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Abstract: Let M = i _11 ) In this paper, an optimal upper bound estimate

of the modules of Fourier transforms of M-refinable distributions is obtained by the
introduction of cycle related to M.
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1. Introduction

Since the introduction by Daubechies!! of compactly supported orthogonal wavelet
bases in R! with arbitrarily high smoothness, various new wavelet bases have been con-
structed and applied successfully in image processing, numerical computation, statistics,
etc. Many of these applications, such as image compression, employ separable wavelet
bases in R?, which are simply tensor products of univariate basis functions. This pre-
ferred directions effect can create unpleasant artifacts that become obvious at high image
compression ratios. Nonseparable wavelet bases offer the hope of a more isotropic analysis

([2}-{9D)-

Throughout this paper, M is always referred to be the matrix i _11
an optimal upper bound estimate of the modules of Fourier transforms of M- refinable
distributions is obtained in terms of cycle related to M.

. In this note,

Definition 1.1 A finite set { {1, &2,--+,&, } C [—7, 7)? is called a cycle related to M =

( } _11 ) if &41 = 78, & = 7€y, where 7€ = M¢(mod2r Z?) for € € |-, x)?, T maps
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[-=, ] into [~7, )2, A cycle {&, &2,---,&.} C [—, 7|? is called non-trivial if it is
different from {0}.
Our main results can be stated as follows.

Theorem 1.1 Let L be a trigonometric polynomial with £(0) = 1. Assume that
[-7, ®]> = DyUD;U---U Dy, and that there exists ¢ > 0 such that

IL(§)] < q, ¢ € Dy,

|E(E)£(Mf) L(MM_IE)l < qno, E € Dno'
Then |[132, LM)| <CA+|-|)¢ for K =2log, g.
Theorem 1.2 Let Ho(€) = mo(é;) = (H*;A)Nﬁ(fl) for ¢ = (&, &)T, mo be a
univariate polynomial with mg(0) = 1. Assume that { £©), ¢3) ... ¢no-1} ¢ [—x, x]?

is a non-trivial cycle related to M with E{O) # *x,0 and E{O) + Ego) # 0, where £(0
(do)’ go))T‘ Define ¢ by

#() = TT Ho(M )

i=1

Then there exists a constant C such that
|(i)(2kn°M£(0))| > C(]. + |2knu£(0)|)—2N+I€
for k € N, where K = n—z—o Z’,:f;ol log, |[,(g(m))|,

Remark 1.1 Theorem 1.1 and Theorem 1.2 are optimal. This can be explained in
Example 2.1 of Section 2.

2. Proofs of theorems

Proof of Theorem 1.1 For j > ng, any £ € [—7, 7]%, there exists 1 < m < ng such that
€ € D,,. Hence,

i-1 i-1

I £ o1 < g1 IT £(r €)1

k=0 k=m
Suppose 7€ € D,y , then

j-1 j-1
ITI ol < g™ I £l
k=0

k=m+m;

Applying the same trick to 7™*t™1 ¢, and keeping doing so until we can not go on, we
obtain that

j-1 j-1
ITI e < T c=*o)
k=0

k=j—1-r

— 78 —
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with at most ng — 1 different L-factors remaining. Hence,
j-1 .
| T £(=*0)I < &,
k=0

where C; = maxo<r<n, ¢~ " max; [ E(‘rkf)|.
For |¢| > (v/2)™, there exists J > ng such that (v/2)7~! < |¢] < (V2)’. Hence,

J

L coa—*) = | [ coa—*e T £*e)
k=1

k=1 k=J+1

J
< Oyl [] £(M7*¢)| < Csq” < Cafg|?1o521.
k=1

Therefore, | [[32; L(M~7€)| < C(1 + |€])21°829 for ¢ € R?. The proof is completed.

Proof of Theorem 1.2

(€)= | T Ho(M~¥¢)\| ] Ho(1-2+1¢)

j:l _7:1

1] Ho(z-¢)\| T] Ho(2= Me)|
=1 7j=1

in &L i Sitle 00
sin sm —_
= | i M| glgg l"l_l_llc(M i),

d(2km M@y = |0 k=16l 4 V) wsin gkno g
ok

£ v —jok (0)
NI T] £(M32%m Me®)).
2kno=1(¢© 1 %) mg® i

Since
MPEro—160) = M1y e0)) = M) (mod(2722))] = M2 (mod(x M 22)),

we have that 0 o
§ ) 4 £§ )I
|
Since M2*r0g(©) = ¢ (mod(2x Z?)), |sin 2k"°££0)| = |sin E{O)|. These together with the
fact that £{” # +x, 0 and £ + ¢{” # 0 lead to

| sin 2¥%0=1(¢) 4 0| = |sin

1B(2470 MEOY| > C3(287€O))2N| T] L(M~32"™ MED), (2.1)

