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Spline Function Spaces *
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Abstract: In this paper, the dimension formulaes of multivariate weak spline are dis-
cussed. The dimension formulaes of non-degree multivariate weak spline on a vertex are
presented. The dimension formulaes on triangulation are also discussed. At last, the
local supported bases of W1(I;A) are presented.
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1. Introduction

It is well known that multivariate spline is a kind of fundamental tool for computational
geometry, numerical analysis, approximation, and optimization. But one have often met
a new kind of spline that is named as multivariate weak spline. The multivariate weak
spline is defined by a piecewise polynomial which smooths only on a set of discrete pointsm.
The multivariate weak spline is important in finite element and CAGD and it is defined
and discussed in [7,8]. In [7], the smooth condition and conformality condition about
multivariate weak spline are presented. In [8], the B-net method for studying multivariate
weak spline is discussed. In this paper, we will present some dimension formulations about
multivariate weak spline spaces. To help make this paper self-contained the remainder of
this section contains a brief statement of the relevant definitions. In this paper, Py (x,y)
denotes the collection of all bivariate polynomials of real coefficients with total degree k,
and Py(x) denotes the collection of all univariate polynomials of real coefficients with

total degree k. D™ P(z;,y;) denotes the collection of S—E(Z¥) 0<t<m.

ST zdm—ty |(a:,',y,‘) ’

Definition 1 Let [ be a line segment, and the point set S = {(z1,41),(z2,¥2), ",
(£n,yn)} lie on l. If |S| := card(S) is limited, and each point of S is an interior point of
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the line segment [, then S is called an appointed point set,and every point in S is called
an appointed point.

Let D be a domain in R?, A be a partition of the domain D consisting of finite straight
lines or line segments. An appointed point set is given on each inner edge. This partition
is called an appointed point partition which is denoted by IA. Let D;,i =1,---,T, be all
of the cells of A, and S;,5 = 1,---, L be all of the appointed point sets of IA. Denote by
C*(S) the set of functions with x smoothness in each point of the given point set S. For

(o)
integer k£ > u > 0,

W (IA) = {W(z,y) € C{,(5)IW(z,9)Ip; € Px(x,¥),VDi,§ = U;5;}
is called a multivariate weak spline space with degree k and smoothness u, W(z,y)|p
denotes the restriction of W(z,y) on D. Let i = (g1, 2, - -, 1) is a L dimension vector.
Then 3

WE(IA) = {W(z,y) € N5, C7 (Sm) : W(2,9)lb, € Pi(x,¥),¥D;}

is called a non-degree multivariate weak spline space with degree k and smoothness .

Theorem 10! Denote by ! the straight line: y — az — b = 0. Let p1(z,y),p2(z,y) €
Py (x,y), and S be a set of points on the line l.Let p(z,y) = p1(z,y) — p2(=,y). Then

DjP(zi,yi) = 07] = 07' ",ﬂvv(z(,yi) € S

if and only if there exist ¢(z,y) € Py_,_1(x,y), and cn(2) € Pyx_,,_(18-1)m—1(x) such
that

B+l S|
p(z,y) = (v — az - b)*g(z,9) + ) (y — az - BV ([J(z — z:))"em(z) (1)
. m=1 i=1

where c¢,,(z) = 0 provided k — p — (|S] - 1)m -1 < 0.

g(z,y) is called to be the smoothing cofactor on the line I, and ¢, () is called to be the
weak smoothing cofactor of order m on the line I. Suppose that N edges passing through
the interior vertex v. Let S; be the set of appointed points on the ith edge: y—a;z—b; = 0.
Similarly as the ordinary multivariate spline,the following conformality condition at the
interior vertex v

N
Ho =Y ((y — @z — b)) gi(z,y)+
=1
pt+1
S (y-az = b)) (2 - ) emi(2)) = 0
m=1 (zi.yi)ES;

holds.
The following conditions are called to be global conformality conditions

HUOIO,H"l:O,'--,Hun:O (2)



where {v0,v1, -, vn} is the set of interior vertices of A. We have

Theorem 2! Let ITA be the appointed partition on D. S(z,y) € W}'(IA) if and only if
there exist the smoothing cofactor, the weak smoothing cofactor with order m(1 < m <
p + 1), and the global conformality condition are satisfied.

