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Abstract: In this paper, the results characterize the convergence of Ishikawa type iter-
ative sequences (with errors) for constructing the solutions of strongly accretive operator
equations, the solutions of m-accretive operator equations, and the fixed points of strong
pseudocontractions. These results extend and improve Theorems 1-3 of Chidume and
Osilike (Nonlinear Anal. TMA, 1999, 36(7): 863-872).
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1. Introduction

Let Ebe a real Banach space with norm || -|| and dual E*. We denote by J the normal-
ized duality mapping from E into 28" that J(z) = {z* € E*: (z,z*) = ||z? = ||=*|*},
z € E, where (-,-) is the generalized duality pairing.

An operator T with domain D(T') and range R(T) in E is called strongly accretive if
for all z,y € D(T) there exist j(z — y) € J(z — y) and a constant k such that

(Tz ~ Ty, j(z — y)) 2 kllz - y|*. (1)

In particular, T is said to be accretive if for all z,y € D(T) there exists j(z —y) € J(z—y)
such that

(T2 - Ty,j(z - 4)) > 0. (2)
Without loss of generality, we assume that k& € (0,1). Closely related to the class of
strongly accretive operators is the class of strong pseudocontractions where an operator T
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is called a strong pseudocontraction if for all z,y € D(T) there exist j(z — y) € J(z — y)
and ¢ such that

(T2 ~Ty,j(z ~9)) < {11z ~ 3|1 3)

It is well known (see, e.g., [5]) that if T : E — F is continuous and strongly pseudo-
contractive then T has a unique fixed point. Furthermore, if T : E — Eis continuous and
strongly accretive, then T is surjective, i.e., for a given f € E, the equation Tz = f has a
unique solution. Martin!l has also proved that if T : E — E is continuous and accretive,
then T is m-accretive so that the equation 2+ Tz = f has a unique solution for any f € E.

In 1995, Liu!® introduced and studied the Ishikawa type iterative sequences with errors
which are generated from an arbitrary 2o € E by

Yn = (1= Bn)2n + BTz, +vs, n>0,

Tntl = (1 - an)rn + anTyn+un, n 20,

where T is a mapping of E into itself, {u,} and {v,} are two sequences in E, and {a,}
and {B,.} are two real sequences in [0,1]. It is obvious that if u, = v, = 0,Vn > 0, then
the above iteration method reduces to the Ishikawa iteration method.

Recently, Chidume and Osilike[®) extended the results of [10] from real smooth Banach
spaces to arbitrary real Banach spaces.

Theorem CO18 Suppose E is an arbitrary real Banach space and K is a nonempty
closed convex bounded subset of E. Suppose T : K — K is a uniformly continuous
strongly pseudocon traction and {a,.} and {8,} are real sequences satisfying the following
conditions:

()0 < an,fn <1,n >0, (ii) imy 00 @y, = limp 00 B = 0, and (iii) Y12y an = 00.
Then the sequence {z.};>, generated from an arbitrary zg € K by

Yn = (1 - ﬂn)mn + ﬁnTzn; n > 0,
Tnyl = (1 - an)rn + o, Ty, n2>0,
converges strongly to the fixed point of T.

Theorem CO2® Suppose E is an arbitrary real Banach space and T : E — E is a
uniformly continuous strongly accretive operator. Suppose the range of (I —T') is bounded.
Let {a,} and {B,} be as in Theorem COI1. Then the sequence {z,} generated from an
arbitrary zo € E by

Yn = (1 - ;Bn)zn '+',Bn(f + (I - T)Z!"), n > 0:

tpr1=1=-an)znta(f+(I-T)y.), n>0

converges strongly to the unique solution of the equationTz = f.

Theorem CO38 Suppose E is an arbitrary real Banach space and T : E — E is a
uniformly continuous accretive operator. Suppose the range of T is bounded and {a,}
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and {f,} are as in Theorem CO1. Then the sequence {z,} generated from an arbitrary
Tg € Eby
Yn = (1 - ﬂn)zn + ﬁn(f - T'L‘n), n>0,

Zpt1 = (1 — an)zn+ an(f — Tyn), n>0

converges strongly to the solution of the equation z + Tz = f.

Motivated and inspired by the above results, we give the characteristic of the con-
vergence of Ishikawa type iterative sequences (with errors) for constructing solutions of
strongly accretive operator equations, solutions of m-accretive operator equations and
fixed points of strong pseudo contractions. Our results extend and improve the above
three Theorems CO1-CO3 by removing the restriction of lim,,,o 8, = 0 in Theorems
CO01-CO03, and the restrictions that K is closed and bounded in Theorem CO1, the range
of (I — T) is bounded in Theorem CO2, and the range of T is bounded in Theorem CO3.
Moreover, it is also easy to see that our results are interesting improvements and signifi-
cant extensions of the results obtained previously by many authors including Chidumel19,
Deng and Dingl?), Chidume and Osilikel®), Zengl®7), Zhoul'!], and Chang, Cho, Lee, et
alll)] since our results hold in the setting of arbitrary real Banach spaces.

