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1. Basic Definitions

Let X be a non-empty set, L an F-lattice, i.e., a completely distributive lattice with an
order-reversing involution / : L — L, (L*,§) an L-topological space or an L-ts for short,
and N the set of all natural numbers. For every a € L, a denotes the fuzzy set taking
the constant value a at any ¢ € X. An L-ts (LX,§) is called stratified, if for every a € L,
a € §. The sets of molecules in L and LX are denoted by M(L) and M(LX) respectively.
For every a € M(L), 8*(a) denotes the greatest minimum sets of a. For every 2 € X and
a € L, the L-fuzzy point with support z and height « is denoted by z,. It is clear that
2o € M(LX) if and only if a € M(L). If D is a directed set, then {z2 ,n € D} is called
a molecular net in (L*,§), where 2" € X and a,, € M(L). We say that a molecular net
{22 ,n € D} converges to z, in (L*,§), if for every P € §' with z, ¢ P, there exists
m € D such that 2}, ¢ P for any n > m, where §’ denotes the set of all closed fuzzy sets
in (L%, ). For every a € L, denote | a = {b € L : b < a}. The upper topology on L is the
topology generated by {L— | a: a € L} as a subbase and denoted by Q1. The relative
topology of 7, on M(L) is denoted by Q}. Hence (M(L),Q}) is a topological space.

Let I denote the unit interval [0,1]. The L-fuzzy unit interval I(L) is the set of all
equivalence class [A], where A : R — L is monotone decreasing mapping satisfying A(t) = 1
fort < 0and A(t) = 0fort > 1, and p € [A] iff A(t—) = p(t—) and A(t+) = p(t+) for
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all t € R. The natural L-topology on /(L) is generated from the subbase {L;, R, : t € I},
where Li[A] = A(t—)" and R,[A] = A(t+). A partial order on I(L) is naturally defined by
[A] < [p] iff A(t—) < p(t—). Define [A] A [p] = [A A p] and [A]V [p] = [AV p]. Moreover,
let X : R — L satisfy A(t) = M1 —t) for all £ € R and define [A\]' = [A]. And then
(I(L),V,A,1) is a completely distributive lattice with an order-reversing involution.

Lemma 1.1([5; Lemma 4.1]) Let A € I(L), then X is a molecule in I(L) iff there exists
a molecule a in L and t € I such that A = A, ., where

1, if s<0,
Aat(s+) =< a, if 0<s<t,
0, if t<s.

Definition 1.1°! Let (L%,6) be an L-ts. A mapping u : X — I(L) is called I(L)-
valued lower semicontinuous if Ryp € § for each t € I. The set of all I(L)-valued lower
semicontinuous mapping on X, being an I(L)-topology on X, is called an induced I(L)-
topology which is denoted by w(6). (I(L)X,w(§)) is called an induced I{L)-topological
space.

Definition 1.2B8155) Let v € LX. Define the characteristic function of v, denoted by xu,
satisfying

1, if t<0,
Xo(2)(t+) =< v(z), f 0<t<1,
0, ift>1

for any ¢ € X. Moreover, for any t € I define mapping t : X — I(L) by

. 1, if s<t,
t(z)(s+):{ 0, if s>t

for any z € X.

The definition of N-compactness in L-ts can be found in [1,2]. Let {z;, ,n € D} be a
molecular net in L* and a € M(L). If for every A € $*(a), there exists m € D such that
an > Afor every n > m, then {2}, ,n € D} is called an eventual a-net. It has been proved
that A is N-compact set in (L%, §) if and only if for every a € M(L), every eventual a-net
in A has a cluster point in A with height a, i.e., there exists a subnet converging to some
z, € A.

2. Main results

Lemma 2.1 If the net {Aa,+,,n € D} converges to Aas in (M(I(L)), Q7 ;)), then the
net {a,,n € D} converges to a in (M(L),Q}) and for any positive real number (e < t),
there exists an m € D such that t,, >t — ¢ for every n > m.

