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Abstract: Some chains of inequalities of Hua-Wang type are established. These in-
teresting results are the generalizations of some known inequalities. One of the new
methods establishing inequalities is based on Sandor’s good idea; another is applying the
characteristics of nonlinear positive functionals.
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1. Introducation and notations

In order to study the condition of positive solvability, Lo-Keng Hual!l gave a result as
follows: If § > 0,a > 0,then

a-Bz? 4 (6 - Bz;)? > k.82, (1)
with equality if and only if
21 ==z, = §/(n+ a), (2)

where k,, := a(n +a)"l,z; > 0,2, > 0,27 4+ -+ + 2, < §.

As pointed out by L.-K.Hua and C.-L.Wang, (1) is a very interesting and useful in-
equality. For this reason, C.-L.Wang[zl, W.—I.Wang[sl and C.E.M.Pearce and J.E.Petariél¥
established several generalizations of (1). In Sections 2 and 3 of this paper we shall es-
tablish some interesting chains of inequalities, in both discrete and continuous versions,
which are different from [2-4]. We may regard these inequalities as further generaliza-
tions of some results obtained recently in [2-3]. They are not only new, but also the true
meaning from some mathematical and aesthetical points of view. In Theorem 1, a known
inequality will be proved by means of three ways. It must be noticed that we will apply
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a very new method to prove Theorem 2 and the case (ii) of Theorem 1.This method is
based on Sandor’s ideal™) (also see [9]), namely, using the obvious fact

Zzifelgfi(z) < zilelgz:fi(z) (3)

to prove the inequalities. Another interesting method is applying the characteristics of
nonlinear positive functionalsl® to establish the continuous versions of the discrete in-
equalities.

Let us show off some notations and symbols that we shall need:

X :=(21,--,2a) € R™; R := the field of real numbers;

Ry ={zl0<z<+0}; Ry = {20 <z < +0};
Q:={X|z1>0,---,2, 20,21 +--- + 2, < §}; N := the set of natural numbers;

Q:={X|z1>0,---,2, > 0,21 + -+ + 2, < §};Q° := the interior of Q;
Fu(X,p):=F(p):=a -} 2P + (6 - D 2:)P;kn = a(n + )77

T T n n
G(f,p) = G(p) := a”‘I/O frdt + (6 —/0 fa =1 =11-

=1 =

=1

Lemma let X = (z4,---,2,),W = (wy, -, wp),2; 2 0,w; > 0,2 = 1,-+-,n.Then for
a < B, My(X, W) < Ma(X,W), where

(Cwizf)/(Zwi)]'/7, 0<|r| < 400,

M, = Mr(er) = { (H z:}’i)lf(z:wi)’ r=0.

There is strict inequality unless the z; are all equal or someone z; = 0 and r» < 0.
Replacing M, by m,, the above inequality also holds,where w(t) > 0, f(¢) > 0,t € E,and

e e [ U eOUOF ) B, 0<lrl < +oo,
e = ma(fyw, B) "{exﬁ(.rgw(tﬂnf(t)dt)f(f,gw(t)dt)l, r=0.

For details of this lemma, see [7,pp.4-6,24-25]. These results will be used.
2. Inequalities of discrete case

We first prove some known results [2-4] that will be used. For saving space, we only
give a proof for each case in Theorem 1, although there are sgvera.l proofs.

Theorem 1 (i) Let positive real numbers § and a be given. Then for p > 1, the inequality
Fu(X,p) 2 k7167 (4)

holds for all X € 1.
(ii) If p < O then (4) holds for all X € Q.
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(iii) If0 < p < 1 then the reverse inequality in (4) holds for all X € Q. In all cases
equality obtains if and only if (2) holds.

Proof Case (i). For p > 1,choose : Q — ® defined by $(X):=aP 1. T2l + (6 - Zz;)P.
It is not difficult to prove that Hessian matrix

®n 0 B
[@ijlpc= | oo oo oe
§nl e an
is positive definite on Q°,where &,; = 0?®/8z;0z;.In fact,from the given conditions we
obtain that each principle minor of the above matrix

k
det[®;;] = (p(p — D)o WAL 2 P X1+ (6 - S z:)P" % - a?? - 3 2277] > 0,
=1
VX € Q°(k=1,2,---,n).

