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Abstract: The singularly perturbed nonlinear problem
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ey — flz,y,y)=0,0<z<l, 0<ek],
y(0) = A,
ay'(1) +y(1) = B,

where y, f, A, B are n-dimensional vectors is considered. Under the appropriate assump-
tions the authors prove that there exists a solution y(z,€) and the estimation of y(z,€)
is obtained using the method of differcntial inequalities.
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Consider the singularly perturbed nonlinear problem for y = (y1,---, ¥y, ) of the form
2y — f(z,y,¥) =0, 0<z<1, 0<e<1, (1)

y(0) = 4, (2
ay'(1) + by(1) = B, (3

where ¢ is a small positive parameter, f = (f1,---, fn), A = (41,--+, 4,), B = (B1, -,
and a > 0,b > 0,ab > 0. Many authors such as Howeslll, O’Donnell!?, Chenl* Mol

and others have discussed this problem under various situations using the method of dif-
ferential inequalities. In this paper the authors consider the case of f;,» > 0 and f;,» < 0.
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Theorem Assume the following:
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[a] The reduced problem of (1)-(3)
flz,y,94)=0, 0<z<1,

y(0)=A

has a solution yo(z) = (y10(2), "+ ¥no(z)) € C%[0,1] and yly > 0, B; > aylo(1) + byio(1).
[b] fiz,y,¥") = fiz,¥iy  *Yn, 21, -y 2n) € C2([0,1] x 1™, [a;, b;] X R™ and there are
positive nondecreasing continuous ¢;,t = 1,2,---,n on [0,00) such that

|fi($,y,z)|ﬁ ¢i(|zi i)a i:172?"',n
and ~
/ (8/di(s))ds = 00, i=1,2,---,n.

[¢] There are positive constants l;, i = 1,2,---,n such that f;,.(z,y,2) > I; and
fiyiz;(%,9,2) >0, i # 4k, fiz;(2,y,2) and f;y (z,y,0) are nonnegative functions.

Then for ¢ small enough the problem (1)-(3) has a solution y(z,€) = (y1(z,€), -, yn(2,€))
€ C?[0,1] which satisfies

62(\/ b2e2 4 2al,C; — bE)
2ae + (\/ b2e? + 2al;C; — b&)(l — :B)
0<z<1,0<e<1, (4)
where C; = B; — (ayio(1) + byio(1)).

yi(z,€) = yio(z) + O( )+ O(e),

Proof We first construct functions a;(z,¢), Bi(z,¢), i =1,2,---,nonz € [0,1]:

ai(:c,e) = Y0 — TiE, (5)

Bi(z,€) = yio + wi(z,€) + 7€, (6)

where 7;, 1 = 1,2,---,n are large enough positive constants which will be determined
below, w;(z,€), ¢ = 1,2,---,n are positive functions possessing boundary layer behavior

near ¢ = 1 and they satisfy

Szwi” - liwiwg =0, O0<z<l,

aw;(1,¢) + bw;(1,¢) = Ci.
In fact, we can select w;(z,¢) that

262(\/ b2e2 + 2al;C; — be) (7)
li[2ae + (\/ b2e? + 2al;C; — be)(l — :c)]

Obviously, from (7) we have

wi(z,e) =

wi(z,€) >0, wi(z,e)>0, 0<z<1. o (8)
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For arbitrary positive ¢ and r; we have
a;(z,€) € C*0,1], B(z,e) € C?[0,1], (9)

ai(z,€e) < Bi(z,e), 0<z<1, (10)

and
a;(0,e) = A; — re,

Bi(0,€) = yio(0) + wi(0,€) + rie > A; + rie,
aal(l,e) + ba;(1,€e) = ayiy(1) + byio(1) — brie < B; — brie,
aBi(1,€) +bB:(1,¢) = ayio(1) + byio(1) + awi(1,€) + bw;(1,€) + brie = B; + brie.

Thus
a;(0,e) < A; < B3;(0,¢), (11)

aa;(1,€) + ba;(1,e) < B; < aBi(1,¢e) + bB:(1,¢), (12)

From the mean value theorem and the assumptions of the theorem there are £;, 7; €
(Yjos Yjo + wj + 7j¢) and &, 0 € (Y50, Y50 + W)), 5 =1,2,---,n such that

fi(z“@”@/) 2 Z fiijk(z7Ei)".?6”1)61)”"g:l) X (wJ+T]E)(y£O+wi)+
7,k=1
zfizk(fC,Ul,"'J?nﬂ?i,"‘,U:L)wlk
k=1
> Li(wi + rig)(yio + wi)-

From y;0 € C?[0,1], yiy > 0 on 2 € [0, 1], there are positive constants m;; and my; such
that

IyiO”| S my;, y:O 2 maq, 1= 1,2,---,n.

Hence
287 — fi(2,B,8') < yio” + wi” — Li(wi + mie)(yip + wi) < (mai — Lmgiri)e.
Furthermore, as r; > 0 = my;/(limai), 1= 1,2,---,n, we obtain
e — fi(z,8,8') <0, z€(0,1), i=1,2,---,n. (13)

Analogously, we have

filz,a,a) > —lLireyl,, i=1,2,---,n,

and hence

2 2
efa;” — fi(z,a,a’) > ey’ + Lirieylg, > (—myi + Lmagr;)e.
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Therefore, as r; > rio = my;/(limy;), ¢ = 1,2,---,n, we have
e?q;” — fi(z,a,d/) >0 z € (0,1), i=1,2,---,n. (14)

Thus we have (9)-(14) as r; > r;0. Now from theory of differential inequalities [3], the
boundary value problem (1)-(3) has a solution y(z,£) = (y1(z,€), -+, yn(z,£)) € C?and
there holds

ai(z’s) < yi(fc’5) < /Bi(:c1£)a i=1,2,--,n,0<z<1. (15)
Substituting (5)-(6) into (15), we obtain (4). The theorem is proved.

Example Consider the singularly perturbed boundary value problem

€y —yy +1=0, 0<z<1, 0<e<1, (16)
y(0) =1, (17)
y'(1) +y(1) = 4, (18)
where f(z,y,9') = yy’' — 1 € C?([0,1] x [1,4] x R).
The reduced problem of (16)-(18)
yy' —1=0,
y(0) =1

has a solution yo(z) = (2z + 1)/2 € C?[0,1].
Obviously, yo(z) and f(z,y,y’) satisfy the assumptions (a) — (c¢) of the theorem. So
there exists a solution y(z,€) € C?[0,1] of the problem (16)-(18), which satisfies

e2(Ve? +2C —¢)
2e + (Ve +2C —e)(1 — z)

0<e<l, 0<ekl,

y(z,e) = (22 + 1)'/% + O( ) + O(e),

where C' = 4(1 - 3_1/2).

Remark In the assumptions of the above theorem if f;.; < 0 and y}, < 0, then we could
also obtain corresponding results.
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B8 AXHRTAEFELEDERE
ey’ — f(z,9,9')=0,0<z2<1,0< ek 1,

y(0) = 4,
ay'(1) + (1) = B,

Heby, /A, B Hn EE. EELYHRETEEFARSASNEER T FE—
ME y(z, o), FBIT BRI
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