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1. Introduction

Recently, many authors have studied the L?-boundedness for the singular integral
operator T on product domains R™ x R™ defined by

—v)
T(f)(z,y) = pv. .//R"xn'" 7 = u|”|y o f(u,v)dudv

for 2 in different function spaces on §™~! x §*~1. For example , in [1] R.Fefferman proved
that T is a bounded operator on LP(R" x R™) if Q) satisfies some regularity conditions. In
[2], J.Duoandikotxea proved the LP-boundedness of T'(f) for € LI(S* ' x §S™~1)(¢g > 1).
For some 8 > 1 and © € L(log *L)*#(8§™~! x §"*~1), Hul’l proved the LP-boundedness of
T(f).

In this paper we shall consider the L?—bounds for the Marcinkiewicz integral operator
p(f) on product domains, defined by

too pto0 dtds 1
i = ([ [ IR Pk, )
where (lul o)
Filzv) = //;‘l“ |:|n ziw(tulv)f(w-u,y—v)dudv, (2)

v|<s
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and Q € L}(S"~! x $S™~1) which satisfies the following conditions,

Q(tz',sy') = Qz',y),Vt,s € RT, (3)

/ Q(:l!/,yl)dilfl — O,Vyl c Sm_l, (4)
Sn—l

/ 1 Q(z',y')dy’ = 0,Vy' € "L (5)
Su—

In [4], Yong Ding proved that © € L(log*L)*(S™~! x §™~1) is sufficient for the L-
boundedness of u(f). Inspired by the work[3], we shall not deal with its original operator
here but with its equivalent one uq(f) defined by

+x r4oo dtds .1
@) = ([ [ IRl gt (6)
' h(|ul, o)) U u, v
Ftﬁ(:c,y) :/luls2‘ (||u||"11||)v[”(“1 )f(:c - u,y — v)dudv. (7)
vl <2

Now we state the main result of this paper.

Theorem 1 Let ) be as above and h € L>(R* x RT). Suppose that  belongs to the
space L(log ¥ L)?(S™~1 x §™1) for some § > 1. Then the Marcinkiewicz integral defined
by (6) is LP—bounded on LP(R™ x R™) for p € (522;,28).

2. Basic lemmas

We begin with some notations and lemumas, which will be used in the proof of our
theorem. For ¢,s € R, we define measures {0y ,} ,{A:,} by

Tea(€, ) = [ fuyca Blul, R0l = o et B dudo o, (g)

ful <22

Xeo(E1,8) = / /MQ, |h(Jul, o)) Q(u, v)|jut o) e ) qudy /2t (9)
v <2?

Also we define the maximal operator o*(f) by
o™ (fN=,y) = suptser|Aes * fz,9)].
Then it’s easy to see that
271 Ff(2,1) = 010 % f(2,9). (10)

Lemma 1

ReaE €)1 < [fugcor bl oIl of "0 (u, v)ldeds/24+*

v <2?

< || [1R]| o, (11)

o™ (Il < el fllp for I < p < 400, (12)
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where ¢ is independent of t,s € R.

Lemma 2 Let Q, be a function defined on §"~! x $™~! and belong to the space
L°(8§™1 x §™=1), then for & € R™, €, € R™, €, - & £ 0

15361, &2)] < el |Qlloe(|26al]2°¢21) 7
for constants ¢ and € > 0 which are independent of Qg,t, s.

Proof For fixed §; € R™, £, € R™, we write
If‘,/)({lag?.) = // Qu(ul,,Ul)e—iru’.fl‘*i/)u'.& dUIdUI,
Su—1ygm-—1

then we have

— o, Y irul by —ipu b drdp | ,
az,a(fl,fz)l'—-l// Qo(u,v)/ / e *h(r,p) oy du dv’|
Sn—1y gmu—1 0 0 2
2t drdp
:/0 [) 11',/)(61)62)h(r1p) ot+s
N drdp 1
Seliblll [ [ Mrullr &) 500"

<cl[Alluc( / / Lty 20,61, E2) 2drdp)

write
| Tll(Ela 6” // Qo(’w z )Qu(u v ) —ir(u'~w')-€1 ~ip(v'=2')-&2 %
Sn— -1 xSm-l )2
e~ =iy e o/ qo/ du' d

thus we obtain for any 0< ¢ < 1

T (61, 60))° <c||h||oo// Qu(w', 2)Q(t, v') / / | Lyty 30, (61, 2)|*drdp
Sn— lxsm-—l)
<clinli, [[ [Qo(w', )R (u, ') |[2461| 74|26 2" x
(Sn-lxsm—l)Q
I(u' — w') - &]7°)(v' = 2') - & *dv/'dv’dw’ds’
<ellhlfZ IRkl 21 (0 = ) - I do'dz)x

Sm=1y gm—1
. ' = ) - €1 dw'da)
Su—lygn—1
<cllhl3]190ll0] 2%€1 | 7€ |2°€2] ¢

Lemma 3 Let Q) be a function on S*~*xS™! forn > 2,m > 2and Q € L(log* L)"(5™ 1 x
S5™-1) for some 7 > 1 . Then for any positive integer k, there exists a function €, defined

on S x §™-1 satisfying |
1%l < 25,10 - Qufly < k™.
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This result is contained in the paperl®l.

