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Abstract: Some results concerning weakly continuous selection for set-valued mapping
are given and, applied to metric projection. Let Y be a subspace of a Banach space X.
If Y is a separable reflexive Banach space, removed a first category subset, the metric
projection is weakly lower semicontinmous and adiiits a weakly continuous selection.
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1. Introduction

Let Y be a subset of a normed linear space X. The metric projection onto Y is the

set-valued mapping
Py(z)={y € Y;|z - v| = d(=,Y)},

where d(z,Y) = inf{|lz — y|l;y € Y}. If, for each z € X, Py(z) # @, then Y is called
proximinal. One of the most interesting and important problem in metric projection is
the existence of continuous selection. A continuous selection for a metric projection is a
continuous mapping s from X onto Y such that s(z) € Py(z) for every z in X.

Let X and Y be two topological spaces and F : X +— 2¥ a set-valued mapping. F is
called lower semicontinuous if, for every open subset V of Y, the set {z € X; F(z)nV # 0}
is open on X.

Let Y be a proximinal subspace of a Banach space X. The Michael’s Theorem ([4],
Theorem 3.2”) follows that, if Py is lower semicontinuous, then Py admits a continuous
selection. However, the convers is not true (see [2]).

B. B. Panda and O. P. Kapoor[s] has shown that, if Y is a proximinal subset of a
locally uniformly convex Banach space X, then there exists a dense subset G such that
the restriction Py|g of Py on G admits a continuous selection.
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In this paper, we will prove that, if Y is separable and reflexive, then there exists a
subset A of the first category in X, such that Py|x_4 is lower semicontinuous and admits
a continuous selection.

Firstly, we introduce the following definition.

Definition Let X be a topological space and Y a Banach space. The set-valued mapping
F: X — 2Y is called weakly lower semicontinuous if, in the weak topology onY', F is lower
semicontinuous. A weakly continuous selection of F is a selection which is continuous in
the weak topology on Y .

The pupose of this paper is to discuss the properties of lower weakly semicontinuous
for a metric projection and the weakly continuous selection.

In Section 2, we discuss the existence of weakly continuous selection for general set-
valued mapping.

In Section 3, we apply the results of section 2 to metric projection.

2. The continuous selection of set-valued mapping

In this section, we discuss the existence of weakly continuous selection for general
set-valued mapping.

Let X be a topological space, Y a Banach space and, F : X 2Y a set valued
mapping. Consider the following assmptions:

[(F,)] There exists a R > 0 such that, for every z in X,

F(z) C{y € Y;|lyll < R}.

[(F3)] For each z in X, F(z) is closed in the norm of Y.
[(F3)] For each z in X, F(z) is convex.

Remark 2.1 If F satisfies the conditions (F3) and (F3), Banach-Mazur’s Theorem implies
that F(z) is weakly closed in Y for every ¢ in X.
In essence, the following Lemma just is the Lemma 4.1 of [4].

Lemma 2.2 Let X be normal, paracompact topological space and Y a Banach space.
F : X — 2Y is a weakly lower semicontinuous set-valued mapping. If F satisfies the
conditions (Fy) — (F3), then, gievn a convex neighborhood V of the origin of Y, there
exists a weakly continuous mapping f : X — Y such that,

f(z) € F(z) +V, and [[f(z)]] < R,
for every z € X.

Proof By the proof of Lemma 4.1 of [4], the f may be written as

fz) =Y p(2)y(p),

peP

where P is a locally finite partition of unity on X which is subordinated to some open
covering, and y(p) € F(z,) for some z, in X.
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Since p(z) > 0, by (F1), one has,

17 @) < - p(Nly@)l < R(Y_ p(2)) = R

peEP peEP

Remark 2.3. Lemma 2.2 is as the Lemma 4.1 of [4] except for the condition || f(z)]| < R.
However, this condition is not essential to the following Theorem.

Theorem 2.4 Let X be normal, paracompact topological space and Y a separable,
reflexive Banach space. F : X — 2Y is a weakly lower semicontinuous set-valued mapping.
If F satisfies the conditions (Fy) ~ (F3), then f admits a weakly continuous selection.

Proof Suppose {a,}, being a number sequence such that a,, > 0 and 2"*'a,;; < an.
Let {¢,.}22,; be a countable dense subset of the unit sphere in the dual space of Y, and

Vn = {y € lesot(y)l S Ay s i= 1’2a"'vn}'

Then V,, is weakly open and V,,;; C 2-(»*DV .
By Lemma 2.2 and using the proof of (a) = (b) in Theorem 3.2” of [4], there exists a
sequence {f,}32, of weakly continuous functions from X into Y such that

for1(2) € fulz)+2V,, n=1,2,---. (1)
fa(z) € F(z)+V,, n=12,---. (2)
Hfﬂ(m)H S R1 n= 1a2""' (3)

