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Abstract: The purpose of this paper is to study the following two questions on AP-
injective rings: (1) R is a regular ring if and only if R is a left PP-ring and R is left
AP-injective; (2) Let R be a right AP-injective ring. Then R is self-injective if and only
if R is weakly injective. Hence we get some new results of P-injective rings.
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1. Introduction

Throughout this paper, R denotes an associative ring with identity and all modules are
unitary. For any nonempty subset X of a ring R, r(X) and I(X) are reserved for the right
annihilator of X and the left annihilator of X respectively. From Page and Zhou (cf.[1}),
aring R is called right AP-injective if for any (0 #)a € R there exists a left ideal X, of R
such that Ir(a) = Ra & X,. Similarly, we have the conceptions of left AP-injective rings.
It is well known that R is right P-injective if and only if Ir(a) = Ra , for any a € R (cf.
[2]). Hence P-injective is AP-injective, but AP-injective rings need not be G P-injective
rings ([1], Example 1.5),also not be P-injective rings. Following [3], Ring R is called a left
(resp right) PP-ring if for any a € R, Ra(aR) is projective; R is said to be a left (resp
right) GPP-ring if for any a € R, there exists a positive integer m such that Ra™(a™R)
is a projective R-module. In [4], Xue Wei Ming prove that R is regular if and only if R is
left P-injective, left P P-ring. Recently, Professor Chen and Ding have prove that R is a
regular ring if and only if R is a PP-ring and rR is G P-injective (cf.[5]). In the meantime,
~ they obtained a ring which is left P-injective, right P P-ring is not regular. This paper
we will prove a more detailed result that R is a regular ring if and only if R is a left
AP-injective, left P P-ring. Whence, we have the conclusion that if R is a right P P-ring,
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then R is a left AP-injective ring if and only if R is a left P-injective ring if and only if
R is regular. In [6], a module M is said to satisfy (C;) if for any two submodules X and
Y of M with X is a direct summand of M and Y & X |, we have Y is a direct summand
of M. Here we show that for a left AP-injective ring, if ReN Rf = 0 with e2 = ¢, f2 = f
are in R, then there exists g> = g € R such that Re @ Rf = Rg by the Cy condition.

2. PP-rings
Lemma 2.1 Let R be a left PP-ring. If R is left AP-injective , then R is regular.

Proof For any a € R, we have a short exact sequence
0— l{a) - R— Ra—0.

Where ¢ : R — Ra;r |- ra. Since R is left PP-ring, so Ra is projective. Then there
exists L <p R such that R = Il(a) ® L, so l(a) = Re with €2 = e € R. We have
rl(a) = r(Re) = (1 — €)R. Denotes f = 1 — ¢, then rl(a) = fR, f> = f € R. Inasmuch as
a € rl(a), so a = fa. But R is left AP-injective ring, there exists X, < Rp such that

rl(a) = aR & X,.
So f=ar+z withr € R,z € X,, then
ta=fa—ara=a—-ara=a(l-ra)caRNX,=0.

Hence a = ara, R is regular.

Corollary 2.2 Let R be a left PP-ring. If R is a left AP-injetive ring, then R is a right
PP-ring.

Proof By Lemma 2.1, R is regular. For any a € R, we have e2 = e € R such that
aR = eR. Hence aR ® (1 — e)R = Rpg, and aR is projective. R is right P P-ring.

Theorem 2.3 R is a regular ring if and only if R is a left AP-injective, left P P-ring.

Proof By Lemma 2.1, R is regular. Converse,since R is regular, Ra = Rf with f2 = fe R
for any a € R, so R is left PP-ring. Likewise, aR = eR with > = e € R,

aR = eR = rl(eR) = rl(aR) = ri(a),
R is left AP-injective. O

Remark As the proof in Lemma 2.1, we have the same result for a right AP-injective,
right PP-ring. Whence, for a left PP-ring, R is left AP-injective if and only if R is left
P-injective if and only if R is regular.

Ring R is w-regular ring if for any a € R, there exist b € R and positive integer m such
that a™ = a™ba™. Clearly, regular rings are w-regular rings, but w-regular rings need not
be regular rings as the following example.
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Example 2.4 Let

(Zy Z,\ [a b
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In [7], we have the conclusion that for a right AP-injective ring, if R is a right GP P-
ring, then R is a w-regular ring and R is a left GP P-ring. Of course, we have the similar
conclusion, i.e. if R is a left AP-injective, left G P P-ring then R is a w-regular ring and R
is a right GP P-ring as the following Proposition

R is r-regular, but since J(R) = R = ( > # 0, so R is not regular.

Proposition 2.5 Let R be a left AP-injective ring. If R is a left GP P-ring, then R is
w-regular.

Proof For any a € R, there exists a positive integer m such that Ra™ is projective. So
we have a short exact sequence

0—-I(am)—> R— Ra™ — 0.

Where ¢ : R —» Ra™;r |- ra™. Since R is left GP P-ring, so Ra™ is projective. Then
there exists L <p R such that gR = I(a™) @ L, so l(a™) = Re with e2 = e € R. We have
rl(a™) = r(Re) = (1 — €)R, and ea™ = 0. Inasmuch as R is left AP-injective ring, there
exists X,m < Rp such that

rl(a™)=a"R @ X, m.

Sol—-e=a™r+zwithre R,z € X,m, then
za™ = (1-e)a™ — a™ra™ = a™(1 —ra™) € a™ RN Xym = 0.

Hence a™ = a™ra™, R is 7-regular.

Corollary 2.6 Let R be a left AP-injective ring. If R is a left GPP-ring, then R is a
right GP P-ring.

R is called a Baer ring if the right annihilator of every nonempty subset of R is
generated by an idempotent (cf.[8]).