In this paper, we only consider a simple but practical case, i.e. the cardinality of
appointed point set on each grid segment is 1 and A is a triangulation of a simply connected
domain D C R2. Denote the appointed point triangulation as I;A. The multivariate weak
spline and non-degree multivariate weak spline over J;A are denoted by W}'(I;A) and

W,f(I 1A) respectively.

2. The dimension formulation for non-degree multivariate weak spline
living on a vertex

Denote by St(v) the collection of cells in A sharing v as a common vertex. Let N be
the number of lines and (z;,y:) be appointed point lying on the ith grid line. The cell
between the ith grid segment and the (i + 1)th grid segment is called the ith cell, where
1 < ¢ < N — 1; The cell between the Nth grid segment and 1th grid segment is called
the Nth cell. Denote by W{I(St(v)) the non-degree multivariate weak spline space over
St(v), where i = (p1, 2, -, pun). In this paper, we will consider the dimW;f(St(v)). Let
Pain = min{p;, ¢ = 1,2, N}, phyax = max{p, i = 1,2,---, N}. We have

Theorem 3 Ifk > pin + fmas + 1, then dimW}f(St(v)) = NC?

N 2
k+2 Ei:l C/l,’+2 where

N is the number of grid lines.

Proof Select an appropriate reference frame such that (z1,31) = (0,0),2n5 # 0. Without
loss of generality suppose uny = Hmin. Suppose that the polynomial defined on the :th

. ] _ " . _ Dn+mW § i )
cell is Pi(z,¥) = Y pqm<k as:)n:c”y' . Let ul), = ——(‘—-)'OI,.;);". Yl n+m < p;, where W(z,y)

is the multivariate weak spline concerning the vertex v. According to the definition of

W} (St(v)), ui,, and all), are unknown variables, we get the coefficient matrix

A, 0 0 0 —-E 0 0 0 0

A, 0 0 O 0 -E 0 0 0

0 A, 0 O 0 -E 0 0 O

A= 0 A3 0 O 0 0 -E 0 0 ,

o 0 . 0 0 0 . 0 -E

0 0 0 Ay O 0 6 0 -F

0 0 0 A4 -E O 0 0 O
where E is the identity matrix of order CZ ,,, each A; is a matrix of order C2. 19 X

an+m . .

C?.,- The row vector of A; is %‘le—’l,n + m < p;, where b(x,y) = (2F,2" 1y,
oo, yb2F oo 2y 1), Tt is clear that A; is a row full rank matrix. After a series of



transformations, the matrix A becomes:

0o 0 0 0 0 —-F 0 0 ]
o 0 0 O 0 0 -F 0 0
o 0 0 0 0 0 o . 0
0 0 0 0 0 0 0 0 -F
0 A, 0 O 0 0 0 0 0
0 0 Az 0 0 0 0 0 0
0 0 0 .0 0 0 0 0
0 0 0 0 Ay O 0 0 0
0 A A A A 0 0 0 ’

Obviously, if B = (A’:’ ) is row full rank, then the matrix is also row full rank. Now to

prove B is row full rank for k > gmin + fhmar + 1. Ai can be written by (A,,A ),where
Ajisa Cm 42 X C“ \as+2 Submatrix. It is easy to prove that A is a nonsingular matrix.

Because of (z1,¥:) = (0,0), so A; = 0. Since

AN
B = =
we need only prove Ay is row full rank. Obviously, if Ay is row full rank for k =
Hmaz + Bmin + 1 then Ay is also row full rank for k > gz + fimin + 1. Now we prove An
to be row full matrix for k = fmaz + fmin + 1. After a series of primary transformations,
Ay becomes

B 2
s}nz’“N

B, D E F Co
0 Bl G H Cl
. )
0 o0 . K :
0 0 O Bll“".+1 Cl‘mi-+1
where
2l zh1 ghmer+1
Clzgh? 1 Hmax
B = CkzN CL lzN o Cl‘mux+lzN
0=
Hmin k‘—llmin fmin k- —ftéimin—1 ftmin fimax —~ i +1
Pmin!CE™" 2y Hmin!CEmT 2 T e gl BN