It follows from the above account that & is strictly convex on 2°. We obtain $(X) >
®(X,) = k2~1§? , where X, := (§(n+a)~t,---,8(n+a"1)) is a unique critical point(see,e.g.,
(8,pp-103,123]). In other words, (4) has been proved.

Case(ii). For p < 0,choose the functions f; : R, — R defined by

fiz) = az;z — zP/(P1), i=1,---,n
' - a(6 - Z :ci)z: — azp/(P—l)’ i=n+1.
Since
filz) = | @&~ lp/lp= 1)]gt/(r-1), i=1,-.n
1 0‘(6‘2:8;)~a[p/(p—1)]z1/(r’—1), i=n4+1;

f(2) = ~lp/(p - 1)2],,(2—11)/(1)—1)’ i=1,---,n
"\ —alp/(p— 171 P/0D, =g,
from the given conditions we get f/(z) > 0,i=1,---,n + 1, and f; has minimum at

N :{ [a(p — es/plP i1,
© = - V6 - Sa/plrt, i=n+1

and its value is

Fi(zio) = { (a:ci)')[(l),_Tl)p_l - (p—;l)”], i=1,---,n
HER a6 - Zzi)l)[(l’;_l)p—l _ (p;_l),,L icn4l

Adding the above functions, we have f(z) := S0 fi(z) = adz — (n + a)z?/?P-1), 1t is
easy to prove that f(z) has minimum value at z, := (k,, 6)”‘1("-’;—1)”‘1 and
-1

f(zo) = aki” 15“’[( P lp-1_ (2 -

gt
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Using (3) we have

a(@ L (- L e () < el BTy - B2y (9)

4

From [(p — 1)/p}P~* — [(p — 1)/p]? < 0,(5) is equivalent to (4).
Case (iii). For 0 < p < 1, using Lemma we get

[‘2,01_1(0“'%')"7L (6~ Z%‘)”P/p cral(oz)+ (8- Y =)

na-l +1 na=1+1 '
o e aP LY e (5-Y ) — . .
or, simplifying, Zn";jl( T L) < ( na_&, —7 )%, which is equivalent to the reverse in-

equality in (4),and equality is valid if and only if azy = --- = az, = 6§ — 21 — -+ — 2y,
which is equivalent to (2).The proof of Theorem 1 is complete.

Remark 1 In [2-4] Theorem 1 was proved by means of dynamic programming, Schur-
convexity and Jensen’s inequality. The continuous counterpart of Theorem 1 can be nat-
urally established (see [2][4]). However, we shall establish a more general chain of the
inequalities in Theorems 3.

In Theorem 2 we shall use the symbol: F(p) = a?~! - Y 2f + (6§ — T z;)P.

Theorem 2 Let positive real numbers § and a be given.
(i) Ifp > N + 1(N € N),then for any M € N, the inequalities
> k;M/(”+M)[F(p + M)]P/(p+M) > > k7Y PO P(p + 2)]?/(P+2)
> kgl/(p+1)[p(p+ 1)]r'/(p+1) > F(p)
> kY P-V[F(p — 1)]P/P=1) > g2/e-A[p(p — 2)P/ (P~
> > kN/(”"N)[F(p N/ - N> k216 (6)
hold for all X € Q.
(ii) If p < —~N(N € N),then for any M € N, the inequalities
> kM/e-M)[p(p - M)]p/(p—M) > ... > k2 E-A[F(p - 2)]P/(p—2)
> k@ VF(p - )P/ > F(p)
> kY@ F(p + 1)p/et1) > k;2/(P+2)[F(p + 2)]p/(p12)
> o> kNN [F(p 4 WP/ e+N) > =15 (7)
hold for all X € ;.
(iii) IfQ0 < p < 1,then for any M € N, the inequalities
o L RMI-M)[p(p - M)P/P~M) < ... < R [F(p - 2)]11/(10 2)
< K/ {FGp - DPID < B < (8)

hold for all X € Q,.
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Proof Case (i): For p > N + 1, choose f; : R, — R defined by

(2= ] @@ —pafTlalT2), i=1,m
Re)i= { 2 —p(6—Tzflz, i=n+l ©)

