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Abstract: In this note we describe explicitly the subalgebras of nilpotent matrices and
obtain some interesting results. '
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Linear spaces of nilpotent matrices have already been studied by several authors
(e.g.[1},[2],[3]). In this paper we give a detailed description of an interesting class of
subalgebras of nilpotent matrices.

Let K be an arbitrary field,n a positive integer and M (n,k) the vector space of all
n X n-matrices over K. For 1 < 1,5 < n, let E;; be the matrix having coefficient 1 in the
i—th row and j—th column and 0 elsewhere Then

M(n,k)= € KE;.
1<4,5<n

Let T be a subset of {(i,j) | 1 < %,j < n} and V7 = D jjer KE;; Let Rr be the
subalgebra generated by {Eij, (4,7) € T}. If (1,42), (32,83), - .-, (im,81) € T(m 2 1), we
say that there is a loop in T'.

Proposition 1 The following conditions are equivalent:
(1) Every matrix in V is nilpotent.
(2) There is no loop in T.

Proof (1) => (2) Suppose that T has a loop,then there are 41,1z,...,%m such that
Eiiyy Eigisy - - Eiiy € Vr.By (1) the matrix

A= E,‘”'z + Eizis +...+ E,‘m,'l eV

is nilpotent.But A™ = E; ;, + Eiyi, + ... + E;,i, = A,contradication.
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(2) = (1) Suppose that T = {(41, 1), (¢2,72),- -, (%, J¢)}.YA € V, we have
A= klEiljl + kZEin'z +...+ E,‘,j,,kl,kz,...,kt € K.

t+1 _
A = Z Pknllkzlz---k¢+1l¢+1 Eklll Ek212 ce Ekt+ll¢+1 )

Prytykaly . kegyrley, € K. Here (k1,11),(k2,02), ..., (keg1,le41) € T. Since#(T) = ¢, so there
exist 1 < i< j <t+1suchthatl; = lj. If Ek;llEkzlz .. .Ek,“[,“ 75 0, then

hi=kyla=ks,... ;i = kiya,. . b = oy

By the above discussion we have ¢ < 7,I; = kit1 = I;. So (kiy1,liv1)y (Riv2, liv2), ..., (R5,15)
is a loop in T'.Since T there is no loop,so A**t! = 0.Therefore,every matrix in V is nilpotent.
Let A = (A;j)nxn be a matrix in M(n, k). Define: T4 = {(¢,7) | Ai; # 0}

Deduction If there is no loop in T4, then A is nilpotent.
Proposition 2 If there is no loop in Ty, then T 42 there is no loop.
Proof Since A= Y A;;E;j, if Ty2 thereis aloop (k1,l),(l1,12), ..., (Ig, k1),by Er, =

(1).7)€TA
Er;p; Ep;i;,then T4 there is a loop

(kl’Pl)’ (Pl,ll), (llvp2)’ (p2a12)a RR) (lq’pf;!)’ (Pq, kl)'

Contradiction.

Deduction If there is no loop in T4, then T2+ there is no loop,for any s > 0.
For T = {(%1,71), (42,72),-- ., (3¢, Jt)}, define

Cr = Eijj, + Eiyj, + ... + Eijy.

Proposition 3 For any Ay, A; € Vr,T(4,.4,) € TC:"r'
Genera.lly, for any Ay, As,...,A, € VT’T(AI Ag--A,) C Tc;

Proposition 4 Ifthereisnoloop in T, then Ay-As --- Ass is nilpotent for any A, As,. .., Azs
Vr.

Proof Since there is no loop in T, so there is no loop in T = T¢,, there is no loop in
TC%, there is no loop in T 4,.4,...454) » A1+ A2 -+ A2+ is nilpotent.

Proposition 5 If there is no loop in T, then

Ay -Az--- A1 =0
for any Ay, Az, -, A1 € V7,t = |(T).

t+1

Proof By proof of proposition 1,C7"" = 0.Since T4, .4,...4,4, C TC'T“ =0, so

A1'A2"‘Ac+1=0~
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Proposition 6 Rr is a nilpotent subalgebra if and only if there is no loop in T.

Proof If R is nilpotent,then Vr is nilpotent,by proposition 1, there is no loop in T'.
If there no loop in T. VA; € Ry, we have

—

— -t —
‘A12"'A1r, + 4y -

—]
Ayy - Ay

o+ A A, A

ary’

_‘
A=Ay r2

Here zi] €eVr,i=12,---,81< J < ma.X{T'l,‘l'z,"-,‘I',}.
By proposition 5,41 Az ... Aty1 = 0, here t = (T). So Rr is nilpotent.
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