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The Robust Stability for Interval-Polynomial *
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Abstract: In this paper, a new stability criterion for positive-coefficient polynomial
is given. Then the problem about the robust stability for an interval-polynomial is in-
vestigated and some new stability criterions for interval-polynomials are obtained. The
coefficient perturbation bound for stable interval polynomial can be completely deter-
mined by the coefficients of polynomial (1.1). So the conclusions of this paper are simple
and useful. Several examples in the end of this paper show that the criterions given in
this paper are effective.
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1. Introducation and results

The real polynomial
f(s) = aos" +a1s" 14+ a, (1.1)

is called stable if every one of its roots has negative real part, where a; > 0 (¢ = 1,2, -+, n).
If coefficients a; of polynomial (1.1) vary in [a;, @], then it is called an internal polynomial
which is written as the following form

f(s) = Gos™ + @s" "t + - + @, (1.2)

where 0 < g; < @; < @;. Interval polynomial (1.2} is called robust stable if it is stable for
any 0 < a; < @; < @;.

It is well know that the problem of robust stability for linear time-invariant uncertain
system is related to the stability for a interval polynomial. So researching the stability
for interval-polynomial draws a considerable interest. And many results [1-4] have been
obtained in recent years.

*Received date: 1999-08-16
Foundation item: Supported by the Fund of China Education Ministry.
Biography: JING Hai-ying (1957- ), female, Ph.D., Professor.

— 413 —



In this paper, we investigate this problem again, obtain some new sufficient conditions
for the robust stability of an interval polynomial . The criterions given in this paper are
easier to carry out than the others.

2. Main results
We know from [5] that the polynomial (1.1) is stable if and only if the (n — 1)th degree
polynomial
F(s) = apa;s™ ! + (a1az — agag)s™ 2 4 -+ + aoagp_qs™~ 2D 4

apan, (n is odd)

n—2k .
(@1a2r — aoazi+1)s oot { aja, (nis even)

is stable. Let
ap,0 = Qod1,q9,1 = @182 — Agaz,"**, Aok = 102k — QOA2k+1,

_J aga, (nis odd)
Gom-1= a1a, (nis even)

Ao = @;-1,02i-1,1,2{1 = 3;-110{-1,2—Q;-1,04{-1,3, ** ", Ak = Gi-1,10{-1,2k—2—-1,00;~1,2k+1,

ai—108i—1,m (m is odd) .
o , , : =19 .- n-9
%im-1 { @i-118i-1,m (m is even) ( 2 =2)

And let T
1—1U:42 .
ag; = — (1=1,2,---,n = 2),
a;Gi41
a1l — oy g1 V) Capgkr(l - @ik it) 1
A 2k—-1 = " y Aok = n (1' - ,2,"',71—3).
1 - a2t 1-a; 12841
Where ;211! = o 1043 - - g an—1, a5 21! = @i 20 4+ - - @; 2. Then we have the following
conclusion.

Lemma 2.1 A necessary and sufficient condition for the stability of positive coeflicient
polynomial (1.1) is that:

aj1 < Laji1a;3 <1, aj1a53 - aj9k-1 <1, 1 <2k-1<n—(j-2), 7=0,1,---,n-3.
The proof of this Lemma is omitted.
Clearly for n = 3, the polynomial is stable if and only if ag,; < 1; » = 4, the polynomial

is stable if and only if ap1 < 1, a11 < 1.
Using Lemma 2.1, we can deduce the following conclusion.

Theorem 2.2 Ifforn = 3,a,1 < 1; for n = 4,a; < % (i=1,2); And n > 5,

_ 1. 1 .
ap,j < 5(] = 1)n~2)’-&0vj < Z(] = 21"'7"'_‘3);
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where ag; = a‘;'a—'ﬂ(z =1,2,---,n — 2). Then the internal polynomial (1.2) is stable for

2,341
a; € (_C_l_,‘,ﬁ,').
Proof Clearly Theorem 2.2 is true when n=3. For n=4, we know that

ap2(1 — ag1a0,3) < Qp,2
1- ag,1 1-1ap,

ap < 0p1,011 = =a,,,

so that when @y; < % (¢ = 1,2), we have @p1 < 1, @11 < 1. That is to say the interval
polynomial (1.2) is stable. So Theorem 3.1 is true when n=4. For n = 5, we have

0y . Top2 _age(l = agpaos)
asq < — y 11 — 1 a ya11 = 1 a <a
— Qp,1 - g1

1,1

Because ap; < @p; (¢ = 1,2,3), we know that ag; < 1, @1@p,3 < 1,11 <1, @21 <
1,if @ ; < %(] =1,3),ap2 < %. In general, let Theorem 2.2 is true when n = k(k > 5).
When n = k + 1, due to