Proposition 2.7 Let R be a left AP-injective ring. If R is Baer ring, then R is regular
ring.

Proof For any a € R, since § # l(a) C R, and R is Baer ring, then ri(a) = eR with
e? = e € R. So a = ea. But R is left AP-injective, then

aR®d X, =rl(a)=eR, X, <Rp.
Hence there exist b € R,z ¢ X, such that

e=ab+z,a=ea=aba+za,a(l —ba)=zac X,NaR =0.
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Whence a = aba, R is regular.

Corollary 2.8 Let R be a left AP-injective ring. If R is Baer ring, then R is left P P-ring
and right PP-ring, and R is a right AP-injective ring.

3. Weakly injective rings

Let E(M) is an injective hull of Mp. M is called weakly injective (cf.[9]) if for any
finite generated submodule Ng C E(M), there exists Xp = M, and Ng C Xp C E(M).
Clearly, injective rings are weakly injective rings, but the converse need not true (cf.[9}).
While, weakly injective rings are injective rings for A P-injective rings as follows

Lemma 3.1 Let R be a right AP-injective ring. If Rp <. X ™ Rp, then X = R, where
X is right R-module.

Proof Denotes ¢ as the isomorphism of Rg to X with ¢(1) = b € X, then Imp = X = bR.
And 1 € R <. X. So there exists u € R, and 1 = bu. Hence Rp = 1R = buR, and
r(u) = 0. In fact, if ur = 0, then bur = 0,7 = 1r = bur = 0. We have r(u) = 0. ie.
R = lr(u). And R is right AP-injective ring, so

Ir(u) = Rud X,,X, <r R.
Hence R = Ru @ X, so there exist v € R,z € X, such that
l=vu+2, u=uwutuz, uz=(1-w)uec X,NRu=0,

u = uvu. Let e = uv € R, so €2 = ¢, and uR = eR. Then we have R = buR = beR,
but X = bR = b(eR + (1 — €)R) = beR + b(1 — e)R. If z € beR N b(1 — €)R, then there
exist 71,72 € R such that z = ber; = b(1 — e)ry, so ¢~ 1(z) = er; = (1 — e)ry, and since
er1 =e(l—e)rp =0,iez =0,50 X = bR =beR @ b(1 — e)R. And Rp <. X, R = beR,
whence b(1 —e)R=0,X =beR=R. O

Theorem 3.2 Ring R is right self-injective if and only if R is right AP-injective and Rp
is weakly injective.

Proof We need only to prove E(RRr) C R. For any a € E(RR), since R + aR C E(RR)
and Rp is weakly injective, then there exists X < E(RR) such that R + aR < X and
X 2 R. Since Rp is right AP-injective, by Lemma 3.1, X = Rp. Hence R = E(RR). R
is right self-injective. O

Remark We have the conclusion that if RR <. X = R, then g X = R for a left AP-
injective as the proof in Lemma 3.1, so R is a left injective ring if and only if R is a left
AP-injective, weakly injective ring.

Proposition 3.3 Let R be a left AP-injective ring, then

(1) Ife? = e € R, ¢ : Re — Ra is a left R-isomorphism, then there exists f> = f € R
such that Ra = Rf.

(2) Ife? =e€ R, f* = f € R and Ren Rf = 0, then there exists g> = g € R such
that Re ® Rf = Rg.

— 214 —



Proof (1). Let ¢(e) = b, then Ra = I'myp = Rb. Since
¢ : Re = Ryp(e);re |— rop(e)

is R-isomorphic, so I(e) = I(p(e)) = I(b). Hence b € rl(b) = rl(e) = rl(eR) = r(R(1—e)) =
eR, b = eb. But R is left AP-injective, so

’I‘l(b) =bR® X3, X, < Rp.
Then e = bd + = with d € R,z € X},. Hence we have b = eb = bdb + 2b, and
zb=b—-bdb=b(1—-db) e bRN X, = 0.

Whence b = bdb. Let f = db, then Ra = Rb= Rf.
(2). By the supposition, Re is a direct summand of R, there exists Ly <r R such that
rR = Re® L. Whence

Re® Rf =(Re® Rf)NR=(Re® Rf)N(Re® L;) = Re® ((Re ® Rf) N Ly).

Then Rf =~ (Re® Rf)/Re = (Re® Rf)N L1. By (1), (Re® Rf) N L, is generated by an
idempotent of rR. So there exists L, <gp R such that

((Re®@ RfynLi)® Ly =r R,
Li=LinR=Lin(((Re® Rf)NL1)® L2) = ((Re® Rf)N L) & (L1 N Ly).
Hence
RR=Re® L, =Re®((Re® Rf)NL1)® (L1 N Ly) = Re® Rf & (L1 N Ly),
Re ® Rf is a direct summand of R, so there exists g> = g € R such that

Re® Rf = Rg.

Corollary 3.4 If R is a left AP-injective ring, then R satisfies the condition Cs.

Proposition 3.5 If R is a left AP-injective ring, for any a € R, then the following
conditions are equivalent:

(1) Ra is projective as a left R-module.

(2) Ra is a direct summand of RR.

(3) Ra is P-injective as a left R-module.

Proof (2) = (1) and (2) = (3), obviously. (3) = (2). Since we have left homomorphism
f: Ra— Ra;ra |- ra.

And Ra is P-injective, then there exists ba € Ra such that a = f(a) = aba. Let e = ba,
then e? = e and Ra = Re. Hence Ra is a direct summand of rR.
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(1)= (2). Consider the following short exact sequence
0—lla)» R— Ra—0.

Since Ra is projective, there exists T = Ra, and rR = l(a) ® T. By Corollary 3.4, R
satisfies C3., Ra is a direct summand of g R. Then we have complete it. O
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