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1. Definition and notations

Definition 1.1} A po-set G is said to be first countable complete, if for any countable
bounded subset A of G, sup A € G. -

Definition 1.2[1] A po-set G is said to be second countable complete, if for any countable
subset A of G,sup A € G.

Definition 1.3%% An Abelian group G(+,0, <) is said to be a po-group, if it satisfies
(i) (G,<) is a po-set,
(ii) Ya,b,c€ G,a<b=a+c<b+ec.
Here, the definition of Boolean algebra is the same as that in Sankappanavarl¥.
Throughout this paper, N denotes the set of natural numbers, A denotes a second
countable complete Boolean algebra, and G denotes a first countable complete Abelian
po-group. Without loss of generality, we assume that there exists an element g of G, such
that g > 0, and we define P, by

P ={z:(z € G)&(0 < = < g)}.
Definition 1.4 A mapping u: A — P, is a group-valued measure if it satisfies

u( (7 an) iu(an),

n=1 n=
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where {a,}32, is a disjoint sequence of A . At this time, we call (A, ) a group-valued
Ieasure space.

Remark 1.1 Obviously, the definition of group-valued measure given here is a general-
ization of general measure [5, 6], lattice measure [7], and set-valued measure[8] .

2. Theorems and proofs

Theorem 2.1 Every second countable complete Boolean algebra is a countable distribu-
tive lattice.

Proof First, it is easy to check that,
[o ] [o o]
Vancd Aacd
n=1 n=1

for {a.}32, C A.
Secondly, we suppose a € A, and {a,}32; C A. Putting u = \/22,(a A a,,), then

(aNan)\d <u\/d, (1)
a/\an <a, (2)

for any n € N ,where a’ is the complementary element of a.

By the distributive laws , it follows from (1) that

(aNa)Vd = (aVa)AanVa) = (aVa') = a, < a,Va' < uVa, that is
Vor,a, <uVd, and so :

va/\(? an) < a/\(uVa') = a/\ug u.

It follows from (2) that v < \/3%;@n,aA\@, < a = u < a, and consequentely,

u < aA(Vol; a,). Hence, u = a A(V3, an).
By the similar arguments, we have

V(A o) = AV an)

( \_/ an) /\( ? bn) = Vm,nEN(a'n /\ bm)a
and - -
( /_\ an) \/( /} bn) = /\m,nEN(an v bm). o

Theorem 2.2 If u is a group-valued measure, then
1) u(0)=0;
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2) p has finite additivity :If a;, a3, - -, a, are disjoint elements , then
n n
u( V am) =Y plam),
m=1 m=1

3) u is monotone : pu(a) < u(d) for a < b;
4) p is continuous from below : If a,, € A,a, < @y for alln € N, then

u(i}l(an)) = 5:71 #(an);

5) p is continuous from above : Ifa, € A,(n=1,2,...),a, > any; foralln € N, and
there exists k € N such that u(ai) < g, then

u( K an) = 51 m(an);

n=1

6) Ifa, € A,(n=1,2,..), then

w(V Aan) < VA s

n=1n=1 n=1n=1

7) Ifa, € A,(n=1,2,..), and there exists k € N such that u(\/>, a,) < g,then

(/\ Voan)2 AV alan)

=1m=n n=1m=n
8) o0 oo o0 o
If a,€A, (n:1,2,...),v /\a /\ V
n=1m=n n=l1m=n

and there exists k € N such that u(\/7=; a,) < g, then

(A V an)= AV slan)

n=1m=n n=1lm=n

Proof We will only verify 5) , 6) , 7) and 8), and the other properties of the measure
follow similarly.

5)  Without loss of generality , suppose u(a;) < g. Let b, = a; Adly,(n = 1,2,---),

then {b,} satisfies 4) . So
p( V bn) = V 1(by)-
n=1 n=1

Furthmore, it is easy to verify that

(Vo)V (A=) =0 (TR)A(R )=

n=1
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By 2),

), we have

=38

lim V ba) (A
T8 (- T3
and
Tim ((bn) + (an)) = nli_,rgo(i\:/l or /\ plas)) = §7 o 7_§ (as).
Hence,
V) + A alas) = §7 (ba) + u(7\ o).

