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Abstract: This paper is deévoted to investigations on the general theory of inverse chain
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of its g-analogue. Some new identities are obtained under this point of view.
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1. Introduction

We assume the terminology and notations of combinatorial analysis, most of them can
be founded in [1] and [2]. For instance, () = z(z — 1)(z — 2)---(z — k + 1)/k! denotes the
k-order falling factor function which is a generalization of ordinary binomial coefficient

and (:)q for its g-analogue, i.e., Gaussian binomial coefficient, (;:)q = Ta :;Z:;.._k , where

(#;¢)n = (1 —2z)(1 - zg)--- (1 — 2¢"'). Let begin with a result of G.E.Andrew’s [1] .

Theorem 1.1 Let {a,} and {f,} be two sequences of complex numbers such that
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Then it holds
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Andrews called this result Bailey chain and each pair a,, and S, satisfying the above iden-
tity Bailey pair of inverse relation. Clearly, the procedure can start from (ay, 8,) and only
to produce (a;, ﬁ;) or conversely. Therefore, we may deduce an infinite family of Bailey
pairs which is called Bailey chain from one initial pair. With such ideas G.E.Andrews [1]

has found a simple but elegant proof of the famous Rogers-Ramamujan identities
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Such structure is of great practical value since it makes it possible for mathematician to find
and check new mathematical results just like H.S.Wilf and D.Zeilberger have developed
WZ-method. Furthermore, the Bailey chain are also related to g-hypergeometric series
such as Jackson's formula, Waston's g-analogue of Whipple's theorem. In (4], Bressoud
presented an extension of the Bailey chain which he called Bailey lattice.

The aim of the present paper is to give a sketch for such chain structure of arbitrary
inverse relation and to investigate the inverse chain in great details for Gould-Hsu formula
and its g-analogue. For this purpose, we need some basic concepts of matrix which have
some slight differences with those in linear algebra. From now on, we assume that all
matrix occur in the text are of infinite order, lower triangular and nonsingular.

Definition 1.1 An infinite lower triangular matrix A = (a, ) over complex filed C is
invertible or nonsingular if there exists a matrix B = (b, 1) satisfying

Y angbik= > bnjajr=06nx  foralln>k>0.
k<jgn k<jgn

Here, § is the Kronecker delta function. It is clear that the above relation can also
be stated as AB = BA = E (infinite identity matrix). It is easy to see that infinite
order lower triangular matrix A = (an ) is nonsingular if and only if every entry ay i #
0,k € N. For any two infinite complex sequences a = (ag,al,-u,an,n-)T and 8 =
(Bo,B1,*+Bn,---)T, a = AP is equivalent to § = A~'a provided th at A is nonsingular.
In terms of linear algebra, we restate this relation in the following forms:

n n
n =Y an By if and only if B = 3 b o
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Remark It seems to be more precisely to say that the inverse relation mentioned here
is just linear since that in the literature of combinatorial analysis there are yet nonlinear
inverse relation, for example, the representative relations between the set of elementary



symmetric functions and of power sum functions, because both sets are bases of space of
symmetric functions.

Definition 1.2 Suppose that there exists an inverse relation
a=AB, thatis B = A a.

Let o' = Da and 8 = CB. If it still holds that 8' = Aa’, then we call such procedure an
inverse chain determinated by A and D and a and 3 is an inverse pair of inverse chain,
where A~! stands for the inverse matrix of A.

Following Andrew's notation, we write (A, D) for the inverse chain determinated by
A and D and (ag,fB,) for its inverse pair (a,3) in short. Evidently, the essence of the

inverse chain can be displayed by the following commutative digram, where a A B means
that Aa = 8. :

D /
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Theorem 1.2 Given two arbitrary infinite matrixes A and D, where A is nonsingu-
lar. Then the inverse chain (A, D) exists if and only if C = ADA™!, i.e., Figure 1.1 is
commutative.