Since zy # 0, it is clear that By is arow full rank matrix. Similarly By, Bz, -, By,,;n+1
are row full rank matrices. Hence Ay is a row full rank matrix. Therefore the matrix A
is row full rank matrix. The number of unknown variables is NCZ,, + >y, C2.,, and
the rank of coeﬁicient matrix is 2N, C So the dimension of the space W,‘:‘(St(v))
is NCE+2 E:_ 0

I‘l

2
pi+2°
3. The dimension formulation for multivariate weak spline on triangulation
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In the section, we will presented the dimension of WJ(I1A),d > 2u + 1. We firstly
introduce some notations. For triangulation A, Let T'=number of triangles, Ey=number
of interior edges, Eg=number of boundary edges, L= number of grid segments.

Firstly, we introduce the dimension of W3, ,(I;A). Consider the following problem.

D™"P(z1,41) = D™ f(21,1)

D™"P(z3,y2) = D™ f(22,92)

D™"P(z3,y3) = D™"f(z3,y3), m+n<p (3)
D™"P(zo,y0) = D™" f(z0,%0), m+n<p-1

where (z1,¥1),(22,92),(23,¥ys) are three vertices of AABC, (2¢,¥) is an inner point of

the tria.ngle, Dm.nf(z‘,, yi) denotes %]C(zi’ yi)a f(zay) € CH, P(Z, y) € P2u+l(xa y)

We have
Lemma 11 The system (3) has a unique solution.

Theorem 4[] dim(W3,,,(11A)) = TC, s — EIC2,,.
Now we consider the dimension of WJ'(I1A),d > 2u + 1.

Theorem 5 Ford > 2u+ 1, dimW}(hA) = TC%,, — EiC2%,,.

Proof According to the definition of multivariate weak spline,we know w(z,y)|p;, €
Py(z,y), where w(z,y) € Wi (11 A). Let pi(z,y) = w(z,y)|p, and pi(z,¥) = X1nyncd ),
z™y"™. Suppose D;,,1 < I < 3 share an interior edge with D;. Denote the appointed point
shared by D; and D, as (z;,.,¥i,,),1 < m < 1. We have

thi(zim)yim) = DhPi...(xi,,.,yim),h = 0)' v ﬂ‘ai = 1,' e aT' (4)

Denote the solution space of system (4) as H. Obviously, dim W} (I;A) = dim H. There are
TC},, unknown variables and E[C},, linear equations in system (4). The coefficient ma-
trix of the linear equations is denoted as Ho. Therefore,dim H = TC3 o —rank(Ho), where
rank(Ho) denote the rank of Ho. According to Theorem 4, dim Wy, ,([A) = TC3, 5 -
EIC;‘:“. Hence, when d = 2u + 1, the matrix Hy is row full rank. So, for d > 2u + 1, the

Hy must be row full rank. So,for d > 2p + 1, dimW/(IA) = TCZ,, — E/C%,,. O

Remark When d < 2, it is difficult for obtaining the dimWj{'(I;A). In [8], the
dim W}(St(V)) is presented. Using B-net method, the dim W}(I;AL,,,) is also presented,
where Al denotes type-1 triangulation.

We are interested in whether dim W} (I;A) is instability, i.e. whether dim W3 ([;A) not
only depends on the topology structure of A but also depends on the geometry property
of A and appointed points.

4. Local supported bases for W}(I;A)

In the section, we will consider the local supported bases for W1(I;A), where A is any
triangulation. In fig.1, four local supported multivariate weak functions are shown. From
left to right, these functions are called B!, B?, B3, B* respectively. In Fig.1, we give the
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values of B*,i = 1,2, 3,4 at the geometric centers of the triangles (these values are placed
inside the triangles) and also the values B*,D.B*, DyBi,i = 2, 3,4, respectively (given by
the triples (-,-,-)), at the appointed point lying on the interior grid edge. These values
completely determine B* with the exception of a translation.

Fig.1

By using the values in Fig.1, we can prove B* and their translations are lirie independent.
Moreover, we have

Theorem 6 The B',i = 1,2,3,4 and their translations are local supported bases of
WHLA).
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