Since Y is a reflexive Banach space, Y is weakly complete. Now, it sufficient to show
that {f,}>, is uniformly Cauchy, that is, given an open neighborhood V' of the origin in
Y, then there exists an integer N such that,

fm(z) = falz) €V, (4)

when n,m > N and z € X. By (1), one has f.11(z) — fu(z) € 2V,,. Therefor,

fm(z) - fn(z) € 2V’m—l + e+ 2‘/n g 2[( )Vm—z + - + ( )Vn—l]
1 1
C 2(‘2—,,7_—2 + "'57,,,—1)‘/1;—1 C Voot

2m-—-l on-1

It follows that, given an integer N, for any m,n > N and every z in X ,

fm(z) ~ fulz) € V. (5)

By the property of weak topology, there exist k elements 11,4 in the nuit sphere of
the dual space of Y and € > 0 such that

Vo={yeY; Wyl <e, i=1,2,---k}CV.
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Since {¢,,}52, is dense in the unit sphere of the dual space of Y, there exist integers
my,ma, -+, my such that,

|m; — Wil < €/4R, i =1,2,--- k.

Let N be an integer such that, ay < ¢/2and N > m; fort=1,2,.---, k. Whenn,m > N,
by (3) and (5),

[l fm(2) = Fu(2)]l < 2Rllom; = ¥ill + lom; [fn(2) = fu(2)]]

<e/2+an<eE.

Hence, fu(z) — fo(z) € Vo C V, that is, [4] is hold. O

We recall that, a subset A of a topological space X is of the first category in X, if it
is a countable unin of nowhere dense subsets. Let X be a complete metric space and A a
subset of the first category in X. Baire’s Theorem implies that X — A is dense in X.

Theorem 2.5 Let X be a complete metric space and Y a seconed countable, locally
compact Hausdorff space. The set-valued mapping F : X — 2Y is defined on X and, the
set G = {(z,y); y € F(z)} is closed in X x Y. Then there exists a subset A of the first
category in X such that the restriction F|x_4 of F on X — A is lower semicontinuous.

Proof By the assumption of Y, there exists a collection of open subsets {V,,}72, in Y
such that V,, is compact and, for each y in Y and an open neighborhood V of y there
exists an integer n such that

yeV,CV,CV.

Let F, = {z € X; F(z)NV, # 0}. Suppose z;, € F, and

lim z; = z.
k—»oo

Since F(z;) NV, is non-empty, let y;. be in it. Since V,, is compact, we may assume that
lim y =y,
koo

for some y € V,,. Then (z,yx) — (2,y) in X x Y. Since (2x,y1) € G and G is closed, so
(z,y) € G. Hence,
y€ F(z)nV,, and z € F,.

So F,, is closed and OF,, has no any interior points where OF, denote the boundary of F,,.
Let A = Ug20F,. Then A is of the first category in X.
It remains to show that the restriction F|x_ 4 of F on X — A is lower semiconutinuous.
Let z € X — A and W be a open subset of Y such that F(z)NW is non-empty. Suppose
y € F(z) N W. Then there exists an ieteger n such that

yeV, CV, CwW (6)

Hence F(z) NV, is non-empty, that is, 2 € F,. Since z € X — A, z ¢ OF,, so z is an
interior point of F,,. Hence there exists a neighborhood U of # such that U C F,,, that is,
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F(z)NV, is nonempty when z € U. (6) implies that F is lower semicontinuous at z. O
3. Application to metric projection

In this section, the results of section 2 are applied to metric projection.

Let X be a Banach space and Y a subspace of X. It is elementary that, for each
z € X, Py(z) is closed and convex. If Y is reflexive, by [1], Y is proximinal. Since, for
every ¢ € X,

span{Y U {z}} =Y + [z]

is reflexive where [x] is the subspace spanned by z.

It is well known that, if Y is a separable and reflexive Banach space, then, for each
R > 0, on the weak topology of Y, {y € Y;l|ly]l < R} is a seconed countable, locally
compact Hausdorff topological space.

Theorem 3.1 IfY is a separable, reflexive subspace of a Banach space X and Py is
weakly lower semicontinuous, then Py admits a weakly continuous selection.

Proof Let F be the restriction of Py on §(X). Then F : S(X) — 2¥ is weakly lower
semicontinuous. Evidently, F satisfies the conditions (F;) — (F3) for R = 2. Since S(X)
is normal and paracompact, using Theorem 2.5, F admits a weakly continuous selection
f(). Let

0 if z =0,
f(=) = { lzll fo(z/||lz||])  otherwise.