=1

Since the trigonometric polynomial £ satisfies £(0) = 1, there exists a constant C2 such
that [£(£)] > 1 — C,]¢| > e~ 22K for |¢] small enough. Hence, there exists a constant Cs
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such that

oo

IT 1cm-3g@) > ] em2eamme®

Jj=2rng J=2rng

8

oo

- 1I e—2C2277 ¢ H -2C,27I | M~1¢0)
j=rno j=rno
asd .
= [I @Dkl 5 ¢
j=rno
for r large enough.

This together with (2.1) leads to that

. (2r+2k)ng -1
B2 MED) > Cy(2*m @) T (Mol
=0

> Cy(1+ 257|¢ON) N L(O)L(EM) - - L(glmo) ¥k
> 04(1 + 2knoI£(0)|)—2N2knoKI > C(l + 2kno|€ 0)|) 2N+IC'

The proof is completed.

- N
Example 2.1 Assume that Ho(£) = (HLEL) A(€) for £ = (&1, €2)7, and that

2

N-1
|A(¢))? = Pn (sm2 61 E ( _,: ¥ n) n’* fl
n=0

Define ¢ by
¢()—HH0M 7).

]—

Then there exists a constant C such that

16(6)] < C(L+ 16 + &)V (1 + |&6]) V(L + [g])los PV,
and this estimate is optimal.

Proof It is easy to check that

86 < Cr(1+ 16 + &)1+ )~ [T 146

J=1
Take a partition of [, 7]? as

[—7!', ﬂ']z =D, UDyU D3U Dy,

— 80 —
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where
Dy =(€: Jeal < 2 Jeal < 71
{51£1+*232sz5%*fl,ﬁl—fﬁfzﬁﬁle"},

Dy ={¢: |El]§%75,51+2—3-7r$€2§%—El,fl*ﬂ'ﬁfzﬁflﬁ”f},
D3 :[-7(‘ 7r] \(.D1UD2UD4)
2 4r

Dy ={¢: —W<El<—?,—?<fl+fz<—_}U

(¢ T<a<n T<hatbs)

Since |&] < %’i for £ € Dy,

4] = |Busin® )1E < (Pw(2)t (23)

fOf f € Dl'
It is easy to check that M D, C {£: |&] < % }. Hence, |A(M§)| < (PN(%))%, and
consequently,

|A(E)A(ME)| < (PN( ) (24)

for £ € D,.
It is obvious that MDs C {£: &) < 2 Y}u{€: & <|&] < 2r} and M2D3 = 2D;.
Hence,

@) AMEAM)] < 1466 (P )}
= (Pu(sin? )} (Pu(a(1 - s SysenCyt

< (Pu(}) (25)

261 261

) sin

for { € D3, where [10, Lemma 7.1.8] is used in the last inequality.
By [10, Lemma 7.1.8], we obtain that

|A(E)A(ME)A(M?E) A(MPE)| < |A(E)A(26)]| A(ME)A(2ME))
< Pu()IA(MEA(ME)|

W~ e

for £ € Dy.

It is easy to check that M D, C {¢ : %’5 < &l < %"} Hence, i—’ < sin? f' < 1 for

£ € Dy, and by [10, Lemma 7.1.8], |A(M§)A(2M¢)| < Pn(3) for € € Dy. Hence,

A€ AMEAMPYAME) < (Pu(3))? (26)

— 81 —
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for ¢ € Dy.
By Theorem 1.1, it follows from (2.2)—(2.6) that

1B < C(L+ 16+ &NV (L + [ ]) ™M (1 + Jg)y o PVD. (2.7)

Taking €9) = (=2, 0)7, € = (=3, ~Z)7, €9 = (%, 07, and £9) = (%, 5 )T, we
obtain a cycle related to M
{0, 60,60, €@}

It easy to check that log, |A(£(™)| = %logz PN(%) for m = 0, 1, 2, 3, and consequently,
by Theorem 1.2,

l$(2kﬂoME(0))' > Cl(l + ]2kﬂ0£(0)])—2N+1032 PN(%)

for k € N. Compared with (2.7), the optimality of the estimate is showed. The proof is
completed.
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