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Abstract: In this paper the authors study proprieties of certain convolution operators
on L*™(G) and weighted BMO(«)(G) spaces,where G is a locally compact totally discon-
nected group with a suitable sequence of open compact subgroups. The authors prove

that if the kernel satisfies certain conditions, then the convolution operator is bounded
from L™ to BMO(«) or from BMO(«) to BMO{«).
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1. Definitions and notation

Throughout this paper, G will denote a locally compact Abelian topological group with
a suitable collection of open compact subgroups in the sense of Edwards and Gaudry(?.
+This means that there exists a strictly decreasing sequence {G,},cz of open compact
subgroups of G such that

(1) - Gn41 € Gy, and sup{order(G,,/G4+1)} < o0;

(i) UX,G, =G and N=_ G, = {0};

(iii) p(Go) = 1, denotes the Haar measure on G.

Such groups are the locally compact analogue of the so-called Vilenkin groups which
' were first described by N.Ya Vilenkin in 1947. Examples of such groups are the additive
group of the p-adic numbers and,more generally, of a local field, see [1].

Let T’ denote the dual group of G, and T, the annihilator of G,, in T for each n € Z.
Then (T';)>,, is a strictly increasing sequence of open compact subgroup of I' such that

(iv) order(I'n41/T,) = order(Gr/Gri1);

(v) u= I, =TandnN>_I, = {1}

(vi) A(To) =1, where A denotes the Haar measure on T'.

*Received date: 1997-03-26
Biography: ZHU Yue-ping (1965- ), femnale, associate professor.

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Let u(G,) = (MT))"! = m;}, for each n € Z. For all a > 0,k € Z we have ([3])

> m < Cm®, (1)
n=k

k

Y. my<Cmy. - (2)

For a € R, we define the function v, : G — R by

va(z):{ m?, for 2 € Gu\ Gupr,

for z = 0.

If G is the additive group of a local field, v,(z) - |z| and, hence v,(z) = |z|* for all
z € G. We denote the L, spaces with respect to the measures p, = vodp on G by L, o(G).
L, «(G) = {f : f is a measurable function on G and

1
1Flloa = ([ 1£(2Foa(2)dp(z)F < co}(1 < p < co)
We say a locally integrable function f has bounded mean oscillation,i.e., f € BMO(a),
if
1
# _
CAUR I

where for a measurable set B of positive measure, fg = ;TﬁB_) I f(@)va(z)dpu(z). We let

[ @) - fere.lva(@)du(z) < 0,3, e on G, (3)
z+Gn

| llBMO(a) = 1| ¥ lloc- An equivalent norm for BMO(a) is obtained if the L;-norm in (3)
is replaced by the L,-norm for any p € (1, 00).
Let k € Lioe(G \ {O}) such that the integral operator T defined by

Tfz)=p. v. [z - 2)f@)duv) @)

is bounded on L, ,. We say k satisfies condition C,,1 < 7 < oo, if k is locally in L, on

G \ {0}, k has mean value zero, and there exist C,e > 0 such that for all I,n € Z with
n < | we have

e L
sup([ k{2~ y) - k@) du(e)) < Omit Tmit 1 <r <00 (5)
yeG, G"\Gn+l

and there exists C' > 0 so that for all | € Z we have

ysggl /G\G, lk(z —y) — k(z)|dpu(z) < Cifr = 1. (6)

For example, if G = (K,+), K is a local field with the notation of ([1]), G, = P",
a large class of kernels k that satisfy the condition C; are smooth homogeneous ker-
nels k(z) = %Ell where ((f7z) = Q(z) for z £ 0,5 € Z, fipj=1 Uz)dp(z) = 0, and
Suplyl:l Z.c;?—-_l fla:l:l |Q(1} + ﬂ]y) - Q(z)|dl‘l‘(z) < 0.
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In this paper, we consider more general classes of kernels defined by C, and give direct
proofs of the boundedness of the corresponding operator on BMO(a).

2. Estimates on BMO(«) for Convolution Operator

Throughout this part we denote z + G,, by G.,, and the weighted mean of f on G, by
qu *

Theorem 2.1 Let f € L* and be supported on a set of finite measure. If k € C,(1 <
r < 00), then Tf exists a.e.,, Tf € BMO(a) and ||Tf|lBmo(a) < Cllfllco, where C is
independent of f.

Proof Since f € Lo, C Lyq, Tf exists ae. . Let E = {z € G : T f(z) exists } and zo
be a point of density of E. For ng € Z, consider the set G, = zo + Gn, . Write f as
f(z) = fe,, +f(2) - fo, Ixa,, (2) + [f(2) - f, Ixa,, (%) = fr + fa(2) + fa(z). Since
f1 is a constant, T(f;) = 0 and hence exists a.e.. Using the fact T is bounded on L; , we

know

/G IT f2(2) Ve (2)dp(2) < pa(Ghy ) IT fallze < ChialGlay) Pl folize < Chice( Gy I fllco-

no
Thus T f, exists a.e.. There is a point yo € G, such that T fa(yo) exists,

T fs(yo) = T f(y0) — T f2(yo)-
For z € G’

no?

