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Abstract: It is proved that the image of a BMO function under the generalized
Littlewood-Paley functions is either equal to infinity almost everywhere or in BMO.
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For z € R™ and t > 0, the Poission kernel for the upper halfphane , R'+‘+1, is

t

P(zat) s S aru—————y
(£2 + |=[2) 5

the Poission integral of f(z) € L] (R")is

fa.t) = [f+ PCONE) = [ P(e = ut)fu)dy
and the gradient of f(z,y) is

d 0 0
Vi) = (et (o), G )

The Littlewood-Paley function g{f) is defined by
o) = (| s Pt

Wang(!l prove that for f € BMO(R™), either g(f)(z) = oo almost everywhere or g(f)(z) <
oo almost everywhere and there is a constant C' depending only on n such that

lg(F)lle < Cllfll«s
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where || - ||, is the norm in BMO. In this note, we will generalize this result to a more
general case.

Let 4(z) is function defined on R", for 8 > 0 and 7 > 0, satisfying

(1) (@) € rGoms 2 € B”

(2) for any z,y € R™,|z ~ y| < (1 + |z]),

(o) - vl < Ol e,

(3) Jrn¥(z)dz = 0.
We define the generalized Littlewood-Paley function by
o0 ,dt. 1
) = ([T I xn@PDA,

where f(z) € Li,.(B"), $e(2) = 59(F).

Lemma 1 Let f € BMO(R"),y >0 and p > 1, let Q@ be a cube centered at z and have
edge length r. There is a constant C depending on n, y and p so that fort > 0

|f(y) = fol?
re (ly — z| 4+ t)nty

(

dy)* < O H L+ DI

The proof of this Lemma is similar to the Lemma 1.1 in [2]. The following is our main
result.

Theorem 2 Let f € BMO(R™). Either G(f)(z) = oo almost everywhere or G(f)(z) < o0
almost everywhere and there is a constant C depending only on n such that

IG(Hll« < ClIfll-

Proof Suppose G(f)(z) # oo almost everywhere. The £ = {z : G(f)(z) < oo} has
positive measure. Let Z be a point of density of E, and @ be any cube centered at Z and

set fo = ]é—lfQ f(t)dt. Write f as

f(=) = fo + [f(z) - folxa(=) + [f(z) - folxe<(2) = fo +90(z) + ho(2),

where Q¢ denote the complement of Q. Since fy is a constant , G(fg) is identically 0.
Thus G(fg) is in BMO with BMO norm equal to 0. Therefore,

G(f) < G(gq) + G(hq)

and
G(hq) < G(f) + G(gq)-

Since f € BMO(R"), we have

ool = ( /Q 1£(t) - folat)t < CIQIF(f].
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and gg € L%. Thus, G(gg) is finite almost everywhere. Therefore, G(f)(z) < oo at almost
every point such that G(hg)(z) < oo.

Let d < 1. Since  is a point of density of E and G(gg) is finite almost everywhere,
there is a point 2’ in dQ such that G(f)(z'),G(gq)(=') and G(hg)(z') are finite.

In the following Lemma 3 we will prove that for a sufficiently small d, there is a constant
C so that for all z € dQ,

() Glho)(') < 00 = Glhq)(#) < oo,

(i) 1G(ho)(z) - G(ha(z)] < CIIfll..

Now we assume that (i) and (ii) are true. Fix a cube Q centered at Z. As above,
there is an 2’ € dQ so that G(hg)(2') < o. By (i), G(hg)(z) and G(f)(z) is finite
almost everywhere in d@. Considering only cubes centered at Z with edge length equal to
a positive integer shows G(f) is finite almost everywhere.

Now we prove that ||G(f)||. < C||f|l.. Let Q' be any cube and set Q@ = 1Q’. Choose
a point z’ € d@ so that G(hg)(z') is finite. Then by (i) and (ii),

7 | 160 - Glha)(@az
= 57 /., 1600 + ho)(&) ~ Glha)(e) + G(ho)(e) - Glho)(a")d
1 1 )
< g1 L, 166 + o [ 16(ha)@) - Glha)(#idz < O I
So HG(f)||« < C||fl|«, the proof is complete.

Lemma 3 Suppose f € BMO(R™). Let Q be a cube with center ¥ and edge length
r. Setd = ﬁ. Suppose there is an 2’ € dQ so that G(hg)(z') < oco. Then there is a
constant C, depending only on n, such that

G(hg)(z) < ©

and

|G(hq)(z) — G(ho)(2')| < C|fll« for all =€ dQ.

The proof of lemma 3 is simple, the readers can refer to [2].
At last, we define the generalized area integral by

st = (f [ 1 )P SL,

where I'(z) = {(y,t) € (R",(0,00)) : |¢ —y| < t, t > 0} and for A > 0, we define other
Littlewood-Paley g-function as

nUN@ = [ [ G S0P

Then we can use the similar method to get the same results for S(f) and ga(f), the details
are omited. The readers can refer to [2].
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