Indeed, Theorem 1.2 is very general and it does not give too much information about
the inverse chain of an inverse relation, but it provides a way to classify different combi-
natorial identities according to chain structure of inverse relation of inverse relation. For
this purpose, we introduce the following concept.

Definition 1.3 Two infinite order matrix A and B is defined to be equivalent if and only
if there exist two nonsingular matrix M and N such that A= NBM,ie., B = N"1AM™1.
We write A = B for the equivalent relation of A and B.

Here are fundamental results about the inverse chain of inverse relation associated with
the equivalent relation ~. Note that for a given inverse chain (A4, D), the set of inverse
pairs of (A, D) forms a vector space with usual linear operations.

Theorem 1.3 Suppose A ~ B and there exists the inverse chain (A; D). Let P(A, D) be
the vector space of inverse pairs of (A, D). Then

(i) there exists the inverse chain (B; MDM™!) where M and N are nonsingular
matrixes such that A= NBM;

(ii) there exists an isomorphism ¢ from P(A,D) of (A;D) to P(B,MDM™1) of
(B; MDM™'), such that

#(a,B) = (Ma, N715).

Proof It suffices to show this by straightforward verification, which are displayed in the
following digraph. '

a M . a 2, o o MDM™ o’
Al \B 4+ A} lA = B | B o
B N 1 B ADA™' g r BMDM-'B-!



As mentioned earlier, this kind of equivalent relation can be used to classify the set of
combinatorial identities which is a long-standing problem in combinatorics, according to
inverse chains. It is reasonable to think so because such relation has been proven by
I.Gessel[5] that the Bailey chain deduced from g¢-analogue of Lagrange inverse is of value
to set up g-series identity. In addition, we restate the classical Bailey lemma in terminology
of ours.

Theorem 1.4 Ifa = AB,vy = ATo, then BTy = o7 0.
2. Inverse chains of Gould-Hsu formula

In this section, we will apply all the above observations to investigate the inverse chains
of Gould-Hsu inverse formula as well as that of its g-analogue. One of the reasons for doing
so is that Gould-Hsu formula is very fundamental and important in combinatorial analysis,
so does its g-analogue in ¢g-hypergeometric series. Furthermore although in the last section
we shall give some main ideas of inverse chain, there are still a lot of works to do in order to
make it more concrete and more rich, so we chose Gould-Hsu formulas as a representative
illustration. Perhaps, the meaning of doing so is that we are able to find some new and
deep relations for g-series and combinatorial identities. To establish the inverse chain of
Gould-Hsu inverse, we first introduce the Gould-Hsu inverse [6).

Lemma 2.1 Let {a,} and {b,,} be two sequences of complex numbers such that a;+kb; # 0
for all i,k =0,1,2,...., and set

n

Hz,n) = H(a; + zb;), ¢&(z,0)=1.

=0

= ((—-1)’c (:)%) equals that A~ = ((—l)k (:) ¢(k,n)) .

Following the argument stated in last part, we are now about to set up two concrete
4 .
inverse chains of Gould-Hsu formula under the situations for I. ¢(z,n) "Zi';f *, which

means that each b; = 1,0, =i+ y,7=0,1,2,---, IL ¢(z,n) = 1.
For both cases, we will use the following identity.

Then

Lemma 2.2 Let b > ¢ > 0 be two real numbers. Then
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I the first kind of Gould-Hsu inverse chain, is stated as below.

Theorem 2.1 Let {a,} and {8,} be two sequences of complex numbers such that

3 i cfn\2k+14+y o
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and

' [o 29
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Then it holds

) n n\2k+1+y a;c
ﬁn = (_1)k< ) .y .
L) T
Proof Based on Theorem 1.2, it suffices to calculate ADA~!. Suppose that ADA™! =

(dn ) and D = diag(Ao, A1, A2, A, - ) With Ap = 5;+—11_E. Thus, we obtain that

n
— . . _1
dop = Z an,JA]aj,k.