Proof Let s = sup{t, : n € D}, § = sup{a, : n € D}. Suppose that a € L and
a € (L— | a)n M(L), then we have a £ a and A,z £ Ay, Since {A4,:,,n € D}
converges to Ay in (M(I(L)),Q7,), there exists my € D such that Aq,t, £ Aa, for



every n > my. Since s = sup{t, : n € D} > t,, for each n € D, we get a,, £ a for n > m;.
It follows that {a,,n € D} converges to a in (M (I(L)), Q3 ). If € is a positive real number
(¢ < t), then we have A,; £ Ag¢—.. Since the net {\,,,,n € D} converges to A, in
(M(I(L)), (7(z)), there exists a my € D such that A4, s, £ Agt—e for any n > my. Since
B = sup{a, : n € D} > a, for any n € D, we get t, > t — ¢ for each n > m,. This
completes the proof.

Theorem 2.1 Suppose that (I(L)X,7) is a stratified I(L)-ts. Let [r] = {U € LX :
xu € T}(Obviously, (LX,[r]) is a L-ts). If a molecular net {z3,,., € D} converges to
2, in (I(L)X,7), then the net {z* ,n € D} converges to z, in (L*,[r]) and the net
{Aan tasn € D} converges to A, in (M(I(L)),Q’}(L)).

Proof Let z, £ U € [r]. Then xy» € 7 and xy € 7'. Note that z,,, £ xv. Since
{:c,\a LomE D} converges to z,, ,, there exists m € D such that 2} £ xu for every
n > m. Hence a, £ xu(z™)(ta—) = U(z"), ie., z? £ U. It follows "that {zs ,n € D}
converges to z, in (L%, [7]).

Suppose that V' is a subbase open set in (M(I(L)),Q7;)) and Aa¢ € V. Then there

exists A € I(L) such that V = (I(L)— | A)N M(I(L)). Since Mgy € I(L)— | A, we have

Aat £ Aand z,,, £ A. Note that (LX,[r]) is a stratified L-ts, so A € 7. It follows that
there exists m € D such that if n > m, then 2§, £ A. So we havelq, t, £ A(z,) = A,
ie, Agnt, € V. Hence {A,, +,,n € D} converges "to Aae in (M(I(L)), 1)

The converse of Theorem 2. 1is not true. it means that if anet {z}; ,n € D} converges
to z, in (L%,[7]) and a net {A4, +,,n € D} converges to A, in (M(I(L)), Q%) then
the molecular net {z}  ,n € D} may not converge to z,,, in (I(L)X,7). We give a
counterexample as follows:

Example 2.1 Let X = {z,y} be a set with two points, L = {0,1}. Then (LX,[r]) is
an ordinary topological space (X,[r]), (I(L)*,7) is a fuzzy topological space (IX,7).
Define
r={a:acl}U{zaVys:05>a>p}

Then 7 is a stratified fuzzy topology on I%X. It is easy to see that [7] is a trivial topology on
X. Denote a molecular net {z}' ,n € N} in IX as follows: t,, = 0.6 foranyn € N; 2" =z
whenever n is odd, 2™ = y whenever n is even. It is clear that {z™ : n € N} converges to
z. But {z?’l,n € N} does not converge to zy¢ in (IX,T), because zog & o5 Vy1 € 7' and
it is false that {#™,n € N} is eventually not in zg5 V y;.

Theorem 2.2 Suppose that (L*,§) is a stratified L-ts, (I(L)*,w(6)) is the induced I(L)-
ts of (L*X,6). Then a molecular net {z}.. ., n € D} converges to z,,, in (I(L)X,w(8))
iff the net {z ,n € D} converges to z, in (LX,6) and the net {A\,, ¢,,n € D} converges
to A in (M(I(L)),Q71))-

Proof By Theorem 2.1, it is sufficient to prove the part of “if”.

Suppose that{z% ,n € D} converges to z, in (LX,5) and the net {Aq,:.,n € D}
converges to Ay In (M(I(L)),Q}(L)). Since w(é) has a base {§A xy : s € I,U € §}, we
can suppose that P = §A xy and 2z, £ P'. So Ay £ P'(z) and we get a £ P'(z)(t-).
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Hence t > 1 — s and a £ U'(z). Since the net {z], ,n € D} converges to z,, there exists
my € D such that 2], £ U’ for every n > m,. By Lemma 2.1, there exists m; € D such
that t, > 1 — s for every n > m,. Since D is a directed set, there exists m € D such that
m > m; and m > m,. So we have t,, > 1 — s and a, £ U'(z") for every n > m. Hence
we get a, £ U'(z") = P'(2")(ta—) and Aq, s, £ P'(2"),ie, 2}, | £ P'. It follows that
the net {z}  ,n € D} converges to z,,, in (I(L)X, w(8)).

