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Counting Rooted Near-Triangulations on the Cylinder *
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Abstract: In this paper we present a parametric expressioh on the enumeration of
rooted non-separable near-triangulations on the cylinder which is much related to the
maps on the torus.
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1. Introduction

Maps here are combinatorial as defined in [2] or [3].Let M = (X,(X),P) be a map,
r € X is chosen as the root. Then, v.(M),e,(M) and f,{ M) stand for the root-vertex,root-
edge, and root-face valency of M respectively.

A triangulation is such a planar map whose faces are all triangles, i.e., the boundary
of faces are all 3-gons.If a map has all of its faces triangle but possibly one,the root-face,
then it is named planar near-triangulation. Moreover, if a map has only two possible non
3-gon faces which have no common vertices, then it is called near-triangulation on the
cylinder. It is clear that such maps are greatly involved with the maps on the torus, a
kind of non-planar maps difficult to handle.

Let C be the set of all the rooted non-separable near-triangulations on the cylinder and

fo = E g™(M) ys(M) n(M)
Mec

be its enufunction, where z and y indicate the root-face valency and the size of M, while
z marks the other possible non 3-gon valency.
In this paper f¢ is completely determined, i.e.,
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Theorem The enufunction of all the rooted non-separable near-triangulations on the
cylinder can be expressed as

AN o

= Y% c(m,n)<l),,mz_”lysn_mzm_,_szﬁ,ﬂ
m—5>1>5>0 m>m-1
>o

where

s ; : i+2l-j
i+2d-j+1 _ N~ Y pe-1 (i+20-j+1)pt
g ; sl =0 { (1-2yn?)* ’
2"~"+2(2m — 3){(3n — m — 1)!
(2n)!(n — m + 1)}(m - 2)}(m - 2)I

C(m,n) =

2. Decomposition Lemmas

In this section we are concentrated on establishing a functional equation satisfied by

fe.
Let M € C, the removing of the root-edge will lead to three possible situations as
shown in Fig.1.

removing of e,

Fig 1.

Thus, C may be divided into three parts:

C=C+C2+C5
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where

C1 ={M|M — e.(M) is separable};
C; ={M| the possible two non 3 — gons of M — e;(M) have a common vertex};
Cs ={M|M —e,(M)€eC}.

Lemma 1 Let Cy = {M ~e,|M € C;},i=1,3. Then
Cay = Tos OC+C O Tng; Czy =C—C(2)

where T, is the set of all the rooted nonseparable near-triangulations on the plane; "Q” is
the 1v-production defined in [2] and C(2) is the set of maps in C with the root-face valency

Proof One may see that the Lemma follows immediately from the definitions of C; and
Cs. O

Next, we analyse the maps in C( 2y, where C(3) = {M — e,(M)|M € C;}. For any map
M in C(y), the root-vertex, v.(M), is lying on the common border of the only two possible
nontriangular faces. The cutting of v;(M) into v, and v, will lead to a map M’ in T,
with its root face-valency no less than 5. On the other hand for each map M’ in T,
with f,(M') > 5, chosing a reference vertex other than v,(M’) and identifying it with the
root-vertex will result in a map in C(3). Thus,

y m(M)-2 .

J 1 s(M) m(M)—i
. 22 z

. MeT,.(>5) =3

= m(z‘}fns(zm(‘z, y) - Z4fn,(25)(i!,y)), (1)

f2

where T,,(> 5) = ~ {M|f,(M) < 4} and f,,(>5)(2,y) is its enufunction.
Recall that(from [1])

fns(ZS)(za y) = ‘Z ‘ C(ma n)ySn—mzm7

m>5
n>m-—1

in which
2n=m+2(2m - 3)!(3n — m — 1)

(2n)(n —m + 1)!(m — 2)}(m - 2)!’

C(m,n) =
Substitute this into (1), we have

fa(z,y,2) =GT2(y—_—;—)(:c4fm(25)(z, y) — 2% frs(>5)(2, %))

chmn!}nm+lz+2m13

m>5 =0
n>m 1
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By Lemma 1 and the above relation,
fe= 2%fna.fc +f2t %(fc -2’ F,) (2
where Fj is the enufunction of the maps in C with root-face valency 2.

3. Determination of fo(z,y, z)

In this section, we shall determine f¢(z,y, 2z) completely.
The equation (2) may be rewritten as

(:B -y 2yfna)fC = -’L'fz - y32F2- (3)

Suppose z = 7 be the double root of § = (y — z)? — 4y(z3y — yz? FY). Then by [1] we have
-y~ 2yfns = —\/— 6 and
ynky = f2|a:=17-

Let § = y?(1 - %)2(1 — vz). Then

y(n —2)V1 - vz fc = z(zfa(n,y) — nfa(z,y))
After simplifying, we have

1 m-5 i . : :
fC - § : E : E :C(m, n)nt—g+1y3n-mz]+22m-—t—3
v1-ve ;.25 i=0 j=0
n>m-—1

m—5>i>3>0n>m-1
120

Since v = 492,

fe= z Z C(m, n)( ) pHA-Itlydnom m—i-3, 4142

m—5>1>3>0 m>m-—1
o

. . . . ‘+2[,_ '+1 .
Applying Lagrangian inversion to 7 = 1——,‘3,’%2- and 9**47I%% ) we derive

pitA-i+l - E ¥’ D" (i+21-j3+ 1),,i+21-j}
a>1 (1 - 2y772)6
This completes the proof of the main result.
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