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Abstract: The Ricmann-Hilbert boundary value problem for the inhomogeneous
Cauchy-Riemann equation in the polydomain is considered. The sufficient and neces-
sary solvable conditions and integral expressions of solution for the above problem are
given.
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1. Introduction

There were some publications (see [1]-[4]), dedicated to extension the theories of the
Riemann-Hilbert boundary value problems for a holomorphic function and a elliptic system
and hyperbolic system and parabolic system of equation of a single complex variable and
their generalizations to the case of a several complex variables .In the paper [5],we have
discussed the Riemann-Hilbert boundary value problem for the elliptic system equation.
Here we shall treat the Riemann-Hilbert boundary value problem for the in homogeneous
Cauchy-Riemann equation .The discussion of this problem is little now.

2. Lemma and Problem

Let Dy, be a bounded simply connected domain with the smooth boundary 0Dy in the
plane of a complex variable z;, = 2. + iy, . The polydomain D is defined to be the set of all
z=(21--2,) € C" such that z;, € D,k =1,---,n. let r(t; ---t,,) be Hélder continuous
function given on distinguished boundary I'* = 8D, X ---3D,, of D such that r(¢;---t,)
is a real valued. First we consider the Riemann-Hilbert boundary value problem A for the
holomorphic function: find in D a holomorphic function w(z; - - - z,), continuous up to the
I'", satisfying the

Rew(tl---tn) = T(tl-‘-tn). (1)
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In the domain I'* = {(¢;---t,) € C",|t;| = 1,i = 1---n}.

Lemma The problem A for the holomorphic function is solvable if and only if r(ty - - - t,)
satisfies the conditions.

/ / r(tl'-'tn)tl"a"l---t;“”—ldtl---dtn=0 (2)
[t1|=1 |tn]|=1

for (.-~ an) € {(=00,+00) -~ (=00, +00)}{[0, +00) - - [0, +00)}~ {(~ 00,0} - (=00, O]}.
In this case the solution is given by

1 2 1
w(zl---z,,)z—,r:/ / Pty tn) | = o dty - --dt, + ic.
(2ri) J=r el [Mti-z) It
i=1 i=1

Where C is an arbitrary real constant.

The proof of this lemma can see reference [6] please.

Next we consider the Riemann-Hilbert boundary value problem B for the inhomo-
geneous Cauchy-Riemann equation in the several bicylinder domain: find a solution
w(2; - - - z,) of the equations

w'ﬁ(zl"'zn)zfj(zl"-zn), j=1---n (4)

in the domain U™ = {(z;---2,) € C™|z| < 1,i = 1---n} with given f; € CL(U"),
satisfying the boundary condition (1) on the torus

™ = {(tltn) € C",ltil = 1,2: l...n}_

3. Result and proof

Theorem The problem B for the equation (4) is solvable if and only if its right sides
satisfy the conditions

fjii:fiij’i#’ja i,j:l---n, (5)
1 k —ki gk
o1 T (tl tn) tll R 7RAEEE tn"dtl di; dt,,
ft1|=1 |tn|=1
n n a". n a _
= [ |z a‘z]fg +3 af‘ th o t7h o thedoy - doy,
i<t lenl<r TGS o2
k;>0,1=1---n. (6)
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In this case the solution of the problem B is given by

_ f.(Z1 ceityeee Zn) th.(ll ....... Zn) .
wla i) = - Z/tkl[ ti—z l—z,t, ]dd'

1 1 n I Ofit )
"_"// (4. ‘EZ 9t
'tl'<1 'tu|<l ilz—Il(t' - Z,) =1

k=1
i=1 k>i
1 n i n ST
2 3 Zn af(gt_ ) doy - dont
" B '
Itl[<1 ltn|<1 =1 (1 - z‘ltt) kl:[ (tk - ZL) k=1 k
b
1 2 .
27!')" T(tl..-tn) R 11d6y.--d6, 4 iC. (7)
[til=1  Jtal=1 I—]l (1 - zt;)

Where C is an arbitrary real constant.