It is not difficult to prove that

1,.p-1
z;

inf fi(z) = { filaz;) = (1 — p)aP~12t, i=1,.n

TER+ fild =Y z)=(1-p)6 -, i=n+l
Let f := S0 fi. Then f(z) = (na™1+1)zP —pla?=2- T 2?1 (6 - T 2;)P]2. Similarly
we obtain
zien9{+ f(z) = f(zo) = (1 — p)k/ P~ [ar=2 Z 2274 (6 - Z 2P/ -1),

where zg := k,l/(’)_l)[a’"2 Y2 4 (6 - T2/ P-1), Using (3) we have
(L =-p)la?™ -3 2l + (8 = D )]

<(1- p)k}/(”“l)[a"‘z . sz-l + (6 - Z-’ci)”_llp/(”_l) (10)
Dividing by (1 — p) from both of (10) and using the above symbol gives
F(p) 2 k"= D1F(p — 1P/, (11)

Note that (11) can be used successively:

F(p) 2 k=D [F(p — 1)/ =)
> kM =V /(=2 (p(p — 2))P-1)/(P=2)1p/(P-1)

= k2= [p(p - 2)p/(P=2)

cee> k,(lN_l)/(p_NH)[F(p -N+ 1)]?/(P—N+1)

(N=1)/(p=N+1) 1/ (0=N)( p(p — ))@-N+1)/ (0~ N)1p/(p~N+1)

le=N)[F(p - ‘ﬁ)]p/(p—N)

/p=N)[pp=N-1gp=Nip/(p=N) _ pp-1gp (12)

Here the last step used (4) in Theorem 1. On the other hand, replacing p by p+ 1 in (11)

we have k,lz/”[F(p)](P“)/P < F(p + 1). This inequality may be written equivalently as
F(p) < k7Y PHI[F(p 4 1)/ 40, (13)

(13) can also be used successively:

F(p) < kMO R(p 4 1))p/ (0 11)
< k;l/(”“)[k;l/(”“)(F(p + 2)) P+ 1)/ (P+2)p/ (p 1)

= k7 [ p(p 4 2/ PHD) < ...
< kM=M= Py 4 M — 1)/ PHM-1)
< k;(M—I)/(erM—l)[kn—ll(p+M)(F(p+ M))P+M-1)/(p+M)p/(p+M-1)

_ k;M/(?"'M)[F(p-I— M)]p/(p+M) < veel (14)
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Combining (14) with (12),the desired (6) can be obtained.

Case(ii): For p < —N, choose f; : R — R defined by (9). Since we can also establish
(7) by the above similar method, therefore we omit its proof.

Case (iii): For 0 < p < 1, from Lemma for any M € N we have

[E a-—l(azi)p—jl'*' (6 — zzi)p_j]l/(p—j) < [2 a——l(awi)p_'ﬂ,1 1"_ (6 - Ezi)p_j-*-l ]1/(p—j+1)
na-l+1 = na-1+1 ’

where j =1,2,--- M, M +1,---.
Raising both sides to the pth power, and dividing k,,, we have

K/ P=D[F(p — §)P/P~3) < -1/ =34V p(p - j 4 1)/ (P-3+1)

where j=1,2,..- , M, M +1,---
Combining these inequalities with (iii) of Theorem 1, we can obtain the desired (8).
This completes the proof of Theorem 2.

Remark 2 As a special case, we have Theorem 1. For example, letting p— N = 8(> 1)in
the last inequality of (6), we can obtain F(8) > kB-168.

3. Inequalities of continuous case

We shall use the following symbols displayed in Section 1: Let E = [0,T],w(t) = 1,
then

G(£,p) := G(p) := &~ [J frdt + (8 — [T fat)?; kr:= a(T +a)7F;
my, 1= my(af,w, E) := [T71- [T(af)]t/?; m:=m; =T [Tafdt.

