dentity) satisfying: for any x,y, z inM

M1 x*(y*z)= (x*y)*z;

M2 x*1= 1*x= x
Suppose = isapartial ordering onM such that for any x,y, z inM
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(PO) y = zmpliesx*y < x*zandy*x < z*x
Then M; =, *,1) is said to be apartially ordered monoid (briefly, pomonoid).
If 1 is the greatest eleanent of M on =< , thenwe say thatM is integral
Given aBCC-algebra (X; *,0) , forany ainX letalbe such amap from X to X that

'= x*a forallx inX.

Xa
Leta ‘ob *denote the composition of themapsa ‘andb *, and denote
M (X)= {a 'o*** ob " {a, ***,b} isafinitesubset in X}
W e define a binary relation < onM (X) by
a'o**rob ‘< u'oree ovt
if and only if, for all x inX , we identically havexa 'o*** ob < u '0*** ov’ 'or equivalently,

(xa 'o***ob ) * (xu 'o*erov ') = Q

Theoren Let (X; *,0) beaBCC- algebra Then M (X); <,0,0 ') isa an integral pam onoid.

Proof Obviously, theoperation o satisfies the asciative lav. Since for any x in X we have

less ob '= (x*0)a '0*** ob "= x 'o*** ob '

x0 ‘oa
and
xa '0o*** ob ‘00 '= xa 'o*** ob*
it follow s that 0 * is an identity ofM (X) , hence M (X); 0,0 ') isamonoid
Supposeai ‘o *** oa; ' < bi'o*** ob'. Then for all x inX
xai'o®** oar' < xbi'o*** o'
and
(or (x*a)* *** ) *an< (*** (X*Db)* *** ) * by (+)
For any ui, *** ,uxinX , replacex by (*** (x * u1) * *** ) * uxw e obtain
(os (((*or (x*un)* *oo ) *u) *a)* »or Y *an< (o0 (((*** (x*u)* ***)*w)*b)* *** ) *bn
Rightly * multiplying both sidesof (* ) ineguality by usw e have
((--- (X*al)* "')*an)*U1§ ((-.- (X*bl)* "')*bn)*U1
Repeating the above argumentm timesw e obtain
(c-- (((-c- (X*al)* ..-) *an)*U1) * "')*Ukﬁ (-c- (((--c (X*bl)* -c-) *b'n) *Ul) * "')*Uk
Consequently

(ur1'o*** oux Ho(ai’o*** oar?) <« (ui'o*** ouk Do(bi'o*** obn?)
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and
(ai'o*** oan Do(ui'o*** ouk’) < (bi'o*** obw")o(ui'o*** oux?)

The fact that < isapartical ordering onM (X ) follow s from < being a partial ording on X .

Since for any a1, *** ,an in X
xailo**® oay L= (00 (x*as)* *** ) *a, < (*** (x*a1)* *** )*a. 1< *** < x= xO 1 (by (10))
it follow s that 0" *is the greatest elenent ofM (X ). Summarizing the above resultsw e obtain that
M (X); Al,o,0 %) is integral pomonoid

The above results is a generalization of a result by | Fleischer in [2].

InBCK-algebra, M (X); Al, 0,0 ') satisfies the commutativity:.
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