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Abstract: In this paper, based on Lax pair of Riccati form of the generalized
KdV(GKdV) equation with external force term, a new auto-Darboux transformation
(ADT) is derived. As the application of the ADT, only if integration is needed, a series
of explicit analytic solutions can be obtained, which contain solitary-like wave solutions.
This method may be important for seeking more new and physical signficant analytic
solutions of nonlinear evolution equations.
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1. Introduction

As is well known, Darboux transformation, which transforms one solution of an equa-
tion into anther solution of this eqaution, is of an important role in soliton theory[!—3:56],
Recently, Tian et al.l¥ presented an approach, which was obtained from systems of Lax
equations, applied to seek exact solutions of nonlinear evolution equations. But they only
considered some simple and contant coefficient nonlinear eqautions. And we extented the
method to derive Darboux transformation of the variable coefficient KdV equations!®.

For the generalized KdV equation with external force term/®

ug + h(Uzzz + 6uns) + 6 fhu = g(t) 4+ z(12hf% + f,). (1)

*Received date: 1999-10-26

Foundation item: Supported by the National Natural Science Foundation of China under the Grant
(19572022), Doctoral Foundation of Education Ministry of China under the Grant
(98014119) and the National Key Basic Research Project under the Grant
(G1998030600)

Biography: YAN Zhen-ya (1974- ), male, doctor.

— 323 —



where h = h(t), g(t), f = f(t) are all arbitrary functions w.r.t.t. Many well-known nonlin-
ear wave equations, such as KdV equation with externtion force term (f=0)

U + h(Ugze + Buug) = g(t). (2)

and cylindrical KdV equation externtion force term (f = ﬁ, h=1)

U + Uzee + Ouu, + 21_tu = g(t) (3)
are both special cases of Eq.(1). only one soliton-like solution of Eq.(1) was obtained by
using a direct method(®],

In this paper, we would like to give a new auto-Darboux transformation for the gen-
eralized KdV equation with the external force term (1) via the Lax pair of Riccati form.
As examples to illustrate the transformation , some analytic solutions for Eq.(1) are ob-
tained, which contain solitary-like wave solutions. When using the ADT, only integration
is needed. Finally, we give some conclusions and problems which need to be studied fur-
ther.

2. New auto-darboux transformation for Eq.(1)

For the Eq.(1) given, by use of WTC method!” we easily show that Eq.(1) pass the
Painleve test and there exsit the following conclusions

Proposition 1 the Lax pairs for Eq.(1) can be written as

Pze = (A—u+ fz + k), (4a)
@t = h(us — flp — h[2(u + 2)0) + 4(fz + k)]ps, (4b)
with A + 12hfA = 0, i.e.,
A(t) = Ao exp(— / 12k fdt). (4¢)
k= k(t) = exp(~12/hfdt)[/gexp(12/hfdt) ) (4d)

where Ag, ¢ are both arbitary constants.
In order to use the Lax pairs (4a)-(4d) further, we rewrite the above form. Introducing
the following transformation 5

Pq
= =—Inp=-—. )
w= gy lne="7 (5)
and substituting Eq.(5) into Eqgs.(4a) and (4b), yield the following Lax pairs of Riccati
form

we=A+fz+k—u-—w? (6a)

we = huge — h(4f + 2u)w — h[4(fz + k) + 2(u + 2))]w,. (6b)

It is shown that the compatibility condition w; = w,, of Eqgs.(6a) and (6b) is Eq.(1).
Hence, if u and w are solutions of Eqs.(6a) and (6b), then u is a solution for Eq.(1). In
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order to seek for analytic solutions of Eq.(1), we only need consider the Lax pairs (6) of
Riccati form for Eq.(1) here.

Proposition 2 Let
Am(z,t) = %( / Wmdz) + R[4(f2 + ) + 2(um + 2\)|wm ~ A(tume + 2f).  (7)
and
Bou(2,t) = h[4(fz + k) + 2(tm + 2))] exp(~2 / wndz)+
24,.(z, 1) / exp(~2 / wmdz)dz + %{ / exp(~2 / wmdz)dz).  (8)

If (upn, win ) satisfy Eqs.(6a) and (6b), then A(2,t) and B,.(z,t) are both functions
of only t, namely,

Ama(z,t) = 0 (ie,A(z,t) = A(t)),  Bmz(2,t)=0 (i.e, B(z,t) = B(t)). (9)

Proposition 3 Taking the following transformations

32
U4l = 2*3—2—2[111 Mm(z,t)] + u,, + 2wmz, (103.)
i)
wm+1 = —a[ln Mm(z,t)] — Wyy. (m = 1,2, 3,...) (10b)

with
My (z,t) =/exp(—2/wmd:c)d:c +exp[—2/Am(t)dt]x
(Mo — / Bun(t) exp(2 / An(t)d0)de]. (11)

Where My is an arbitrary contant. If u,, and wy, satisfy Eqs.(6a) and (6b), then u;,4q
and w4 also satisfy Eqs.(6a) and (6b).

Proof It is only needed to prove that %41 and wy,4q also satisfy Egs.(6a) and (6b),
namely

Wil =X+ fz + k- Um41l — w12n+1’ (128.)
Wmt1,t =hum+1,zz - h(4f + 2um+1,:t:)“’m+1_
hl4(fz + k) + 2(vmi1 + 220))wmt1 .z (12b)

Substituting Egs.(10a),(10b) and (11) into Eqs.(12a) and (12b) and combining Eqs.(7)
and (8), it was easy to prove that Eqs.(12a) and (12b) hold.

