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The Dense Fractal Sets with the Hausdorff Dimension *

LU Shi-pan
(Dept. of Math., Teachers’ College, Jimei University, Xiamen 361021, China)

Abstract: In this paper, for any given s (0 < s < 1), we construct a Cantor-type set
E, such that dimy E, = 3 and E, is dense in {0, 1].
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In the text books of the theory of functions of a real variable, it is quite common to
discuss the Cantor set in the interval [0,1]. It is a closed set which is nowhere dense in
[0,1). Its Lebesgue mensure is zero, but has a power of the continuum. From the fractal
geometry we know that this Cantor set E is a fractal set, whose Hausdorff dimension
s = %%g—g and Hausdorff measure #?(E) = 1 in this special dimension s. In this paper, for
any given s (0 < s < 1), we will construct a Cantor-type set E, such that dimyFE, = s
and E, is dense in [0,1]. It is believed that this discussion is helpfull for studying the sets
of real numbers in the context of theory of measure and fractal geometry.

We suppose the readers have been familiar with the Hausdorff measure, relative con-
cepts can be refered to [1].

(1) For 0 < s < 1, we construct the fractal set £, in [0,1] such that dimy E, = s, E,
is dense in [0, 1], H*(E,) = oo and E, is H* o-finite.

(a) Construct the set E,, ¢ C [0, %] with H*(E, .0) = n™".

We first construct two closed intervals Ay and A; by removing an open interval A\
in [0, 1] such that | &g | = | Ay | = £, where ¢ = e‘lﬂ-‘l( that is 2¢* = 1) and |I| denotes
the length of interval I. Inductively, for A,,0 = €1+--€x,6; = 0 or 2,7 = 1,---,k, two
closed intervals A\,g and A, can be obtained from A, by removing an open interval A,y
so that | Ayo | = | Doz | = ¢| &y |- Let

o]
E,’n’o == ﬂk=1 U_e,’:Oori AQ‘...“‘,
g1,

which is called a simple Cantor set.
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The following formula is given in {2]. It is convenient to evaluate the Hausdorff measure
with this formula.

The formula of the integral for evaluating the Hausdorff measure Suppose u to
be a Radon measure, E a Borel set and D, H*(z) = HIHJ__.Qinf|.;|516 % If D, H*(z) < o0
<
for each z € E, then
H*(E) = /E DM’ dp.

Now we evaluate H*(E, ) with this formula. When o = €1---€r,6i = 0 or 2,i =
1,---,k, we use A® for A,, and define a function of sets by

w(AF)y = n~127k,
Since
IA(I\.) |a - (n—lck)a - n——sz—k,
| A(k+1) la - (n—lck—H)a = n~a2—k—1,
ﬂ(A(k)) — na—l' A(k) ,a — ns—l(c—ll A(k+1) l)a
=t g A |2 = gu(AkHY),
p is a mass distribution in [0, 1] whose support is E,no (cf. Proposition 1.7 of [3]).
Certainly, u is a Radon measure.
In Example 1 of [2], we evaluate the Hausdorff measure of a simple Cantor set. By the

method given in [2] we can compute D,H*(z) = n'~* for each z € (0,2) N Eyno. So we
have

1
H*(Eyo) = /0 D Hdp=n"1.nl=" = 0.

(b) In [0,1) shift E, ¢ right with distances %, and call the shifted sets by E, n4,i =
1,---,n — 1. Let

Es,n = U Ea,n,i-

Then we have

n—1
H(Ean) = D H'(Eyni) = '™,
1=0

(c) Let
Ea = U Ea,na
n=1

and E, is the set we want. In fact, dimgyg E, = s because the measure of E, is H* o-finite,
and H*(E,) = oo since H*(E,) > H*(E,,) = n!~* for each n. Let z € [0,1],6 be any
positive number. If we choose n satisfying 1 < §, then E,, N (z — 6,2+ §) # ¢, s0 E, is
dense in {0,1].

(2) Construct a fractal set Eg in [0,1] such that dimgEy = 0, Ey is dense in [0, 1] but
is uncountable.

— 411 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



(a) Construct Eg,,0 C [0, %] so that dimg Eg 0 = 0 and Eg o is uncountable.
Let {c} be a decreasing sequence of positive numbers satisfying ¢; < 3,¢¢ — 0 (k —

o). By the simlar method, but requiring | A®) | = ¢ A®~1 |, we can construct a
homogeneous Cantor set Egn o, and as Example 2 of [2] we obtain
—klog2
d.imHE(),n‘o = 8 =0.

k—oo log(cyez - - - ck)

(b) Move Eg 0 right with distance "1;, and call these sets by Eppn,i = 1,--+, n — 1.

Let
oo n—-1
Eo=J U Eoms,
n=1 i=0
and Ej is the set we want to construct.

Remark Let Ej = QN[0,1], where Q is a set of rational number. Then dimyEj§ = 0, Ej
is dense in [0, 1], but it is countable.

(3) Construct a fractal set E; in [0,1] so that dimgE; = 1, E; is dense in [0,1] and
L(Ey) = 0, where L denotes the Lebesgue measure.

Let ¢ = 2_18_%,k =1,2,---, then ¢, — %, (k — oo). With the same method, but
requiring | AF) | = ¢;| A*-1) || we also obtain a homogeneous Cantor set E;,0 C [0,2

and we have
—klog2

2% 1.
k—oo log(cycz - - ck)

dimgEqnpo =

1 1
Since 2¢icp - cp = el e 2 --.emF = e (17t +1) we have
L1
L(Eynp) = kh_{f)lo ;;chlcz <o = 0.
By the similar method, we can construct E; ,; and EF; successively, and E; is the set

we need.
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