i=k

By Lemma 2.1 and simple calculation, we deduce

dnt = (") 5 1)"*(""’“) it
L A Paral i—k (n—k+1) nty+k+1+j5-k
n—k+1

Lemma2.1 (:) (215)

TR E ol

Note that both paramers b and ¢ in Lemma 2.1 are specified with n+y+k+1landn—k+1,
respectively. O

Note that ADA™! = (d,.1) if and only if AD = (dnz)A. Thus it holds that DA™! =
A71(d,x). Thus, the Gould-Hsu inverse chain yields two basic combinatorial identities.

il 1

Z (j—k J+k

3o (2n = D+ DETED T @ +y+ DT

G 1) 1

n—k
> (- Hityy | 2 1
j—k=0 (207 — k) + 1)( 2k+y ) nty+

Note that these two identities are not included in [7]. This fact displays again that the
studies of Gould-Hsu inverse chain indeed can produce new relations.

II. the second kind of Gould-Hsu inverse chain or binomial-type of Gould-Hsu inverse
chain. In [10], we have discussed this kind of inverse chain of Riordan group.

Theorem 2.2 Let {a,} and {B,} be two sequences of complex numbers such that

B = (-1 (Z)ak

k=0

— 11 —
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Then it holds

ﬁ;:i( 1)k<) Q.

k=0
The proof of this theorem is similar to that of Theorem 2.1 and is omitted here.
3. Applications to combinatorial sums and hypergeometric series

Now we will associate some particular pairs of Gould-Hsu inverse chain with two kinds
of Gould-Hsu inverse chain to set up some useful transformations and relation of combi-
natorial identities. To do this, we often write the two kinds of Gould-Hsu chain in forms
of combinatorial identities.

Theorem 3.1 Let {a,} and {#,} be given by Theorem 2.1 and 2.2, respectively. Then

” () (Z’LZ) aj
,g) (2(n _ k) + I)(2ﬂ+y+1) ﬂk Z( ( ) (k + 1)|(n+y+k+l) ? (1)

2k+y n+y

Z C( ) n+b ) Z( 1)k( )(b;k) Q- (2)

(c+n- k)(b etk k=0

To display what these two inverse chain can produce, we looked into some basic iden-
tities listed in the book of Gould [7].
1.1. From identity (4.17) one can read out a pair of Gould-Hsu inverse chain

(n+ 1) 1
(2TL + 1)2 ’ (n+1:/2)2

(an,Bn) = ( ) while y = 0.7

Then (1) leads to combinatorial identity

- &’ 1k )
; 2n - k) + 1) () (417 =z (2 +1)2("F )

k=0

1.2. The following identity is attributed to L.C.Hsu [8]. l

E": G (n+1)127

ity (2 4 2)(z +4) - (2 + 2n)’

k=0 n+1
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it contains an inverse pair of Gould-Hsu inverse chain

_((=1)(z+n-1) 2" (z+n-1)!
(an, fn) = ( z+2n ’(n+1)!:c(:c+2)---(:c+2n)>
Taking it into (1), we can obtain that
2": () iy *(z + k — 1)!
(n—k)+ )(2’;:1:1) (k+1)le(z+2) - (= +2k)
_" k(7 (z+k—-1) while v = z —
S (e e @

In particular, let z = 2 in (3), we find that

" (6D B
D T T T R

1.3. From identity (4.20) in [7], we also read out an inverse pair
(an,Bn) = ( ) while y = -1,1<2p < 2n—1,p being integral.

Then it holds

hd e k2p-1 ..
Z(—l) —m 0, 1< 2p < 2n - 1,p being integral.

The rest are some inverse pairs of binomial-type of Gould-Hsu inverse.

2.1. Let b = ¢ > 0. Obverse that there exists an inverse pair

o= (e () (1)

So (2) reduces to the following Vandermonde' convolution identity

(1))

2.2. From (7.6) in [7] it follows an inverse chain as

(an,Bn) = ((2:) 272, (:) 2'2”) while b=¢c> 0.