2. Main results
2.1 Iterative approximations for strong pseudocontractions

Theorem 1 Suppose E is an arbitrary real Banach space and K is a nonempty convex
subset of E. SupposeT : K — K is a uniformly continuous strong pseudocontraction with
a fixed point z* and {a,} and {8,} are real sequences satisfying the following conditions:
(i) 0 € an,fn <1,n >0, (ii) imu o0 an = 0, and (i) Y12y an = c0.
Let the sequence {z,}2, be generated from an arbitrary zo € K by

Un = (1 - ﬁn)zn + ﬁnTIn, n 2 0, (4)
Zpr1 = (1 —an)z, + @, Ty,, n>0. (5)

Then, {z,} converges strongly to z* if and only if {z,} is bounded, and {z,, — Tz,}
converges strongly to zero.

Proof At first, it follows from the strong pseudocontractive condition of T that the fixed
point z°* of T is unique. Suppose {z, } converges strongly to z*. Then {z,,} is bounded.
Since

20 = Teu|l < ll2n — 2°|| + | T20 - 2°,

it follows from the uniform continuity of T' that {z,, — T'z,.} converges strongly to zero.

Conversely, suppose that {z,} is bounded and {z,, — T'z,,} converges strongly to zero.
Then we assert that {Tz,},{y.}, and {Ty,} are all bounded. Indeed, since ||Tz,| <
IT2zn = 2all + [|znl], and

lynll < llyn — zall + |znll = BullTz, — Zoll + fleall S T2n — 2ol + Izl

obviously, {Tz.},{y.} are bounded. Since|ly, — z,|| = B.||Tz, — 2., {yn — 2.} con-
verges strongly to zero. It then follows from the uniform continuity of T’ that {Ty,, — Tz,.}
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converges strongly to zero. Noticing that ||Ty,|| < ||Ty, — T2,|| + ||Tz,||, we infer that
{Ty,} is also bounded.

Next, we show that {z,} converges strongly to z*. Indeed, since T is strongly pseudo-
con tractive, it follows from Eq. (3) that for all 2,y € K there exist j(z — y) € J(z — y)
and a constant ¢ such that

(=T~ (1= Ty, ) 2 L= Djja -y 2. (6)

Set (t—1)/t = k. Then from inequality (6) we get (I-T—kI)z—(I-T-kI)y,j(z-y)) > 0
and it follows from Katol®! that

lz -yl <llz—y+r[(/-T - kl)z - (I - T - kD)y]| (7)

for all z,y € K and r > 0. Following the ideas of Chidume and Osilike!®, from Eq. (5)
we obtain

Tn—2' =1+ an)(2ny1 —2°) + an[(I - T — kD)zny1 — (I - T — kI)2*)-
(1 - k)an(zn —2°) + (2 = k)ai(2n — Tyn) + an(T2ns1 — Tyn). (8)

Hence,

lzn = 2°ll 2(1 + an)lizntr — 2°[| = (1 = k)an|le, ~ 2°||—
(2- k)a‘rzl”a:ﬂ = Tynll = anllT2n41 — Tynll (using Eq.(7)).

Thus,

lznss — 2°l| <[1 - kan + Q2ljzn — 2°||+
(2- k)af;”zn = Tyn|l + anl|Tzns1 — Tyall- (9)

Since the sequences {z,},{Ty.} are bounded, there exists M > 0 such that
I2n41 = 2°ll < [1 - kan]llza — 2°|| + (3 = k)Mo + an[|Tzas = Tyl (10)
Observe that

|Zn+1 = Ynll < (1 = an)Ballzn — Tzl + anl|Tyn — ynll
<||lzn — Tan|| + an||Tyn — ynl| = 0 as n — oo,

since {yn},{Ty.} are bounded. Hence, it follows from the uniform continuity of T that
Jim ||Tzp41 — Tyall = 0.
Set ka,, = 8, and (3 — k)M a2 + a,||Tzu41 — Tys)| = 0 in Eq.(10) to obtain
lonss = 2° < [1 = Gullzn = 2°]| + on.

Clearly, .22, 8, = o0, and o, = o(8,) and an application of Lemma W now implies
that ||z,41 — 2°|) = 0 as n — oo. This completes the proof of Theorem 1.
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Remark 1 Theorem 1 improves and extends Theorem COL1 in the following ways: (1)
Theorem 1 removes the restriction on the boundedness of K in Theorem CO1; (2) {8.}
in Theorem 1 may be an arbitrary sequence in [0,1] since the restriction lim, . Bn =
0 in Theorem COL1 is removed; (3) Theorem 1 establishes the necessary and sufficient
condition for the convergence of Ishikawa type iterative sequence. In addition, it is also
readily seen that if in Theorem 1 the sequence {3} still satisfies limp_oo fn = 0, then
“limy, o0 [|zn — 2°|| = 0 & {z,.},{Tz,} are both bounded.”

