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Comparison of Some Means *
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Abstract: The known results on comparison of extended mean values are used to
compare power means, Stolarsky means and Heron mean. Some proofs of well known
results are simplified with several new results obtained.
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Let z and y be two positive real numbers.
I
The power mean is defined by Ap(z,y) = (-‘T—%Lp) ¥ for p # 0, with
Ao(zvy) = ;l)i_I'I(I)Ap(Z,y) =Ty = G(Z,y)-

Clearly Ay(z,y) = & = A(z,y).
1
The Stolarsky mean is defined by S,(z,y) = [Iy—“lp—] P! for p # 0,1, with

p(z—y)
. -y
So(z,y) = ;1_13)5;»(2,3/) “fhz_Ing L(z,y),

za:

Si(es) = lim Sy(e.9) = e ()77 = Ite.0)

Both power means and Stolarsky means are special cases of the so-called extended
mean values E(r,s;z,y) defined as follows:

i
ry® —a’)s—
E » 8, T, = 1= ) - - )
(r,8;2,9) [sy,_z,] rs(r ~s)(z —y) #0
1l y—-2" :
E(r,O;z,y): [;].ny—ln:c] ) ’I‘(:D—y)#();
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=

zz' ;r-l——y_"
E(T, T z)y) =€ yyr ’ 1‘(2 - y) # 01

E(0,0;2,y) = zy, z#y;
E(r,s;z,2)=2, z=y.

In fact E(p,2p;z,y) = E(2p,p;z,y) = Ap(=,v), E(1,p;2,y) = E(p,1;2,y) = Sp(z,y).

Make a comparison between power means and Stolarsky means is interesting. Stolarsky
himselfl!], Vamanamurthy and Vuorinen(?, have done this work one after another.

The purpose of this article is to use some known results on comparison of extended
mean values to compare power means, Stolarsky means and Heron mean. 3. 3. Theorem
of [2] and Theorem 2 of [1] are proved in a different and simpler way. Some new results are
obtained, especially we have got the inequalities G(z,y) < L(z,y) < He(z,y) < I(z,y) <
A(z,y).

Lemma 18 E(r,s;z,y) increases with increase in either r or s.

Lemma 24 Let 7,5, u,v be real numbers with r # s, u # v. Then inequality
E(r,s;a,b) < E(u,v;a,b) (1)

is satisfied for all a,b > 0 if and only if

r+s<u+w, (2)
e(r, s) < e(u,v), (3)
where
(z, { m, for zy > 0,z # v, (4)
forzy =0

if either 0 < min{r, s,u,v} or max{r,s,u,v} < 0; and

e(z,y)=%'—:%forz,y€11,z#y (5)

if min{r, s,u,v} < 0 < max{r, s, u,v}.

Theorem 1 Let z,y be positive and distinct. Then S,(z,y) < Ap(z,y) for p € [}, +00)
with equality holds if and only if p = %, Sp(z,y) > Ap(z,y) for each p € (—oo0, %)

Proof It is immediate from Lemma 1 and observe that S%(z,y) = A;_(:c,y).

Theorem 2 Let z,y be positive and distinct. Then Sp41(z,y) < Ap(z,y) forp € [1,400)
with equality holds if and only if p = 1, Spt1(z,y) > Ap(=,y) for each p € (—o0,1).

Proof Notice that

Sp+1(z,y) = E(p+ 1,1;2,y) and Ay(z,y) = E(p,2p; z,9),

— 584 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



we need only to check the condition (3).
If p > 0, then min{p + 1,1,p,2p} > 0. So by (4),
P
e(p+1,1) = ———— and e(p,2p) =
Clearly, e(p + 1,1) < e(p,2p) if and only if p > 1, and e(p + 1,1) > e(p, 2p) if and only if
p<1
If p < 0, then min{p + 1,1,p,2p} < 0 < max{p + 1,1, p, 2p}. So by (5),

P
In2’

1 for -1 <p<0
17 — ) — 3
e(p * p) { __p-;2, for p< —1)
and
e(p,2p) = -1.

It follows e(p + 1,1) > e(p, 2p).
Thus the theorem is proved by Lemma 2 and observe that Sy(z,y) > Ao(z,y) and

52(27?/) = A(z’ y)'

Remark 1 Theorem 1 and Theorem 2 generalize the 3. 3. Theorem of [2] and the proofs
are different and simpler.

Theorem 3 Let z,y be positive and distinct Then S,_1(z,y) < Ap(z,y) for p € [0, +00)
with equality holds if and only if p = 0, S,_1(2,y) > Ay(z,y) for each p € (—0,0).

Proof Notice that
Sp—1(:c,y) = E(p_ 1,1;1,!/) and Ap(zvy) = E(Pazp;zyy)

we need only to check the condition (3).
If p>1and p # 2, then min{p — 1,1,p,2p} > 0. So by (4),

p—2
e(p-1,1) = { BE=1)’ for p > 1 and p # 2,

0, forp=1
e(p,2p) = %-
Let f(p) = (p— 2)In2 — pln(p — 1) for p > 1. Then
filp) = Im2-In(p-1) -~ 1—)—1_)—1,
o) = b

We have f(2) =0, f/(2) =In2-2< 0 and f'(2) = 0. Since f’(p) >0for 1 < p< 2
and f"(p) < 0 for p > 2, we can deduce that f'(p) < 0 for p > 1. It follows f(p) > 0
for1 <p<2and f(p) <O0forp>2 ie,(p—2)In2 > pln(p—1)for1 < p < 2 and
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(p-2)In2 < pln(p—1) for p > 2. Consequently, E% < g for p > 1 and p # 2. Hence
e(p—1,1) < e(p,2p) for p > 1 and p # 2.
If0 < p< 1, then min{p — 1,1,p,2p} < 0 < max{p — 1,1,p,2p}. So by (5),

e(p—1,1)= fp and e(p,2p) = 1.