Theorem 2.3 Suppose that (I{(L)X,) is a I(L)-ts. If there exists an L-topology § on
L* such that every molecular net {z}, .. .n € D} converges to zy,, in (I(L)X,7) iff the
net {z ,n € D} converges to z, in (L*,6) and the net {,, +,,n € D} converges to Aq
in (M(I(L)),Q7 ), then (I(L)X,7) is the induced I(L)-ts of (LX,§), that is T = w(§).

Proof Suppose that {z}  ,n € D} is a molecular net converging to 2, , in (I(L)*, 7).
By the assumption of Theorem, {z, ,n € D} converges to z, in (LX,8) and the net
{Aantarn € D} converges to Ay in (M(I(L)),07 ;). By Theorem 2.2, {z}, ,..n€D}
converges to 2, , in (I(L)*,w(6)). It follows from Theorem 5.1.17 in [4] that the identify
mapping f : (I(L)X,7) = (I(L)*,w(8)) is continuous. Hence w(6) C 7. In a similar way,
we get the identify mapping g : (I(L)X,w(6)) — (I(L)¥,7) is continuous. So T C w(é).
Finally we get w(8) = 7.

3. An application

As an application of Theorem 2.3, we will give a simplified proof which shows the
N-compactness is an I{L)-“good extension” (see [5; Theorem 4.1]). At first we need the
following lemma.

Lemma 3.1 If{z}  ,n € D} is an eventual A,-net in I(L)X, then the net {A,, +,,n €
D} converges to Aqy in (M(I(L)), Q7 y,)-

Proof Let A € I(L) and Aur € (L— | A) N M(I(L)) € Q). By VB*(Aait) = Aoy and
Aag % A, there exists Ag, € B7(Aqy) such that Ag, £ A. Since {2}  ,n € D} is an
eventual A, ;-net, there exists m € D such that A,, ;, > Ag,s for every n > m. It follows
that Ay, 4, € A, thatis A, ., € (I(L)- | A)n M(I(L}). Hence {A,,+.,n € D} converges
to A in (M(I(L)),Q’}(L)).

Theorem 3.1 Let (I(L)X,w(8)) be the induced I(L)-ts of (LX,§). Then (I(L)*,w(8))
is N-compact iff (L%, §) is N-compact.

Proof Suppose that (L¥,6) is N-compact, {=},, ., m € D} is an arbitrary eventual
Aagnet in I(L)X. By Lemma 3.1, {Aa, r,,n € D} converges to Aae in (M(I(L)), 2 )).
If 3 € 7(a), then we have Ag; € B7(A4t). So there exists m € D such that Ay, ¢, > Mgy
for every n > m. Then we get a,, > . Hence {z}, ,n € D} is a a-net in L. Since
(L*,6) is N-compact, {z7* ,n € D} has a subnet, denoted by {zgj”,i € E}, converging

to some z, € LX. By Theorem 2.2, {2} ,i€ E} converges to z,,, in (I(L)*,w(8)).
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Obviously {z'  ,i € E}is a subnet of {2}  ,n € D}. Hence (I(L)X,w(6)) is N-

npotn
compact. '
Conversely, suppose that (I(L)*,w(8)) is N-compact and {2 ,n € D} is an arbitrary
eventual a-net. Let t € I — {0,1}. If Ag, € B*(Aa), then 8 € f*(a) and s < t. So there
exists m € D such that 8 < a, for every n > m. Hence we get A,,: > Ag, for every
n > m. By the arbitrariness of Ag ,, we have that {:cf\‘a)‘,n € D} is a eventual A, ¢-net. By

the assumption, {z} , ,n € D} has a subnet, denoted by {}'  ,t & E}, converging
to some z,,,. By Theorem 2.2, {z% i ¢ E} converges to 2, in (L%,§). Obviously

{7 ,i€ E} is a subnet of {«2 ,n € D}. Hence (L*X,6) is N-compact.
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