_ 602(1—601502) 1/4 1 1
= 2 ” ! —_—= =< -,
Rt -G 2 8°2
ap3(l — o 1/4 7 1
Fo = ao,s(_ gO,l) < L =<z,
' 1- Qg,100,3 7/8 32 4
_ _ @yp-2(1 —ar_1") g -2 1/4 3 1
k-3 = ] o <13 1671
1- ag k—2-- 1- ag -2 4/3 16 4
_ _ @or-1(1 = app-3") 0o k-1 /2 1 1
k-2 = Tor_1!l T A
1-— Qg k~1-- 1 o k—1:+ 2 4 2
so that if 1 1
aO,j < 5(.7 = 11k - 1);60,j < Z (.7 = 2""ak - 2)7
then kth degree polynomial
F(s) = Goa1s* + (@8 — oa)s" ™! + -+ + Todop—18* O™ 4

Toa,  (m is odd)

cm _m  \ek-2m ..
(@131, — Tolak+1)s toot { @an (m is even)

is stable.By [5], we know the (k+1)th degree interval polynomial (1.2) is stable. By the
supposition of inductive method, Theorem 2.2 holds for any n. We complete the proof.

Notice. For n = 3,1 < 1 is necessary and sufficient condition for the stable interval
polynomial.

Theorem 2.3 If let ¢ be perturbation term of coefficient of (1.2), i.e., &; = a; + z then
the interval polynomial (1.2) is stable under the following conditions:

¢z < min{ry,r2}, for n=4,
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¢ < min{ry,rg,-+-,Pm—2}, for n2>25,

where
i1 i+2
=2(aj_) + aj43) —(a; + aj1 ) + \/‘(“?_1 —airaigz el )+ (aitaip ) 44Y T j=ky1 Ok%S
'.' = 2
(i=1,n—-2;n > 4),
2(a; X . 16(a2 . i 2 2 . . 214 i+l j+2
=Hajg+ajp2)—(aj+ajg)+ (¢, —aj_rajpa/r+ad D4 (ej+aie?+8) 0T D ok1 %kom
f"' =

6

(=23,-,n—3;n>5).
Proof By Theorem 2.2, if

_ (a0 +z)(as + =)
(a1 —z)(az - 2)
— (ai-1 + z)(aiy2 + 2) <1
997 a; —z)(aiq1 —z) 4
a _ (an-30+ z)(an + ) 1

Om-2 = (an-2 — 2)(an-1 — z) < 2’

then interval polynomial (1.2) is stable. Solving above inequalities, we can get

1
Qg1 < 3

(i=2--,n-3),

z < min{r,r,}, for n =4,

z < min{ry,rs, -+, p-2}; for n>5.
So the proof is over. In similar way, we can get another conclusion as follows:

Theorem 2.4 If
¢ < min{m;,m,}, for n =4,

¢ < min{mq,ms -+ -my_3}, for n>5,

- )2 _ )2
where m; = u 1_220:,') yi=1Ln-2n>4);m; = « 1_4‘::)0;’) y(1=2,---,n-3,n2>5).
Then the interval polynomial (1.2) is stable, in which &; = a; + a;2,7 = 0,1, -+, 7.

3. Examples
Example 1 Consider a 4th degree interval polynomial:
fls)=(1£2)s* + (5+2)s + (8L z)s? + (Bt z)s+ (3 ). (3.1)

Clearly agy = £ <1, a1y = % < 1, so that polynomial (3.1) is stable when x=0.
And due to r; = 1.029, 7, ~ 0.76. Hence if z < 0.76, then polynomial is stable.That is to
say the polynomial

~

f(s) = (1£0.76)s* + (5 £ 0.76)s® + (8 £ 0.76)s* + (8 £ 0.76)s + (3 + 0.76)
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is stable.

Example 2 Given g(s) = s° + 6s* + 8s3 + 10s% 4 3s + 1/2. Clearly
ap,1 = 0.208, ap,2 = 0.225, a9 3 = 0.133, a3,1 =~ 0.276,
so g(s) is stable. And due to
m1 = 0.129 , m2 = 0.026, m3 =~ 0.318,
we know the following polynomial is also stable.

G(s) =(1+£0.026)s° + (6 £ 0.156)s* + (8 £ 0.208)s® + (10 £ 0.26)s%+
(3 £0.078)s + (1/2 £ 0.013)

4. Conclusion

In this paper, we discuss the problem about the robust stability for interval polynomial
and obtain some sufficient conditions . Using the result given in this paper, we can easily
get the perturbation bound of coefficient for stable interval polynomial, which is completely
determined by the coefficients of polynomial (1.1).
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