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Abstract: In this paper, we consider the couditions of asymptotic expansion for Co-
semigroups and obtain a general result, Finally, we give an application to neutron trans-
port equation.
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1. Introduction

Let X be a Banach space, A is a generator of C-semigroup T(t). p(A) denotes the
resolvent set of A, 0(A) the spectral set of A and R(A, A) the resolvent of A.

In the paper [1], the authors obtain the following theorem for the asymptotic expansion
of Co-semigroup.

Theorem (*) Let T(t) be a Cy-semigroup in Banach space X with the generator A. There
exists a constant 3, such that the right half plane of the line ReA = B in the complex plane
C is only composed of at most denumerably many points which are eigenvalues with finite
multiplicity. Furthermore, A1, Az, - -+ with Red, > A\up1,mn = 1,2,3, -+, forz € D(A?) and
o > P,
| llim |R(c +ir,A)z|| =0
uniformly for o.
Then, Vz € D(A?)

T(t)z = Z Ta(t)z + Rm(t)=,
n=1
where T,,(t)z = Res(exp(At)R(), A)z)|r=», denotes the residue value of exp(At)R(A, A)z
in A = A, [|[Rm(t)]] € Pexp((Red,, ~€)t),t > 0. Here € > 0,P > 0 are constants and
Rel, — € > Redmyr.
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In the present paper, we also discuss the problem on the asymptotic expansion of Cop-
semigroup, we obtain a general result.

2. Asymptotic expansion of Cy-semigroup

Lemma 2.1% Let w > 0, F(p) : (w,0) — X. Suppose that F(u) have the following
the representation of Laplace-Stieljes: F(p) = p [ e " a(t)dt. a(0) = 0 and ||a(t + k) —
a(t)]| < Mhe“(tt") for t h > 0, then

Lot W Fp)
t) = — gy > 2.1
a(t) 2m./1 et Uk R (2.1)

converges uniformly int € [R™!,R],R > 0.

Theorem 2.2 Let operator A generate a Cy-semigroup T(t) satisfing || T(t)|| < Me“t.
Then Vz € X

t 1 e L (A-A) 1z
- SAR? B Y :
/0 T(s)eds = - /q_;x, S > w, (2.2)
and Vz € D(A)
1 Y+in
T(t)z = — eM(A - A)lzd),y > w. (2.3)

27t Jy_ix

Proof Since ||T(t)|| < Me“t, set a(t) = [i T(s)zds,Vz € X, it is easy to see that aft)
satisfies the condition in Lemma 1.

Noting
=) t
(A= A) 'z = ,\/ e—*‘(/ T(s)zds)dt, ReA > w,
4} ()

we get (2.2).
On the other hand, for £ € D(A), by (2.2)

t 1 Y+isc (/\ _ A)_lAz
= — AL M St §
/U T(s)Azds 57 L_i% e 3 Y > w,
we have
t v+ino y+ioo
/ T(S)Azds = - L/ erMad) + L/ e/\t(/\ _ A)_lzd/\
0 2wt Jy—ix 27t Jy—ix
. 1 T At -1
—-—I+2m/m@e (A=A) "zdA
Then

1 ‘7+too
5—/ tA— A) zd,\—z+/ s)Azds,

noting Ve € D(A)
t
T(t)e =z +/ T(s)Azds.
0

The proof is complete.
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Theorem 2.3 Let T(t) be a Cy-semigroup in Banach space X, with generator A. The
right half plane of the line Red = B, is only composed of at most denumerably many
points which are eigenvalues with finite multiplicity of A, A, X2,---.Vz € X and ¢ > f,
uniformly for o, we have

lim {|R(o + 17, A)z||/|7] = 0,

|r =

then Vz € D(A)
T(t)z = Y Tu(t)z + Ru(t)z.

n=1

Proof Using Theorem 2, Yz € D{A]}, we have

v+inc
710:::—1- (A — A) 'zdA.

271 Jy—ix

On the other hand, since AR(\, A)z = z + R(), A)Az, then ||R(o + i1, A)z|| < LHJ +

R{a4i1,A) Az
“‘——rr-)—u‘r .

It is easy to prove Yz € D(A),o > f,

lim ||R(o + it, A)z|| = 0.

ITI—N’K‘

The following process is similar to [1], we omit it.
Similar to Theorem 2.3, we have the following result.

Theorem 2.4 Let A be a generator of Cy-semigroup T(t) satisfing the conditions in
Theorem 2.3, furthermore, Vz € X and o > By,

lim (|R(c + ir, A)z]|/r* =0

|r|—~

umiformly for . Then Vz € D(A?)

1

T(t)z = Z T.(t)z + R..(t)=.

n=1

3. Example

We consider the following neutron transport equation ([3],(4]):

1
af(;atﬂ'at) - _#a.f(:;’z#yt) _ a(:c)f(:c,u,i) + [_1 k(Z,ﬂ,ﬂ,)f(x,ﬂl,t)dﬂl,
f(=a,pu,t) =0, 0< <1, (3.1)

f(aa#!t) = 0) -1 S H S Oa
f(z,p,O) = f(l(zvy')'
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Set X = [~a,a] x [-1,1], and let L?(X) be the Banach space of all square-integrable
complex functions defined on X, define operators on L%(X) as follows:

Bi(e.w) = 2128 _o(a) e, ),

1
Kf(e) = [ k@) (e, w)ap,
A=B+K,

where D(B) = {f : Bf € L*(X), f(—a,u) = 0,0 < 4 < 1;f(a,p) = 0,-1 < p < 0},
D(K) = L*(X), thus D(A) = D(B).
Then, equation (3.1) can be written as

df(t) _ _
RV ONSOES (32)

By the results of (3], [4], for A and B we have

Theorem 3.1 X" = inf_,<,<40(2), then
(1) {A:ReX > -2*} C p(B);
(2) {A:ReX > K| - A} C p(A);
(3) Let by,by be two real numbers satisfing —A* < by < ||K|| = A* < b,, then, A has at
most finite eigenvalues with finite algebraic multiplicity in the strip {A : b; < Re) < by},
(4) A generates a Co-semigroup T(t) with ||T(t)|| < Me“:.
By the consequence in section 2 of the paper, we obtain immedily the following theorem:

Theorem 3.2 For fo(z,u) € D(A), the neutron transport equation (3.1) has unique
solution:

f(zsuvt) = T(t)fo(zaﬂ')'

For constant by with —\* < b; < [|K|| — A*, the solution of equation (3.1) can be expanded
as follows:

fz,pt) = ZTm(t)fo(z n) + o),

where T, (t) fo(z, 1) = Res(exp(At)R(A, A)fo(z, )| x=r, A1y A2y -+, A are the eigenvalues
of A with ReAp, > Apy1,k=1,2,---,m—1 and ReAp > b1,k =1,2,---,m
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