It is obvious that f is a selection of Py. Now, it remains to show that f is weakly
continuous. Given a weakly open subset V of Y, let zo € f~}(V)). We must show that
there exists a neighborhood U of z¢ in X such that f(U) C V. Since {|y|| < 2||z||, for
every z € X and y € Py(z), the proof is easy when zo =0. Hence we may assume that
zo # 0. Let yo = f(z0). Then

vo/llzoll = fo(zo/llzoll)-
Suppose {¢;}*.; CY” and € > 0 such that
Yo + Vb g Va

where
Vw={yeY; lle(y)ll<e, i=1,2,---,n}.
Let
Vi={yeY; llp(y)ll <¢/3, i=1,2,---,n}.
Then, 3V; C V;. Since yo/||zol| + ||zoll™ V1 is open, fo is a weakly continuous selection

and

fo(zo)/llzol| € ﬁ +{lzofl WA,

there exists a §o > 0 such that, when ||z — “—i—gﬂH < 8¢ and ||z|| = 1, one has
fo(2) € yo/llzoll + lzoll ~V1.
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Then there exists a § > o such that, when ||z — z¢]| < 4,

Zo

—|| < 8o
llzoll

el llzoll < 2, snd 1725~

and

L= ey < 8, 8= 12,0

Hence, we have that, when ||z — zof{ < 6,

=1l , =l L=l = 2ol =l 5,

D € Tl Tl = Tl 7% o
Cy+3hCyp+WCV.

llz]) fo

Therefore, f~1(V') is open on the norm topology and f is a weakly continuous selection.
a

Theorem 3.2 Let Y be a separable, reflexive subspace of a Banach space X. Then
there exists a subset A of the first category in X such that the restriction Py|x_ of Py
on X — A is weakly lower semicontinuous.

Proof For each integer n, let X, = {z € X;|jz|| < n}, Sn = {z € X;||z|| = n} = 0X,
and F, = Py|x, the restriction of Py on X,,. Obviously, X,, is a complete metric space
and the set-valued mapping F, : X,, — 2Y satisfies the conditions (F}) - (F3) for R = 2n.
By Theorem 2.4, there exists a subset A, of the first category in X,, such that F,|x,_a,
is weakly lower semicontinuous. Suppos

o
= U Bn.k)
k=1

where B,, ;. is nowhere dence. Hence
A= ( n__an k) ( ?'Lozlsﬂ) = U?lozl Ul?:il (ank U Sﬂ)

is of the first category in X. Now, we show that Py|x_ 4 is weakly lower semicontinuous.
Let V be a weakly open subset of Y. We must prove that

D={zec X - A; Pr(z)NV # 0}
is open on X — A. Let
D,={ze X,— A,; Pr(z)NV #0}.

For each z in D, then |jz|| < n for some integer n, that is, z is in D,,. Since D, is open
on X,, — A,, so there exists an open subset G of X such that

D, =Gn (Xn - An)~
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Let
U={zeX; |zl <n}nGn(X - A). (7N

Then U is open on X — A. Since
{z € X; 2l < n} 1 (X — A) C X — An,
(7) implies ¢ € U € D. So D is open. O

Corollary IfY is finite-dimensional, then there exists a subset A of the first category in
X such that Py|x_a is lower semicontinuous on the norm topology of X and Y.

Proof It follows from the fact that the finite-dimensional norm space is separable and
reflexive and, any two linear topologies on a finite-dimensional linear space are equivalent.
a

Theorem 3.3 Let X and Y satisfy the condition in Theorem 3.1. Then there exists a
subset A of the first category in X and a mapping f : X — A Y such that

(a) Forzr e X —Aandt>0,tz € X - A

(b) Forz € X — A andt >0, f(tz) = tf(=).

(c) f is a weakly continuous selection of Py|x_4.

Proof Theorem 2.5 implies that there exists a subset A, of the first category in S(X)
such that
Py lsix)-a, : S(X) = Ay = 27

is weakly lower semicontinuous. Since S(X )~ Ay is a metric space, so S(X)— Ao is normal
and paracompact. By Theorem 2.4, Py|g(x)- 4, admits a weakly continuous selection fo.

Let A = {tz; t > 0,z € Ag}. Using the same method in the proof of Theorem 3.1,
f: X — A~ Y defined by

50 ifz =0,
f(z) “{ lzllfo(z/ll2])  otherwise,

for every z in X — A, satisfies (a) — (b). It remains to show that A is that of the first
category in X. Let Ay = U, B,,, where B,, is nowhere dense in §(X). Let

B = {t:lf; t2> k—laz € Bn}

Then A = U,y Bu k. Now, it is sufficient to show that, if ¢ > 0 and By is a nowhere
dence subset on S(X), then

B ={tz; t >¢and z € By}

is nowhere dense in X. Obviously, B = {tz; t > ¢,z € Bp}. Suppose z( being an interior
point of B. Then there exists an open neighborhood V of zy such that V C B. This
implies that

(2ol ™'V) 0 S(X) C By
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and
(2ol 7*V) N S(X)

is an open subset on S(X). This is impossible since By is nowhere dence on S(X). The
proof is complete. O

Corollary IfY is a finite-dimensional subspace of a Banach space X, then there exists
a subset A of the first category in X and a mapping f : X — A — Y such that the (a) and

(b) of Theorem 3.3 are hold and
(c’) f is a continuous selection of Py|x_4. O
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