Then (2) becomes to
i (Zk) (b + ")(%:ﬂ_l)
22 n+b l) - b22n (be— 1)

k=0
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Further, let b = 1, then this result yields to

() -omor(2)

It is a very interesting identity and can be checked directly.

2.3. Without any doubt, we also can decide one of identity once the rest are defined
in Gould-Hsu inverse chain. Here is an example. From (7.6) in [7], to consider the case

b=c>0, we find
C o e oy )
(o, B8,) = ((2n + 1)) 20+ 1) ()

2nfn—b—1/2
and calculate g, = %ﬁﬁj"_)z Thus, from Gould-Hsu inverse chain it follows

s PHREMY) (4w
Ek+1)(*) b2+ 1))

k=0
2.4. From (7.9) in [7], let b = ¢ > 0, we obtain a,, = 22,:'). After some simple
calculations, we have ’
, _1 7n 2z 1 n 2b+2
ﬂn - lj.m ( )z(2n) — 1 , ,Bn ( )b ( ) .
w1t 2(0) on— 1 G

Then (2) leads to

$ L )Y _ nb

= n+b 1 b-;c—l) - b(2n—1)'

2.5. From (4.30) in 7] there exists an inverse chain of binomial-type Gould-Hsu inverse
as follows.

Y 1 b
(an,Bn) = (m, m) .
Taking & = c and applying this inverse pair in (2) produces

¥ () )
n+bkz:0(k+b)("+b1 Z( V" (>t

this identity covers a specified case while b = 1
n n k n
k=1 k=1 k

which is a result related to the Harmonic series H,,.

x| =
| =
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4. Inverse chain of ¢g-analogue of Gould-Hsu formula

We now consider the problem of inverse chain of g-analogue of Gould-Hsu inverse. The
g-analogue of Gould-Hsu inverse was first obtained by L.Carlitz and then generalized by
Andrews to Bailey lemma in Theorem 1.1. Now, we obtain from Theorem 1.1

1
A=(a,) = ((q; q )p_r(ag; Q)n+k) )

_ aqz n) (a q; q)n+k—l) ,

-1 _ (g=1) = [ (=1)n—F,("2")
A =(ah)) (( 1" "¢ 2 (1 (@ @

_ _{__(p1; @lp2; @)k, aq &
D=l = ((aq/pl;q)k(aq/pz; Qi P1p2 )’

_1_ [ (p1; Orle2; Oilag/prp2; @), i, ag
AbAT = ((q; Dr_rlaa]pr; Doladlpz; D), P07 )

Collecting these observations, we can obtain a new summation theorem concerning g-

series.

Theorem 4.1
(319)j4k-1

Jj— k 2) aq®
Z( 1) (1-aq )< k)q(aq;Q?n+j

(r14"9)i-k(p26"; )ik aq ik
(ag**1/p1; 0)j-k(ag"+1/p2;9)j—k p1p2
_ (ag/p1; @)e(ag/p2i )k(ag/p1p2i n—k
(ag/p1; @)n(ag/p2; @)n '
It contains the following specified cases which can be verified directly.

o0 aquz B 1 n ak k 1
(G e(ae (ag;9) sz ( ) @k (ag;0)n"

and

+oo
C1Ya® 1 — agtiy (% Di-1(p14:9)i(p2:9)i . g \;
J;( RAM )(q 9)i(aq/p1;9)i(aq/p2; 4);i  prp2

_ (ag/p1P2; D)oo
(ag/p1; @)oo(ad/p2; @)oo ‘
Furthermore, one can deduce from AD = ADA~'A the finite form of Hein's formula of

hypergeometric series

~k

E (n—k) (p14";9);(p24"; 9);(ag/prp2; 4 Do-koi( 09 s
q

J-;O J (ag; @)2k+; P1p2

_ (aq/p1; O)nlag/pz; @)n
(ag; Qnsr(ag/rhor; q)x(ag/rhos; ¢l
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