According to Proposition 3, we get a new Darboux transformation for Eq.(1), namely,
Egs.(10a) and (10b) with #,wr, satifying Eqs.(6a)and (6b) and A, k, M,, satifying Egs.(4c¢),
(4d) and (11) respectively.
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3. Explicit analytic solutions by using the ADT

For a solution (t,,,wsm) of Eqs.(6), only integration is needed, then via the ADT (10a)
and (10b), we can get another explicit analytic solution (;,41,wm+1) of Eq.(6). According
to the same procedure, we can also obtain the third solution (um+2,wm+2) of Eq.(6), and
so on. Thus um,Umi1, Umt2,... of these conclusions are exact solutions for Eq.(1). For
instance

Case A Taking

uy=A+zf+k
= :cf+exp(——/12hfdt)[/gexp(12/hfdt)dt +ec+ Ao, w1 =0, (13)

it is clear that (u1,w;) is a solution of Eq.(6), thus we get Therefore according to the
definitions of A;(t), B1(t) and M;(z,t) in Eqs.(7),(8) and (11), we have

A(t) = —3hf, By(t) = 6hexp(— / 12 £d1) / gexp(12 / Rfdt)t +c+ Ao, (14)

My (z,1) =z+exp(6/hfdt){Mo - /6hexp(—/18hfdt)x
[/gexp(12/hfdt)dt+ ¢+ Agldt}. (15)

Finally, according the ADT (10a) and (10b), we obtain

‘uy =2 f + exp(- / 12hfdt)[/gexp(12/hfdt) et do)-
2{z + exp(6 / hfdt) (Mo — / 6h exp(—

/18hfdt)(/gexp(12/hfdt)dt + 4 Ag)JdE} 2. (16)

wy=—{z+ exp(G/hfdt)[Mo - /6hexp(—/18hfdt)><
(/gexp(12/hfdt)dt + ¢+ Xo)]dt} 1. a1
It is clear that u; is a rational fraction solution for Eq.(1). From the solution (uz,w2)
of Eq.(6) again, by virtue of the Auto-Darboux transformation(10), we can also derive

another exact solution of Eq.(1). But the formal solution is rather complicated, we omit
it here.

Case B Taking another solution of Eq.(6), namely
u(z,t)=zf+k=2f+ exp(—12/hfdt)[/gexp(12/hfdt)dt + ¢],
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wy = \/Eexp(—/ﬁhfdt). (18)
Then by use of Eq.(18), we have

As(t) = hexp(— / 18hfdt)[2 / gexp(12 / hfdt)dt + 2¢ + 42o] — 3hf, Bi(t) = 0. (19)

Substituting A;(t), B1(t) into M;(z,t) yields

M(z,t) = - 2\}X5 exp[—2\/,\_oze'f6hfdt + /thdt] + Mg exp[—2hexp(—
/ 18R fdt)(2 / gexp(12 / hfdt)dt + 2¢ + 4Xo) — 6k ], (20)

Finally, via use of auto-Darboux transformation (10), we can obtain

2( Moo My — ME))
M?

+ :cf+exp(—12/hfdt)[/gexp(12/hfdt)dt+c], (21)

uz(z,t) =

wa(z,t) = ——AA/IJ]: - \/)\_oexp(—-/ﬁhfdt). (22)

In fact, uz(z,t) is a soliton-like solution for Eq.(1). which can be rewritten as follows.
(Bi) As M, < 0, we get a bell-type soliton-like solution for Eq.(1),

uz (2,t) =Ao exp(—12 / Fhdt)sech?{— v/ rgze~ J ShFdt 4 / 3hfdt + hexp(— / 18hfdt)x
1 1
[2/gexp(12/hfdt)dt + 264 o] = 3h 4 gln(- g )} 42+
exp(~12 / hfdt)[ / gexp(12 / hfdt)dt + c], (23)

(Bii)) When My > 0, we can derive another type singular soliton-like solution for
Eq.(1),

uza(2z,t) =Xo exp(—12/fhdt)cschz{—\//\oze_fﬁhfdt-{—

/3hfdt+ hexp(—/18hfdt)[2/gexp(lZ/hfdt)dt+

2c+ 4] —3hf+ %m(m)} +zf+
exp(—12/hfdt)[/gexp(12/hfdt)dt+c], (24)

4. Summary and conclusions

In summary, we derive a new auto-Darboux transformation(ADT) for the generalized
KdV (GKdV) equation with external force term, using the Lax pair of the GKdV equation.
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And based on the ADT, three types of exact analytic solutions are obtained, Solitary-like
wave solutions of which may be important for explaining some physical phenomena. This
method may be also extented to systems of nonlinear evolution equations and higher
dimensional nonlinear wave equations. In addition, Lax pair may be applied to find other
properities, such as symmetries, conservation laws, and so on. These problems need to be
studied further.
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IV ATEN N KdV F3ERIETH Darboux ZFifiF0
ERXF R

Bl & &, K B K
(KEBTRFEAIER, TF A% 116024)
# B ET Riccati BAH Lax Xf, £ICWT SHHMH L KAV FREHH

Darboux ZFffe. 4N AX/MEHRE, (UHEMHL, RERT—RINDERFEAE HLHE
BRWBEH. XHFRENTIFREKHRERTEFHRAYEE XRIFRFAN.
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