Proof Integrating (4) and using (5) we obtain

Wz ) (e eez) = 2 / [t m)] gy

/ / - iafi—(t(;i;—tn—)da'l---ddn, (8)

It‘l<1 tnl<1 H(t - z) “'1 e

where ¢ (z;---2,) is an arbitrary holomorphic function in U™. Hence (1) leads to the
condition for the holomorphic function ¢ (z; - - - z,)

Rep(ti---ty)=ro(t1--+t,),|ti| =1,i=1---n. (9)

With

ro(z1 - 2,) =r(z1 ) + Re— E/ i<t [ ;.__:inz")} do; -

el / oA B M o
T Jit <1 [tal<1 H t _z i=1 k=1
=1 i<k
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The condition (2) and formula (3) yields (6) and (7) .Now we show that if (5) and (6)
hold , then (8) is the solution of the problem (4) and (1). By direct calculation and
taking into account the compatibility condition (5) it is an easy to derive from (7) that
wer = fi(z1-2),j=1---nfor (z1---2,) € U . Moreover from (7) we have

Rew(z; - -+ z,)

1 n fi(zl"'ti"' n) z1f1(21 ....... )
—Re{ - = o
o %Z; [ ti— z l—z,t, i
<
1 1 n n a H t ...t
™ . —-f—(-l—_——"ldal...dan -
™ [-z)mo O
[t1]<1  [tal<1 a § e

=N ZZ__?f‘—%tk—_'i"—)dal---dan}Jr

ltl|<1 |tui<1 i=1 1 - 21 = li L

—_ 2
Re{(2;)ﬂ / / r(ty e ty) -1 46, ---df,—
|tl|=1 |tnl=1 iI:__.Il (1 - 21t,)

ER I

zn:afi(tl.“tn)dal.--da'n }7

1
R Ot
=1 ,tll<1 ltnl(l (1 - z‘lt‘l) kI;[l (tk - Zk) ’t;l’ k
ki
but
Re G Pt ta) |~ 1| d6y - ds
T
=1 tal=1 il:-Il (1 - zt)
1 I1 (1 - |Zilz) (e tn)
= (2 )n = - ; d01 .d0ﬂ+
T
[ty |=1 [tn}=1 iI:I] |1 — z,t,|
—%—Rei / / i tn)g .. a6, -
(27!’)" =~ 1- Zit_i 1 "
=1, y_ _
[t1l=1  |ta}=1
(7?71“ / rlt b g, d,-
T —
[til=1  |taf=1 I_l (1 - zt;)

t,)do; ---df,
27r) / / 1

ltl | 1 |tn
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2
-1 / ...[l / 1 / r(t e tn) 12|Z"l __de,
27 27 2r 1+ |z,|° — 2Rez,t,

fts =1 ftn-rl=1 ftnl=1
1—|zn_1)? 1- |z
; Izn 1| 911,—1 ] . IZ1| _dg _ (11)
14 |zn-1|" — 2Rez,_1t,, 1 1+ |z1|° — 2Renty

Re ) At / . / Pty ta) 8™ - tF ot ke dg; - dB
(2m)" 1 n)h i n 1 n

ki >0

e l=1  Jtal=1

Hence when |t;| = 1,7 = 1---n, the first of three terms in (11) vanishes immediately,
because of under the real sign is a pure imaginary quantity and the last two terms can be

written as
CRe(AUEE [ Ly SRt
|tl'<1 lt"|<1 I__I (1—21 )t—l L;;

n afi(tl"'tn)

Z———————]ddl"'d"n}

k=1 3tk

k<i
ky+1 —kitl kn+1 0fi(ts - tn)
z Tz Tz Bf1 t )

= —Re{ Z ! e / / Z[Z (;tk *
l‘:kl?.‘fn |t|l<1 It"|<1 = ;::>:'

n ait"'tn —k ' ¢

Z_f(_l__) I ---tf' ot Mndey oo doy )

— oty

k<i

Hence taking into account (6) and the boundary values of poisson integrals for the domain
|z;] < 1,2 =1---n, we obtain

1 1 1-|z,)°
Rew(zy- -2z,) =— / / — / r(ty---t, —dé,,-
(222 27 {- [ 27 (t: ) 1+ |z,)* — 2Rez,f,

Itll 1 Itu—llzl ltul'—'l
1- |Z11—1‘2 ]d0 } 1 - |21|2
n—1""" py
1+ ]zn_llz — 2Rez, 1t 1+ |z1]2 — 2Rez1t;

—7r (t1 o 'tu) ,(tl o 'tn) erm".
We have the conclusion .
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