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Abstract: In this paper, the existence of the exponential attractors for the Ginzburg-
Landau-BBM equations with periodic initial and boundary conditions are obtained by
using the squeezing property and the operator decomposition method.
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1. Introduction

The infinite dimensional dynamical systems which are defined by nonlinear evolution
equations have a lot of properties similar to what the differential dynamical systems have,
such as attractors and inertial manifolds. However, because of spectral barriers and spec-
tral gap conditions, for many dissipative evolution equations such as the 2D Navier-Stokes
equations, the existence of an inertial manifold is still a question. Th: exponential at-
tractors are an important feature for describing the long-time behavior of solutions of
the nonlinear evolution equations. The major difference between inertial manifolds and
exponential attractors is that the latter do not assume any global slaving of small scales.
Therefore, the exponential attractors can deal with cases where an exponential conver-
gence is not restricted within a manifold structure. Many researches have been done on
exponential attractors such as Eden A. et alltl in dissipative evolution equations, Babin A.
et all?! in reaction-diffusion systems in an unbounded domain, Dai Z.D. et al® in nonlinear
wave equations, Gao H.J.l4 in generalized Ginzburg-Landau equation and so on.

In this paper, we consider the following system of the Ginzburg-Landau-BBM equations

e = pe + (a1 + ta2)ezz — (B + iB2)|e|e + ibne, (1.1)

*Received date: 1998-12-28

Foundation item: Supported by National Natural Science Foundation of Clina (19861004)
Biography: DAI Zheng-de (1945- ), male, professor.
E-mail: zhddai@ynu.edu.cn

— 317 —



ne + f(n)e + 10 — vNgy — ngwe + €2 = g(2), (1.2)

with periodic initial value
e(z + L,t) = e(=z,t), n(z+ L,t) =n(z,t), (1.3)
£(z,0) = eo(z), n(z,0) = ng(z). (1.4)

and prove the existence of the exponential attractors of problem (1.1)-(1.4). The existence
of global attractors and its estimates of the upper bounds of Hausdorff and fractal dimen-
sions have been studied in [5].

2. Exponential attractors and squeezing property

Let H be a separable Hilbert space and B be a compact subset of H, {S(t)}:>0 be a
nonlinear continuous semigroup that leaves the set B invariant and set

A= U S@)B,
T20t>T
that is for {5(t)}:>0 on B, A is the global attractor.

Definition 1 A set M is called an exponential attractors for ({S(t)}s>0, B) if
(i) ACMCB;
(ii)) S(t)M C M, for every t > 0;

(iii) There exist constants ¢, and c, such that
disty(S(t)B, M) < ciexp(—cat), Vt>0;
(iv) M has finite fractal dimension.

Definition 2 A continuous semigroup {S(t)}:>0 is said to satisfy the squeezing property
on B if there ist, > 0 such that S, = S (t.) satisfies: there exists an orthogonal projection
P = P(Ng) of rank Ny such that for every u and v in B, if

1P(Suu — Suv)llse < (I = P)(Svu — Suv)llae,

then 1
[| S — Suv|ln < glle = vl

Lemma 101 If ({S(t)}t>0, B) satisfies the squeezing property on B and if S. = S(t.) is
Lipschitz on B with Lipschitz constant L, then there exists an exponential attractor M
for ({S(t)}¢>0, B) such that

In(16L + 1)

drp(M) < Nymax{1, o b

and .
disty(S(t)B,M) < ¢; exp(—t—zt),
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where c¢1, ¢y are the constants independent of ug and t.
It is clear that, we need only to find t,, Ny and to prove the squeezing property in
H? x H? for problem (1.1)-(1.4).

3. Exponential attractors for problem (1.1)-(1.4)

Let @ = [0,L], H? = HZ(Q) = {u : D°u € L*(Q),¢ = 0,1,2}. By [5], we know
that the operator semigroup S§(t) is completely continuous in H2 x H? and there exists a
bounded absorbing set By of S(t) where for t >t

Bo = {(e(t),n(t)) € H? x H? : lle@)lIF2 + lIn()llF < o},

where {9, p are constants depending on ||eo(2)|| 52, ||no(2)||z2 and the coefficients of (1.1)-
(1.2).
Let
B = U S(t)Bo,

t>to

then B is a compact invariant subset in H? x H2. {);};en denote the eigenvalues of
—08z, with periodic boundary condition, and {w;};en are the eigenfunctions with respect
to {A;}jen. Let

XN = Span{wi,---,wn},

and Py : L?(2) — Xy be the orthogonal projection onto Xy and Qn = I — Py.

We will show the squeezing property by these orthogonal projections.