=1 1=1

It follows that p(A7Z; asx) = AJZ, p#(an).

6) Let by = AXX ayn, then {b;} satisfies 4) , and b;, < ai. Therefore,

W(Ve) = (VA o) = Vot = V(A an) 5 VA b

= k=1 n=k

n=1m=n =

7) Let by = V22 an, then {b;} satisfies 5), and by > ay. So

RS A Tm)- o= ()= T
8) By 6) and 7),
#(v 7:\%) <V A sa) < AV alan)
n=1m=n k:lr;:k o Ic:ln:lcoo -
<u(AVan)=u(V A )

Theorem 2.3 Let (A,p) be a group-valued measure space , n € A . n is negligible (if
there exists a € A , such that u(a) = 0 and n < a). If W = {n € A : n is negligible }, then
D WO =W:2) {aki €W = u( Vit Aenan ) =0.

For any w € W , there exists a € A , such that

Proof 1)
(a) = 0) = (u(w) = 0) = (w € p77(0))

(Wa)=0 & w<a)=>(0< uw)<p
= (W C n™'(0));
It is obvious that W C p=1(0) . So p~1(0) = W.
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o0

(an/\“m><#( ) Zu(an:Z 0=0 O

m=n n=1

Theorem 2.4 pu(a\/ b) + pla Ad) = p(a) + p(d).

Proof It is easy to verify that

a\b=(@AYWE@ADVE@ Aba=@Ab)V(eAb)Lb=(a Ab)\ (' Ab),
and (a A¥) A(a Ab) = (e’ Ab) A(a Ab) = (' Ab) A(a AY) = 0.

Hence, p(a\/ ) = u(a A V) + p(a A d) + p(a’ Ab) = p(a) + p(a’ Ab), and consequently,

#(a\/ ) + p(a \b) = p(a) + p(a’ \b) + p(a \b) = p(a) + p(b). O

Theorem 2.5 Define d(z,y) = p(z Ay') + p(2’ Ay),(z,y € A), then

1) (A,d) is a quasi-metric space : d(z,z) = 0;d(z,y) = d(y,z);d(z,z) < d(z,y) +
d(y, z)-

2) If p is strictly monotone , then (A , d) is a metric space : (A, d) is a quasi-metric
space , and d(z,y) =0 ifandonlyif z=y.

Proof 1) Obviously, d(z,z) = 0,d(z,y) = d(y,z). To prove the trigonometric inequality,
we first prove the following equation

d(z,y) = d(a\/:c,a\/y) + d(a/\zz,a/\y),(Va,x,y € A).

In fact ,
Vza\/y)+d /\za/\y
[(aV2) AleV )1+ ul(a Az) Ala A )+
[(@Vz) AleV y) +ul(a Az) Ala A )]
~u{ a\/z) A(aVV9)1VI(a Az) Ala Aw)}+
(aV ) AlaV ) Vi@ Az) Al Ay)T}
~#{“/\ EAVIVE AL +pla Al AVIVE Al
—u{ VaAEANVEAD
(zAV)VE A =pz ANv)+ ne' \y) =
Thus,

d(z,y) +d(y,z) = d(z \/ y,9) + d(z Aw,v) + d(y \/ z,9) + dly \ 2,9)
>d=z\y\zyVz)+dy.e Av)+dz\VyVzzVy) +dy A zy)
pliz AZYV ol + iz A=)V ¥

(/\ N+ ez \=)
= d(z, z)
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2) It suffices to prove that d(a,b) = 0= a = b.
Ifa#b,then a Ab,a’ Abcan not all be 0 . Ortherwise ,

b:(a/\bI)VbzaVb=>a§b,a=(a’/\b)\/a:bVa::>b§a=——>a=b,

which is a contradiction.
Hence , d(a,b) = p(a A V') + p(a’ Ab) > 0, a contradiction to d(a,b) = 0. o

Remark 2.1 It is easily seen from the arguments of the above that all results of this
paper can be generalized to the case of a monoid-valued measure .
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