Theorem 3 Let positive real numbers § and a be given.
(i) Ifp> N + 1(N € N), for any M € N, the inequalities
c> k;M/(P+M)[G(p +M)PIEM) 5 s k;2/(p+2)[G(p 4 2)P/P+2)
> bz TV[G( + )P > Glp)
> k;-/(p_l)[G(p _ 1)]?/(1)—1)
> k;‘/(p_z)[G(p _ 2)]1)/(11—2) > ...
> qu/(’hN)[G(p _ jv‘)]p/(p—ﬁ) > kb1 (15)
hold for any positive integrable function f on 0 <t < T < 400 with fOT fdt < 6.
(i) If p < ~N(N € N),then for any M € N, the inequalities
cee > kqA:I/(p_M)[G(p _ M)]p/(p—M) > > k;/(p_z)[G(p _ 2)]p/(p-2)
> k"G - )P 2 Gp)
> k;l/(m-l)[G(p + 1)]p/(p+l) > k;z/(”“)[G(p + 2)]1’/(P+2) > ...
> kMG + WP > e (16)
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hold for any positive integrable function f on 0 <t < T < 400 with fOT fdt < &, where
0 < B < f(z), and B is given.
(iii) If0 < p < 1, then for any M € N, the inequalities
- < kTA:!/(P*M)[G(p _ M)]P/(P—M) <...< k;/(p‘z)[G(P - 2)]1’/(1’—2)
< kG - )P < Gp) < KO (17)
hold for any positive integrable function f on 0 <t < T < 400 with fg‘ fdt < §, where
0 < B < f(z), and B is given.

Proof Case (i): First we prove that the following inequalities hold

kéw/(p_'l)[G(p _ ])]p/(p—_)) Z k%;H_l)/(p_J_l)[G(P _ ] _ 1)]1’/(?".7.‘1)’ (18)

where j=...,-M,---,-2,-1,0,1,2,---,N - 1.
The above inequalities can be written equivalently as

—j T — i -j—1 T -j=1
[T my_jta- (- Jg fdty ’]1/<p—n > [T'mﬁ—f—l +a-(6— [y fdtyp [/ (p=i=1)
T+« - T+« !
wherej =---,-M,---,-2,-1,0,1,2,--- N—1,and m! = T’l-foT(af)’dt. From Lemma
we have m,_; > m,_;_; and so that
. T w 3 T o
[T 'mz—j' ta- (8- ), fdt)y J]l/(p—j) > [T i mg—;—l ta- (8- [ fat) J]l/(p—:i)
T+« - T+a
-j-1 T -
> [T ) mi—:”i—l ta- (8- fo fdeyr~? 1]1/(1"‘.1'—1).
- T+a
It follows from the above inequalities that (18) hold forj = ---, - M,---,-2,-1,0,1,2,---
1. Now we prove the last inequality in (15), i.e.,
N/o-N); p-N-1 [T p- T N1p/(p-F) -1
RN =N / P Nat + (6 -/ fatyp-Np/ =T 5 jr-1gp. (19)
0 0

In order to display the methods establishing inequalities,we shall use two methods to
prove (19) as follows:
First method. Using Lemma for p — N > 1, we obtain

. p-N (s _ (T —N
T m_-ﬁ—}-a (6 Jo faty ]1/(,,_ﬁ)>T-m+a-(6—-f0det)__ ad

p —
[ o k76.

T+ a T TH+a

It is easy to see that this inequality is equivalent to (19).
Second method. We can treat G as a nonlinear positive functional of integrable func-
tions. Let G := G(f,p—N) = a?" V-1 [T gr~Ngs 4 (5 - fOT fdty»~" . Working in a similar
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way as [2,p.349], we can obtain that the first and second Gateaux differentials of G are
the following, respectively,

oG = (p- Mar 71 [ " g (s - i " fary-F-,
0 0

oG = (p — W)(p - N - 1)[ap—ﬁ-l /T f”_ﬁ_zdt + T2(6 _ /T fdt)p—N-—z]’
0 0

Since oG = 0 if and only if f = fo = §(T + @)7!, and 0?G > 0, therefore G(f) :=
G(f,p — N) has a unique minimum value G(f,) = kgv_N_lﬁ’“N. In other words, we have

G(f,p - ) > kg N-152-F

which is equivalent to (19). Combining (18) with (19), inequalities (15) are obtained.
It is not difficult to prove (16) and (17) by means of the similar methods above, so we
omit them.
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