Assume that (e1,7n,), (€2,n2) are two solutions of problem (1.1)-(1.4) with initial value
(e10,m10) and (€20, m20) respectively. By [5], we have

(61,17.1), (52,1’12) € L°°(0,T;H2 X Hz).
Set U = £; — €2,V = n; — ny which satisfy
U = pU + (1 + ia2)Usz — (81 + i82)(|€1]2U + |e2]2U + €1620) + i6(n1 U + €5V), (3.1)

Vi+ (F/(E)V)e+9V = vVio — Veur + (61U + 82U), = 0. (3.2)

Taking the real part of the inner product of (3.1) with U, —U,, and U, respectively, we
have

1d
S TIUIF = kU + el U2+

Re(ﬂl + iﬂ2)(|51|2U + I€2|2U + 61527, U) + Im&(nlU + £2V, U) =0, (33)
1d
§d—tIIUzl|2 — pllUL12 + s || Uz

= Re(f1 + iB2)(le1|*U + |e2|?U + €162U, Uzz) + Imé(ny U + €5V, Uzz),  (3.4)
1d 2 2 2
EEHUW” = pl|Uzz||* + 1| Uzee|

= Re(By + iB2)(([e1[U + |€2*U + €127 ), Uzaz )+
Im6((n1 U + €2V )a, Usaa ), (3.5)
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where

[Re(B1 + iB2)(le1]*U + [e2*U + €162V, Usa)| < IIUzzII2 + Cle)l|U]?,

Imé(niU + €2V, Uzz)| < IIUullz + C(a)(1T)17 + IVII?),
|Re(81 + ’ﬂZ)((lelle + 15212(] + 5152U)1'a Uszez)l < —”Uzzx”2 + 0(0‘1)(”(]”2 + ||U:||2),

Imé((n1U + €2V )z, Usas)| < —IlUmll2 + Claa)(IUN* + 1T + (VI + [1Vall?)-

Note o
1
#IlUw||2 S U0 Uzl < T“Ummnz + C(al,l‘)“Ua:Hz-

Combining the above inequalities, we have
d a
TP+ 1U=lI* + 1Ueel®) + 201 |Ue1* + 0 | Uz ]| + —;HUznllz
< Cloa, (U117 + NV + V1P + V=) (3.6)

On the other hand, taking the inner product of (3.2) with V and -V, respectively,
we have

3 dt(IIV||2 +IVal®) +IVIP + vlIVali? = (F(OV,V2) + (1T + 220, V2), (3.7)

5 dt(IIV 17 + Vaell®) + YIIVal? + v]|Vael|®
= ((F(E)V)as Vi) + (61T + €2V )z, Vaa). (3.8)

Similarly
((F(E)V)as Vaa )l < §lIVaall* + C@)UIVIZ + [IVall?),

(2T + 22U )z, Viea )| < 5lIVcli® + Co)IUI? + 10U 11).-
Thus, from (3.7)(3.8) one gets

d
S VIE+IVE® + 1Vael®) + 291VI% + 200 + NIVall® + 2] Vs ||
<CWUUIF+IVIE+ 1T + 1Vall?). (3.9)

Combining (3.6) and (3.9), we get

d
(1012 + IVIE=) + colllUlzz + [VIIZ2) € Clan, v w)(IUNFn + V1) (3.10)
By Gronwall’s inequality

WU + IV < 1T O + IV(0)lI3).
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This gives the Lipschitz continuity with L = Lipg2, g2(S(t)) < e*.
Decompose U,V as

U= PnU+QnU, V =PyV +QnNV

where Py,Qn are orthogonal operators and P is N-dimension. Using |lu.|| < 3{luf® +
Hluzz||?, from (3.10) we have

d

a—t(llQNUllin +11QnV13:) + co(lQn U7 + 1QNV |3r2)
< C(aa,v, l‘)’\;/'1+1(“QNUm“2 + ”QNsznz)
< Clag, v, AR 1@N TN + 1NV 1)
< Claq, v, AR NT (O) 132 + IV (O)Fr2)-

Integrate above inequality, obtains

1QNU 3= + 1QNV IiF <e™*(IQNU(0)lI3: + 1QNV (0)IIF)+
A ke (1T(O)IF + IV (O)liF)-

If we choose Ny large enough such that

ANp41 > 256ket,

1 1\?
kt

t<_x — ,
€=y (8)

PNtz < 1Qnyu(t )z

where t. satisfies

then from

we deduce that

1N + IV e < 20108 Ui + 1Qw V(E) )

< (5) VOl + VO

Then, we get the squeezing property in HZ x HZ. By Lemma 1, the following theorem
holds.

Theorem 1 Suppose that eo(z),no(z) € H%,g(z) € H! and f(n) € C?, then the problem
(1.1)-(1.4) admits a compact exponential attractor in H? x HZ.
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