Lemumna 4 Let t,s € R,Q € L(log*L)? and satisfies (3)-(5), then
(1) ea(61,62)] < c|261][2°€o| if 2%61] < 2,|2°62] < 2;
(i) Tea(€r, &)l < c(log |2¢61])2|2°62 if |2°61] > 2,|2°6] < 2
(ifi) Fea(,62) < c(log [2°€2))"22%] if 2°61] < 2,|2°62] > 2;
(iv) G.(61,62)] < c(log|26,|[2864]) %P if |2841] > 2,]2%65] > 2.

Proof We discuss the following four conditions.
Case(i) It’s easy to be obtained once we observe the cancellations of Q.
Case(ii) We write

1 1 3 I st
G¢,s(61,62)( =| / Q(u’,v’)/ / e~y Lr(gmi2 e _ 1)h(r, p)drdpdu’dy|
su—lxsm—l 0 0
1 N '
§||h||‘x|2".fg|/ g/ Q! v)e™ i 4 Q| dv dr
U Sn—1
1 . ’
<clltli<le ) [ |/ (Q, o) — Qu(ed,v'))e 2 67 du’|dv'dr+
U Su—1
1 ot
cllrlizall [ 1 [ Qaluv)e 0w avar
U Sn—1
<cllhllx]27E Q" v') = Qa0 )|l + 1.
As the lemma2 above, we can obtain |
: 1
1< ellhllc 2762012117190l for any 0 < k < .
If |2t£,] > 2, denote [}, the positive integer such that
2 < |2ty < 2,
while Lemma3 tells us that we may choose ;. satisfying

11 < 2%, 110 — ully < el ™.

This in turn implies that

15e,0(€1, €)1 < cllrlle|2°EI(1Q — Qully + 126211 1) < cllhlloo|2°€sl(log 2[2°€1]) .

Case (iii) The proof is exactly similar to the case (ii).
Case (iv) Similarly by lemma3 we have

1,5 (€1, 62)] < cf|hllx|27€2) 75125607l Quy [l + el |12 = Qi1

If |2'¢;] > 2 and |2°&,| > 2, we choose I such that2! < (|28£1]]2%€4])F < 2'*! while Lemma3
tells us that for the positive integer [/, there exists a function ; defined on 7~ x 5"~ such
that

1Qlloo < 2" []Q = Qu|y < el™2h.
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Then
1Ge,0(€1,€2)| < cllhlloo|2*€2]™712%1] 77 + ¢l|R]|oc [log 5] 2%611[2°€2] 7.
This yields the desired estimates,

Now, we take two functions &; € C§°(R"), ®; € C°(R™), radial, supp(®;)C {1 <
;] < 2} and &; > 0, [ &;(¢)4 = 1 where i = 1,2. Let Brs(61,62) = 31(2061)@2(2°62)

and 1/’:,3(51,52) = &1(t61)22(s€2).
Lemma 5 For f,f € LY(R"™ x R™), there holds

b rba dtds
f(m’y) hm ¢ta*f(z y)
e1,62—0+4 €
§y,bp—+00

(13)

for all (z,y) € R™ x R™ provided f is the continuous representative of the equivalence
class determined by f € L'(R™ x R™).

Proof If we let f2: E,(:L y) = /'fl‘ /:l Ppy * f(z,y)%2 then by Fubini’s theorem and
Young’s inequality,

8
[l < log(— )108( )II‘I’llllll‘I’zIlelflh

Hence fe. 2 (&, 62) = (51,5')) ]6" P, (t€1)B2(sé2 )‘“d" It’s easy to see that |f, ql 322(51,52” <
|f(€1,£2)| which means
fe'l € (Elaf") € L (Rn X Rm),

then by the Fubini inversion theorem,
f(z,9) = £15(2,9) = (F = £12)"(2,y) for every (z,y) € R x R™.

Putting A! (51,57 z,y) = el=atvé) fg 61 — f J22 B, (t61)B2(562)%2), 5o that
f( ) fel €2 (23 y) = Cn //R"XR"‘ cl,c)(El’gzim y)d£1d£2 lmphes that

lim h"' o2(€1,€2;2,y) = 0 for almost everywhere £ = (£1,62).

