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Abstract: In [1] various strange identities involving summations over partitions were
proposed by using Faa di Bruno formula. In this paper, some other strange identities
are got in an analogous way and a corollary is obtained by using inversion formula.s of
Lagrange.
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| Proposition 1 Let f(t) and g(t) be two inﬁniter differentiable functions with fog = gof.

da» dam™ a
If we put fn = HT"t |t=a, gm = W"a |t=a, flf-. a‘;{ |t =g{a)» gk a?g |t—f(a)) then we
have, forn > 1,
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where o(n) denote the set of partitions of n (n is positive integer), represented by 1¥12%2 ... pkn
with ky + 2ky + -+ + nk, = n, integers k; > 0, k = ky + ks + -+ + ky.

Proof This follows immediately by applying Theorem C(p.139) in [2].

Example 1 Let f(t) = €, g(t) = In(t), and fog = go f, then we obta.m the following
identity for n > 1 by using (1)
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After simplifying, we get
1)k2+2ks+-+(n—1)kn 1YYk — 1)!
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kylkpl- - - kyl1k12k2 ... ok kl ka!- .- kl(11)kr(21)F2 - o (nl)kn

Proposition 2 Let f(t),¢(t) be two infinitely differentiable functions and f~'(t) be the
compositional inverse function of f(t), fo f~1 =t. We denote

so(t)=z[i]t",

n>0
of=S | Pof ] "
¢ "22:0 .
f—l(t) — Z [ f;l ]tn’
n>0
dk o -1 dk -1
(pof )(k)_ (:lptkf) e 0’[fk ]z_'gz#)_ltzﬂo).

Then we have the following formula

[ ] Z(wf)‘k)ﬂk,[ ; ]k (2)
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Proof Notice that ¢(t) = po(fof 1)(t) = (pof)of~1(t), and we can get (2) immediately
by just applying Faa di Bruan formula:

[ " ] - al‘!Z(spo NS Bas(F7H 770 +)

2 2o S g g B

k.
_ PN BRI A
= o;n)(sa f) o ( 1)| [ 1 ] ’

where the B, ; are the exponential Bell polynomials and the second summation in (*) takes
place over all integers k; > 0,ky > 0,---, such that ky + 2ks+ - =n, ky + k2 +---= k.
This completes the proof. O

Example 2 Let ¢(t) = §i2', f(t) =In(1 +¢), f~}(t) = ¢* — 1, then

1, n
["] ={g n oy eed = gl = Y e(m D,

n
n>l
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— 216 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



and we obtain the following identity involving the Stirling number of the first kind:

n 1 o= ,
2 sl k;!(i!)’c-‘ = { 0, n# 7 (3)

o(n)

Also, we get another identity involving the Stirling number of the second kind in same

way . 1 )
,,(Zn) S(k,1) 1211 (_k,-)!i _ { bons ? "
And we have from (3) and (4)
> (e I e = 2 stk i il %)
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Example 3 Let ¢(t) = (Z5)™, f(t) = ¢!, f71(t) = Int, then

E™
pof=( =20t

eZt +1 =0
&) _ plm), 71| _ 1d'nt (=1y*
ook [ ¢ Z' d¢* le=1= i ’
where E{™ denote the generalized Euler number, and we obtain the following identity
0 0<n<m
o1 (-)Ek )t - ’
EE("‘)H - )zk,- = 2 ), n—meven, n>m, O
o(n) iz k! 0, n—modd, n>m.

We can obtain the following corollary by using inversion formulas of Lagrange.

Corollary Notations and hypotheses as in Proposition 2, and fo = 0, f; # 0. Then we

have
[ » ] PIORY
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Proof Formulas (6) and (7) can be got immediately by using Theorm A (p.148) and The-
orem B (p.149) in [2], proposition 2, and inversion formulas of Lagrange. Formula (8) can
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be obtained by applying proposition (p.161) in [1] and inversion formulas of Lagrange. O
Example 4 Let p(t) = (1-¢)7* = 3,5 (et hyen, f(t) = 2tz — t2, then

14 atn-—1 —a a n (k) _ (o)
[n}z( . ),<pof=(1-2tz+t2) =§]c,<,)(z)t,(¢of)o = kICM (2),
and

ey () ape -3 (5 o,

>0 >0
[(f)l— ] (2: )(2 )—21+1

Hence we get the following identity by using (6)
1 fat+n- 1~v(@) 2(i-1)
zz( ) > KOy (”)H (k)'(2z>2=(z'—1 |
o(n)
where z # 0 and (a)(z) are the Gegenbauer polynomials. O
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