IT f3(z) — T f3(yo)l
< [ Ik(@ = 2) = k(vo = 2l fa(2du(z)

-/G\G:,O lk(z — z) — k(yo — 2)||f(2) — fuldu(2)

< (/G\G,"o |k(z — z) — k(yo — z)|fdp(z))%(/ OR Al dp(z)) 7

G\G),
ng—1 . .
= > ([ Ike-2) -k - e ([ 1) - Adu()”
niTo JGINGL,, (AN
np—-1 er L .
< Y m T flen(Ga \ G
g
<Clflee 3o mims < Cllf e

So Tf € BMO(Q), and ”Tf”BMO(a) < C“f”oo 4
Theorem 2.1 can be extended to the case f € BMO(a), if we require additional smooth-
ness of the kernel k. We say k satisfies the C;} condition if we replace condition (5) with

sup(/ k(2 — y) — k(z)"du(z))F < C(1 = n) " mi Tmic(1 < r < w0).  (7)
yEGl Gll\Gil+l
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= We have

Theorem 2.2 If k satisfies CF for somer, 1 < r < oo, and f € BMO(a), -1 < a < 0.
Then either T f exists only on a set of measure zera or T f € BMO(a) with ||T fllpmo(a) £
C“f“BMO(a where C is independent of f.

Before we show Theorem 2.2, we first introduce two basi¢ lemmas.

Lemma 2.38 Let a > -1,z € G and k € Z.
(a) palGr) ~ mp "+,
(b) pal(z + Gy) < Cpa(z + Gry1);
(c) Ba(Gi) < Cpa(Gr \ Git1);
(d) Ifa<0,(GL)* = Gi \ {0}, then pu,(G}) < szlinf{va( )y €(GL)Y}

Lemma 2.4 Let'l < p < co. There is a constant C such that if f '€ BMO(a),zo €
G,n > 1, then

L, 150 - foPdua(u) < Cn7el G- pmogey ¥ € 2
VGen
where G'; = G; + zo.

Proof First consider the case n = 1. We have
L
([, 110~ fojrama(u)}?

<{/ ~Joy PP + G ey, = )

-1

<Cua(c, D7 lowore + halG; D, —fg;.ls‘Cua(G;-_;)ﬂquBMO(a).

-1
We now proceed by induction. Suppose
L 0= fo)Pdnats) < Cnha( G o

For G

J—n-1»

([, 1)~ fe;Pdualw))?

j—n—1

S, VW)= fop Fanau)? + .uq(G;.-n-l)'ﬂfG;_" - forl

't

< Clla(GS n-1 )”||f||BM0 )+ Cnl| fllBMO(a) (G o o1 )
= C(n+ V) (G)_,,_ 1) I fllBMO(a)- O

Proof of Theorem 2.2 Let E = {z € G : Tf(z)exists }. Assume E has positive
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measure. Using the same notation as in the proof of Theorem 2.1, we write f(z) =
f + f2(z) + fs(z). Similar to the proof of Theorem 2.1,we have

L, 1T52()ldka(@) < (i HIT follae < Chial i) flz

ng
= CualCo)H{ [ 11(2) = fau, Pdual@)}}
"o
< Ca(Go ) fllBMO()-
For the estimate |T fa(z) — T f3(yo)|, we use the fact k € C}. Then we have

T f3(=) — T f3(o)|

no-1 . 1 '
< AL, Wa-2)- k- M@ 1) - A}
n=—oo YGu\Ghyy Gu\G 1y
no—-1 1 ' 1
<C Y (mo-m)tmi g [ 15:) - foy, a2}
ml o e+ L :k ‘ 1
<C Y (no—m) 7w Tmas [ 1£(2) = fop, I val M) (1 G) 1}
no—1
< ) (no - n) tmemyE(no — n)l| fllBMO ()

< CllfllBMoO(<)-
So

1
G @) = T0)ldua(z) < Cllamo,

ie.,

IT flleMo(e) < ClifllBMO(a): O

Corollary 2.5 Let ¢ be a bounded radial function on I'. For each integer n, let ¢, =
éXr,.\r_,, and let F,, be the function on G such that F,, = ¢,,. Then

| F * fllBMO(a) < CllfllBMO(a)>

where C is independent of f.
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" E *Ki%iﬂ‘i@TéXEﬁ%?é@é?ﬁﬁiﬁﬁﬁG | — BT T I L(C)
#1 BMO(a) 22 If#7S. WA T 01 RGBT 00 R B4 0 20, USLTR 1(G)
5| BMO(a) & R85 SE BMO(a) 3] BMO(a) # H4.
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