Hence e(p—1,1) < e(p,2p) for 0 < p < 1.
If p < 0 then min{p ~ 1,1,p,2p} < 0 < max{p — 1,1,p,2p}. So by (5),

e(p— 111) = ;_;P and e(pa 2p) =-1

Hence e(p — 1,1) > e(p, 2p) for p < 0.
Thus the theorem is proved by Lemma 2 and observe that Si(z,y) < A(z,y) and

S_1(z,y) = Ao(z,y).

Theorem 4 Let z,y be positive and distinct. Then Sp(z,y) <
[-1,3] U [2,+00) with equality holds if and only if p= -1, or 2, §
for each p € (—o0,-1) U (3,2).

APL( ,y) for p €
( y) > Atdsi(zay)

Proof Notice that

Sp(z,9) = E(p,1;2,y) and Appi (2,y) = B (—

we need only to check the condition (3).

If p < —1, then min{p,1, 25, 221} < 0 < max{p, 1,242, 2B} S0 by (5),
_ptl <p+1 2(P+1)>__
e(p,l)—l_ and e T ' 3 =-1
Hence e(p,1) > e ("ﬂ M) forp < -1
If -1 < p < 0, then min{p, 1, —(—’ﬂ}<0<max{p, —M} So by (5),
e(p,1) = ?i_ﬂ and e (p_ﬂ’M) —1.
1-p 3 3

Hence e(p,1) < e (2:*'3—1, ﬁ’%ll) for -1 <p<O.

If p>0andp# 1, then mjn{p,l,fg—l, 2(”—3“2} > 0. So by (4),

p-1 p+1 2(p+1 p+1
e(p,1) ande( 3 (3 ) = Sma

Let g(p) = 3(p — 1)In2 — (p+ 1) Inp for p > 0. Then

p+1
g(p) = 3m2-Inp———,
p
1—
"
g\p) =
(p) pe
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We have g (%) =0,9(1) =0, 9(2) = 0and ¢"(1) = 0. Since g"(p) > 0for0 < p < 1and
g"(p) < 0for p > 1, we can deduce that g(p) < 0 for 1 < p< 1and g(p) > 0for1 < p< 2.
Moreover, ¢'(p) < ¢’ (%) =4In2-3<0for0<p< }andg'(p)<g(2)=2mn2-3<0
for p > 2, it follows g(p) > ¢ (%) for 0 < p < 1 and g(p) < g(2) for p > 2. Therefore

1
3(p——1)1n2—(p+1)1np>0for0<p<5and1<p<2,

1
3(p—1)1n2——(p+1)1np<0for§<p<1a.ndp>2.

Consequently, % < ;’1:12 for0<p<iandp>2 2= lnp 3]“2 P for i <p<landl<

p < 2. Hence e(p,1) < (Ps—,—@;ﬂ) for 0 <p< iandp>2e(pl)> (P—';—l,ﬁ%iu)
for%<p<1a.nd1<p<2.

Thus the theorem is proved by Lemma 2 and observe that Sy(z,y) < A:nT(:c,y) (5,
Theorem 1], S1(z,y) > A;%(a:,y) [1, Theorem 1], S_i(z,y) = Ao(z,y), S%(z,y) = A%(z,y)
and Sa(z,y) = Ai(z,y).

Remark 2 Theorem 4 is just the Theorem 2 of [1]. However, we here give a different
and simpler proof.

In[6], Yang and Cao had considered the Heron mean H.(z,y) and got the inequalities
G(z,y) < L(z,y) < He(z,y) < A(z,y). Notice that

13
He ) =F arear s )
(e0) = B (5.52)
it is not difficult to find a refinement that
G(z,y) < L(z,y) < He(z,y) < I(z,y) < A(z, y).

Theorem 5 We have A (:c y) < He(z,y) < Az(z y) with equality holds if and only if
z=y.
Proof Notice that
In2 2In2 2 4
A::_g(z,y) = E (ln3 T3t y) and A%(z,y) =E (g,g,z,y) ,

we need only to check the condition (3). Since

{liz_zln21§}>0 . ,{1324} .
In3’ n3 2’2 ané miny g, 5,33 >
we have
(ln2 21112) 1 (1 3)_ 1 (2 4) 2
In3’ In3 m3'\2°2) "m3'°\3'3) T 32
Hence
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(2 202y (L3 (24
In3’ m3,/ \2’2 3'3/°

Thus the theorem is proved by Lemma 2.

Corollary We have H.(z,y) < I(z,y) with equality holds if and only if z = y.
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W R FARAXTI CPYERTHRENCNAREHBRTHHE, Stolarsky FHI{HA
Heron FH#{H, LT FEERAIEN, HEH T ISR

— 588 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



