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1. Notations and preliminaries

How to characterize the derivatives, in both of real analysis and fuzzy analysis, is an
important problem. For a real-valued function, if it is Lebesgue integrable or Henstock
integrablel? on [a, 5], then the primitive is differentiable almost everywhere in [a,b]. Fur-
thermore, the derivative equals the integrand function almost everywhere in [a,b]. For
a fuzzy-valued function which is (K') integrable on [a,b] {of course, it is fuzzy Henstock
integrablel®!), the conclusion does not hold. In this paper, we give a fuzzy-valued function
which is (K') integrable on [0, 1], but its primitive is not differentiable almost everywhere
in [0,1].

Let A € F(R) be a fuzzy subset on R. If A is normal, convex, upper semicontinuous
and has compact support, we say A is a fuzzy number. Let R® denote the set of all fuzzy
numbers(14,

For A, B € R, the addition and scalar nultiplication are defined by the equations

[A+ Bl = [A]" +[BJ', ie. A + B" =[A+ B]” and 4", + B}, = [A+ B]};
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(kA]" = k[A]", ie. [kA]" = min{kA" ,kA",} and [kA]" = max{kA" ,kA%};

respectively.
Define

D(A,B) = sup d((AT,(BT) = sup max{|4" — B |, |4} - BL]},
r€[0,1] r€[0,1}

where d is Hausdorff metric. If we write A” = {z : A(z) > r}, then A" = [A7, A7 ]34,
D(A,E) is called the distance between A and B.

Definition 1.1004 Let F : [a,b] —» R°. Then (K) integral of F(z) over [a,b), denoted
(K) J® F(z)dz, is defined levelwise by the equation

b b
[/ F(z)dz]” = {/ f(z)dz : f : [a,b] — R is a measurable selection for F"}

for all » € [0,1]. i
A fuzzy-valued function F is said to be strongly measurable on [a,b] if F7 and F7 are
(L) measurable for all » € [0,1] ( this definition is equivalent to the one used by Kaleva

).

A fuzzy-valued function F is called integrably bounded if there exists an (L) integrable
function h such that |2| < h(z) for all Z € F"(z).

An integrably bounded and strongly measurable mapping is said to be (K) integrable
on [a, b] if the level set {f: F(z)dz]" : r € [0,1]} determines a fuzzy number A = f: F(z)dz.

In the sequel we denote f: F(z)dz as (K) fi’ F(z)dz and F € K]a,b).

Theorem 1.1(4 Let F : [a,b] — R° be a fuzzy-valued function. Then F € K][a,b] if and
only if F (z), F](z) € L[a,b] for any r € [0,1]. Furtheremore

b b b
(K) / F(z)de] = [(L) / F*(2)dz, (L) / Fl(2)dz).
Theorem 1.211 Let F,G : [a,b] — R® be fuzzy-valued functions and k € R. Then
b . b _ b .
(1) (K)/ (F + G)dz = (K)/ Fdz+(K)/ Gde;

(2) (K)/bkﬁ‘dz - k(K)/b Fdz;
(3) D(F’,aé) is (L) integral()lle, and

b - -
D((K) [ Fe)ie, (K) [ Gla)dz) < (1) [ D(F,G)az,

(4) F(z)is (K) integrable on any subinterval of [a, b].

2. Differentiablility of the primitive
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Definition 2.1 Let F : [a,b] — R°. F(2) is said to satisfy the condition (H) on [a, b],
if for any z,,z5 € [a,b] satisfying ¢, < z2, there exists A € R such that

F(z;) = F(z1) + A.

y

For brevity, we always assume the condition (H) is satisfied for the ”—" operation of

fuzzy numbers throughout this paper.
Definition 2.2084 A fuzzy-valued function F : [a,b] — RC is said to be differentiable at
zg € [a,b], if there exists a F'(z) such that the limits

him F(zo-{'-h) - F(:l?(])’ lim
h— 0+ h h— 0+

F'(:co) — F(zo —h)
h

exist and equal F'(z,). Here the limits is taken in the metric space (R°, D).

Remark 2.2.101] Let F ¢ K[a,b] and G(z) = (K) [ F(t)dt be the primitive of F(z) on
[a,b]. Then G(z) satisfies the condition (H).

Remark 2.2.201 Let F:[a,b] — R° be continuous on [a,b]. Then, F € K|a,b] and
G'(z) = F(z),
where G(z) = (K) [* F(t)dt is the primitive of '(z) on [a, b].

Example 2.1 Define
0, if s¢[0,1],
F(z)={ =z, if se(0,1],
1, if s =0.
Then,
FT(z) =0,

Note that F”(z), F7 (z) are (L) integrable for r € [0,1]. From the theorem 1.1, F € K|a,b),
and G(z) = (K) [ F(t)dt is determined by the equation

G'(2) = [GL(2),G(2)], r€[0,1],
where

0, fo<z<r,

G_(z) =0, Gi(z)={ z—r ifr<z<l.
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For any z¢ € [0,1] and z > z(, we have

G’(z) - G-(I()),F(zo)) _ 1

= —— X sup e {IC (2) - G (20) - (2 ~ 20)FY. (o))

T — Ip

D(

x D(G(z) - G(z0), (2 ~ 20) F(z0))

et SUPr¢(20,2{|GT(2) — Gl(20) — (2 — o) Fi(20)[}
1

= —— X Supre(zo,;c]{l(l - r) -0 - (:c _ 20)()[} =1.

Lemma 2.1 Let G(z) be differentiable at z € [a,b]. Then for any r € [0,1], G” (z),G ()
are differentiable at z. Furthermore

[G'(2)]" = ((GL(2)) (G (2))]-

Theorem 2.1 Let F € Kla,b], and G(z) = (K) [ F(t)dt be the primive. If G(z) is
differentiable almost everywhere, then

G'(z) = F(z)

for almost all z € [a,b], i.e., if there exists subset B C [a,b] with L(B) = 0 such that
G(z) is differentiable for auy z € [a,b]\ B, then there exists a subset A C [a,b]\ B with
L(A) = 0 such that G'(z) = F(z) for any z € [a,b] \ (AU B).

Proof Since G(z) is differentiable almost everywhere in [a, b], there exists a subset B C
[a,b] with L(B) = 0 such that G(z) is differentiable for any z € [a,}] \ B. By lemma 2.1,
~ for any r € [0,1], G (z),G",(z) are differentiable for any z € {a,b]\ B, and

[G'(=)]" = [(GZ(=))', (G (2))].

That is, ) i
[G'(@))” = (G~ (2)), [G'(2)] = (G (=)
Since G(z) is the primitive of F(z) on [a,d], for any r € [0,1],

(G"(z)) = Fl.(z) a.e in[a,b], (G (z)) = Fi(z) a.e in[a,b].
This follows that there exists A C [a,b] \ B with L{A) = 0 such that
[G'(2)]” = (GL(2)) = FL(z), [G'(2))} = (GT(2)) = Fi(2)

for all z € [a,b]\(A U B) and all rational numbers r € [0,1]. By the left continuity of
[G'(2)I", [G'(2)], FT(2) and F(z) at r € [0,1], we have

[G'(2)]_ = (GL(2)) = FL(z), [G'(2)]} = (G(2)) = FL(2).
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for all z € [a,b] \ (AU B) and all » € [0,1]. It follows that
G'(z) = F(z) a-e in[a, b).

This completes the proof.

By Theorem 2.1, we know that the primitive G(z) of F(z) on [0,1] in Example 2.1 is
not differentiable almost everywhere in [a,b]. That is, there exists a subset E C [0,1] with
L(E) > 0, G(z) is not differentiable on E.
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