2.2 Iterative solutions for the strongly accretive operator equation Tz = f

In this section, k € (0,1) is the constant appearing in the definition of strongly accretive
operators.

Theorem 2 Suppose E is an arbitrary real Banach space and T : E — E is a uniformly
continuous strongly accretive operator. Let {a,,} and {8} be as in Theorem 1. Let {u,}
and {v,,} be the sequences in E such that ||u,|| = o(a,) and ||v,|| — 0 as n — oo. Let the
sequence {z,} be generated from an arbitrary zo € E by

Yn = (1 - ﬂn)zn + ﬂn(f + (I - T):cn) + v, n2> 0,
Tpnt1 = (1 - an)zn + an(f + (I - T)yn) +Up, n2> 0.

Then, {z,.} converges strongly to the unique solution of the equation Tz = f if and only
if {z.} is bounded and {T'z,} converges strongly to f.

Proof The existence of a solution to the equation follows from Deimling!® and the
uniqueness follows from the strong accretivity condition of T. Define S : E — E by
Sz = f+ (I — T)z. Let z* denote the solution. Then z* is a fixed point of S and S is
uniformly continuous. Furthermore,

(I = S)e—(I-S)y,j(z-y) > kllz —yl?, Ve,y€E,
so that S is strongly pseudocontractive. It now follows as in the proof of Theorem 1 that

[2a+1 — 2| <[1 - kag + a2lllzn — 2*|| + (2 - k)ai]le, — Syall+
an||Szns1 — Syall + (2 — k)an + 1][Jun]). (11)

Suppose that {z,} is bounded and {T'z,.} converges strongly to f. Then it is readily
seen that {z,, — Sz,} converges strongly to zero. Moreover, it follows as in the proof of
Theorem 1 that {Sz,},{yn}, and {Sy,} are all bounded. Observe that

[Za+1 = ¥all < (1 = an)llzn = nll + @nl|Syn — ynll + [|un]
< (1= an)Ballzn — Szall + (1 = an)llvall + anll Syn — vl + [lunll
<lzn ~ S2all 4 [Joall + anllSyn = ynll + lluall = 0 as 7 — oo,

so that it follows from the uniform continuity of 5 that lim,,_,o || SZn4+1 — Syn|| = 0. Since
{zn},{Syn} are bounded, there exists M > 0 such that

[2n41 = 2°| < (1 = kan)llzn = 2°[| + (3 = k)Mo + anl|Szns1 = Synll + (2an + 1)luall.
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Now, it follows as in the proof of Theorem 1 that lim, o ||Zn+1 — 2°|| = 0.

Conversely, suppose {z,} converges strongly to the unique solution of the equation
Tz = f. Then it follows as in the proof of Theorem 1 that {z,.} is bounded and {z, — Sz,.}
converges strongly to zero. Hence, by the definition of S, {T'z,,} converges strongly to f.

Remark 2 It is readily seen that if in Theorem 2 the sequence {f3,} still satisfies
lim, o Br = 0, then “lim,, ||z, — 2*|| = 0 <& {z,.},{Tz,} are both bounded.”

2.3 Iterative solutions for the equation z + Tz = f involving accretive operator

Theorem 3 Suppose E is an arbitrary real Banach space and T : E — E is a uniformly
continuous accretive operator. Let {a,} and {3,.} be as in Theorem 1. Let {u,} and {v,,}
be the sequences in E such that ||u,|| = o(a,) and ||v,|| = 0 as n — oo. Let the sequence
{z,.} be generated from an arbitrary zo € E by

Yn = (1 _ﬁn)zn+ﬂn(f—Tzn)+vn, n >0,
Znt1 = (1 — an)zn + an(f — Tyn) + tn, n2>0.

Then, {z,} converges strongly to the unique solution of the equation z + Tz = f if and
only if {z,} is bounded and {z,, + Tz, } converges strongly to f.

Proof The existence of a solution to the equation follows from Martin*l and the unique-
ness follows from the accretive condition of T'. Define S: E — E by Sz = f — Tz. Let z°*
denote the solution of the equation # + Tz = f. Then z°® is a fixed point of S and § is uni-
formly continuous. Furthermore, ((I — S)z — (I - S)y,j(z — y)) > ||z — y||%,Vz,y € E.
Thus, as in the proof of Theorem 1 we obtain

l2nt1 = 2°l| < [1 = an + allllzn = 2l +alllzn ~ Syall+anllSznsr = Synll+(an + 1lluall.
The remainder of the proof is similar to that of Theorem 2. Thus, we omit it.

Remark 3 It is readily seen that if in Theorem 3 the sequence {8.} still satisfies
limy, 00 Br = 0, then “lim, ,x [|zn — 2°]| = 0 & {24}, {T 2.} are both bounded.”
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