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1. Introduction

Let M—Z'H'l(k) be a (2n+41)-dimensional Sasakian manifold with constant ¢-sectional
curvature k, M" be a compact and without boundary C-totally real submanfold immersed
in M—2"+l(k). S and H respectively denoted the square of the norm of the second funda-
mental form and the mean curvature. S.Yamaguchi have studied C-totally real minimal

submanifolds of M 2n“(k), obtained a formula of J.Simons type and the following theo-
rem(see [1])

Theorem A Let —Mznﬂ(k) be a (2n+1)-dimensional Sasakian manifold with constant
¢-holomorphic sectional curvature k, M™ a compact n-dimensional C-totally real minimal
submanifold ofﬁznﬂ(k). If $ < in(n+1)(k + 3)/2n + 1, then M is totally geodesic.
In this paper we discuss compact C-totally real submanifolds with parallel mean cur-
vature vector field in a Sasakian space form. We shall prove the following theorems:

Theorem 1 Let M™ be the compact n-dimensional C-totally real submanifold with par-

allel mean curvature vector field in a Sasakian space form M2n+1(k), then
1 E+1 , o 3 , n(n-2)H 3 2
-— k —n"H* + - ——=0? —nH"d >
/"[ 4(n+1)( +3)S + 5™ +2‘§+ R 2 —n x1>0,
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where ® = § — nH?2.

Theorem 2 Let M™ be a compact n-dimensional C-totally real minimal submanifold of
a Sasakian space form M n“(k). If S < }(n+ 1)(k + 3), then M™is totaly geodesic.

2. Preliminaries and lemmas

Let M bea (2n+1)-dimensional (n > 2) Sasakian manifold with structure tensors

(4,£,7m,9). Then the structure tensors satisfy the following equations:
$*X = - X + n(X)E,¢€ = 0,7(¢X) = 0,n(X) = g(X,€),n(€) = 1,
9(¢X,Y) + 9(X,9Y) = 0,Vx€ = —¢X,(Vx )Y = g(X,Y){ —n(Y)X

for any vector fields X,Y on M Mt A Sasakian manifold "%} is a Sasakian space
form if M°"*! has constant ¢-holomorphic sectional curvature k, and will be denoted by
S72n+1 . .

M (k) and the curvature tensor is given by

B(X,Y)Z = 7(k +3)[g(¥, 2)X - (X, Z)¥] + 3(k ~ Din(X)n(Z)Y — (¥ n(Z)X+
9(X, 2)0(Y )€ - g(Y, Z)n(X)6 + 9(9Y, Z)6X ~ g(8X, 2)BY +20(X, $(Y))#(2)]. (1)

The Pfaffian equation 7 = 0 determines in Mt a 2n-dimensional distribution. It is
called the contact distribution. We shall call the integral submanifold M of the contact
distribution of a Sasakian manifold a C-totally real submanifold. Then we have dimM < n
and the following ( see [2])

Theorem B Let M™(m < n) be a C-totally real submanifold of a Sasakian manifold
M. Then

(i) the second fundamental form of { direction is identically zero;

(ii) if X € TM, then ¢X € T+(M);

(iii) for all X,Y,Z € TM,g(¢X,B(Y, 2)) = 9(¢Y, B(X, Z)).

Let M™ be a C-totally real submanifold of a Sasakin space form M_2"+l(k). We choose
a local field of orthonormal frames e, +,en,eny1 = P€1, "+ ,€2n = Pep,€2n41 = € In
_M2"+l(k) such that, restricted to M™, the vectors ey, -, e, are tangent to M™. We make
the following convention on range of indices1 < ¢,j,k,--- <n;n+1 < a,B,7, - <2n+1.

Let w!,---,w?, w?t! = 5 be the field of dual frames, we restricted these forms to
M, then w* = 0,w} = J A W', hg = b

The Laplacian Ah:; of the second fundamental form h; is defined by AAT; = 30, Ay,
A straightforward computation gives the following(see[3])

SO hE ARG = (AShf; — Raijshlhly, + 4Rapiihfhl, ~ Rawkh”hﬁ+
2Rokik ki BS + 2Ronijichihs) — Y (RS, hfk — R k)( ah Jz ?lhﬁ)‘“
hSShiyRE-RG + hShhl Rl
In general, for a matrix A = (a;;) we denote by N(A) the square of the norm of A4, i.e,
N(A)=tr(A'A) =% ;a};.
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Lemma 14 Let A, Anyo, -++,Anyp be (n X n)-symmetric matrices and let S, =
tr(ALAg), Sa = Saa = N(Aa), then T, s N(AaAp ~ AAa) + o p 525 < (14 Lsgn(p —
1))(Xq Sa)?, where sgn(.) is the symbolic function.

Lernma 2[5 Let A, B : R® — R™ be symmetnc linear maps such that [A, B] = 0 and
trA = trB = 0. Then —7(=n=(trA2)(trBz)2 <trdA?B < T—=(trA2)(trBz)z

Lemma 3 Let M>"t! be a Sasakian space form, and M™ an n-dimensional C-totally

real submanifold. The second fundamental form of M™ is B = Y hf_‘iw" Quw ® €a, Then
h;;;r* = pntk

Proof From (iii)of the theorem B we have

R = g(en, Bleire;)) = g(dei, B(ex, ;) = glenti, hijea) = A

3. Proof of Theorems

In the case that H # 0 we can choose alocal field in such a way that e 41 = ¢e; = h/H,
then trH,;, = nH,trH, = 0(a # n + 1), where A is the mean curvature veetor and
Hy = (h;). By use of (1),Theorem B and Lemma 3, we have

ZhGAha Zh LL‘J le+3n+k“15—k+1n2H2‘_

4 2
Z(hikh?k — k%G (AGHS e hghY) — — Y kg SRl R+
> ohg g,.hfjh{j. (2)
Take b?j“ = h;‘j“ HE,J,bZ = h(a = n+2,-+-,2n + 1), By = (bf;), then we have
trBa = 0,8 := 3, (b%) = nH2 Therefore from(2) we get
Zh"Ah" Zh fis + nk+3n4+k—1S k+1 n2H?—
D (BB, — bl ) (b0 - b5ibh Zb bt
nHY bEbubtt + nm E(bg;.) . (3)

From Lemma 1 we have — 3(b%, ,L blkbﬂ )(b32 = bﬂbﬁ) ¥ bg;b% b} bﬂ -3(S-nH?)2.
Since 7*h = 0, by use of Lemma 2, we get
n-—2

CCEnk

On the other hand, we have }° A{;Af;,; = 0. Combining (3) and the above information, we
conclude that

nH Y bEbEbe! + nH? Y (b5)* > nH S —nH?*)*? + nHY(S — nH?).

S — -
4 2 "0 T2 T Ao
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Since (V2A,4) = Y h% ARg

&, and M™ are a compact submanifold, then(see[6])

| asi==[ (9441

Since (see [2]) (YA, VA) — |A|? > 0, we have

/ ( Zh"‘Ah" |A|2)*1:/M,,((VA’VA>—|A|2)*1ZO.

Hence

1 k+1 3 n(n - 2)H

- 1)(k +3)S n?H? <1>2 MR )7 $3/2 _ 28| 1> 0. (4
/n[4("+ )b+ 3)S + =5 =n’H? + 380+ DEeSa ]*_ (4)

We complete the proof of Theorem 1.
When M™ is an n-dimensional C-totally real minimal submanifoid, by use of the same
method as before, we get

f ) [—%(n ~1)(k+3)S + gsz 12 0. (5)

From (5) we can easily get Theorem 2.
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