€1 ,e2—04+

81,60 — 400

Since |hf}:ﬁ'§(£l ,€2;2,9)| < |f(€1,€2)], the Lebesgue dominated convergence theorem yields

lim  f(z,y) - f2(2,y) = 0 for all (z,y)

€),e2—U+4
81,80 =4

which completes the lenuna.
For 1) defined as above , we define the corresponding square g-function on the product
domains R™ x R™,

x + 0 A
gy (f)(=z /+ / [Yes * f(z,y)2dtds)?.
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Then we can immediately prove the following lemma, once we make a slight modification
on the paper [1]P123-125.

Lemmma 6 For ¢ defined as above, there holds

gy (Hllp < el fllp, (14)

where c is independent of the function f € LP(R™ x R™).
Now we write, for f € S(R™ x R™) ,

+o00 ptoo ) .
pa(f)(z,v) :(/ / lov, * f(z,y)|?dtds)?
too 400 +oo  ptoo ,
:(/ ‘ / | / / Ots % Yrgt, ots * (2, y)dt1dsy|*dtds)?
400 pto0  ptoo ptoo ) .
S(/ _ / (/ / |ot,s * Yrst, sts * f(2,y)|*dtds)2zdt1ds,

2/ ’:’ / :° Lyt ()= v)dtrdss, (15)

where the second inequality follows from lemmab and the third inequality from the Minkow-
ski’s inequality.

Lemux:.. 7 For ¢,{0;,} and I, ,,(f) defined as above, then Vpy € (1,+00), we have

ey o0 (F)llp < € 1 f - (16)

The proof is exactly similar to the proof of lemmal in the paper[2,P159], once we apply
lemma6 and lemmal.

3. Proof of Theorem

According to (15), that is to say

@ < [ [ (e vinds,

By the Minkowski’s inequality, we have Vp € (1, +0)
+o00 + oo
D@ < [ [ I (D@ w)lbdnds:
1 -1 1 +00 1 1
S(/ d81/ +/ d31/ +/ dsx/ )+
-1 —o0  J-1 1 -1 -1
-1 -1 -1 +00 -1 1
/ d31/ +/ dsl/ -+-/ dsl/ +
-0 ) — 00 1 — 00 -1
+o0 -1 +00 +oo +oo 1
J e [ [ [T [T dn [l (Dl
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By lemma7, we immediately get ,

1 1
[ s [ M (D 9)lldts < clifll.
-1 -1

For the sake of simplicity, we only discuss the following four conditions and the others can
be obtained similarly.
(a) If s3,t; > 1, then

”It1 31 13 y ||2 // iy //" 61’52 ' |§1(2t+t|51) (2a+a|£2)lzx
IU(fl,fz)l d¢1déqdeds

fc//m,)g //E |f(&r, €2) 1?1261 |2 €] A1 A dids,

where E;, = {(£1,62) € R* x R™: 27170 <|£28) < 274, 271=%1 < 1€,2°] < 271}, Hence

(N WIE < 220272 [ [[ 16, @) Fdedeads < a5l (17

(Rl )2Et,‘
Interpolating beween (16) and (17) , we can easily have, Vp € (1, +00)
+ 00 + 00
[ dn [ (D)l < 6l

(b) If sy, 21 and —1 <ty <1, we have

on (@ 9IE<e [[ [[ 176 @126 Pdadeus < a1 (8)

(Rl) El L)

Interpolating between (16) and (18), we easily get Vp € (1, +00)
+0o0 1
[ as [ D wlldn < il
(c) If s1 > 1andt; < —1, we have
W@l se [ []L 176 )P erogai2a - datadtas
<cle|~ 22| £]13.
Then Vp € (4ﬂ 7,4P) there exists 6, > 1 and ¢, > 0 such that

[11¢, 5, (f)“p < cpltl—a"z_c"al ||f”p

Thus oo
[ a5 [ Mt < oglifly
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(d) If sy < =1 and t; < —1, then

MmNz <e [ [ 16 ) logalell26l] P derdepdrds
Selt + 5111 (19)

Interpolating between (16) and (19), we see that , for p € (5%,2@, there exists
6, > 1 such that
ey 0, (Pllp < clts + 811 || £

which yields for all p € ( 2—;—‘(_3—1, 28)

-1 -1
[t [ ia(0@ vt < cpll il
-0 -0

"Now Theoreml is proved.
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FFIZ 8] _E Marcinkiewicz 34319 L» F5 M

Ao Y & K P2
(1. WO ASTRERKZER,  #1IT H0M 310028; 2. #IT L K2 %2R, WAT HM 310026)

W K FCEWTRMEE R® x R™ |k Marcinkiewicz B4 po(f) 89 LP H R4, HF
Q € L(log™ L)?P(S™~1 x §™1),8 > 1.
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