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Integrable Martingales *
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Abstract: In this paper, we establish some ratio inequalities for locally square inte-
grable martingales, and give sone extensions of the related results for continuous local
martingales.
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Let M = (M;);>0 be a continous local martingale with My = 0. Set M;" = SupaStIM,],
and let (M) = ((M)¢)i>0 be the increasing process associated with M. It was proved by
Fefferman, Gundy and Yorl® that there exists a universal constant Cp,q such that

M3 g :
E(w) <Cpq E(MZP) with ¢ > p. (1)

Also, Kikuchil¥ showed that there exists a universal constant Ca p such that

E[MZ?P exp(%ﬁ?)] < CupE(MZP) with p >0, (2)
aM:?
E{(M L7 exp(7r=)] < Cap B((M)YL?) with p >0 (3)

with 0 < a < %, and these inequalities are no longer valid for any p > 0 when a > %

E[Mg‘g’exp(%)] < Cap E(M?P) with p> 0, (4)
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a{M)

75 < Cap E((MYEL?) with p>0 (5)

E[(M)2L? exp(
with 0 < a < "7:, and these inequalities are no longer valid for any p > o when a > "T:.

Let (Q,F, F¢, P) be a filtered probability space with filtration (F;)¢>0 satisfying usual
conditions. Denote by Mfoc,o the collection of all locally square integrable martingales
with My = 0 based on (,F, F;,P). For M € MIZOC,O, [M] is the quadratic variation
of M, (M) is the predictable quadratic variation of M, M is the continuous part of M
and M? is the jump part of M. M; = sup,.,|M,|. There are examples showing that
inequalities (2) — (5) are not valid for locally square integrable martingales .

The aim of this paper is to establish adequate extensions of (2) — (5) for locally square
integrable martingales. We shall work within the framework of general martingale theory,
see for instance He, Wang and Yan[?!, thus we consider martingales with cadalag paths
and use the standard notions as in [3]. For this purpose we need some lemmas.

Lemma 11 Let X and Y be two nonnegative random variables such that
P(X > \,Y < X) < cexpl-a(y/7 - IP(X > 3) (6)

for every A > 0 and v > 1, where a and ¢ are two positive constants and b is an arbitrary
constant. If 0 < a < a and p > 0, there exists a constant C = C(a,b,c,a,p) such that

E[XPexp(aX/Y)] < CE(X?), E[YPexp(aX/Y)] < CE(Y?).
Furthermore, E(X?) can be replaced by E(Y?) in the first inequality.

Lemma 2I°! Suppose that M € M2, My = 0. Then for all § >0, § > 1+ & and A > 0,
the following inequality holds:

PIMZ > B3, ML + (M%), < 823) < 20xp(-E= L0y p0ar 5 3 ()

Lemma 3 Suppose that M € M;“’OC,MO =0. Then forall § >0, 3 >1+6 and A > 0,
the following inequality holds:

PUMIL > 60,207, + (437 < ) < exp(S)expf- =Ly ppaase > 3. 9

242

Proof By Ité’s formula we have M? = 2 [I M,_ dM, + [M],, write

E™ ={(s,w): AM,- M, <0}, Ny= (M}~ M}, Ci=) [(AN)*],

a<t

Dy = {3 (AN)TIPHY, Do = {3 Ig- () (AM) Y, He = (N°)+ C, + D,
8<t agt
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where AP is the dual predictable projection of A. By the Proposition (4.2.1) of Barlow,

Jacka, and Yorf®
H
2= (Zizo = (expl: — 5o

is a suppermartingale. Since Ny = -2 f{ M,~ dM,, we have

Ci =) (AN <4) MZ(AM,)?, (N°):+Cp < 4(M7); - [M],,

"St "St

t =~ —

D, = {Y[(AN,)PH = 4/ M2 dD, < 4(M*)? - D,
s<t 0]

Now, on the set ([M]},é2 > A ML+ <Md)3x/>2 < k), we have, for any u > 0
M 2y ¥
Zy" = exp{u([M]oo = M) = —({(N%)o0 + Coo + Doo)}

2 ~
> exp{u((M]oe — M) = S4ML([ M) + Do)}
> exp{u([M]o — M3Z) - 26k ([M]oo + Do)}
= exp{(u — 2u2k?)[M]o — (uM2 + 2u%k* Do)}
> exp{(u — 2u?k*)A? — (uk® + 2u*k*)}.
uM _ u? uM _ uM :
For any A € Fo, denote by Zp" I = exp{uM; — %5 Hy}14, then Z“" 14 = (Z;* 14)t>0 is
also a suppermartingale. By suppermartingale inequality, we have
P([MV? > X, M3, + (M2 <k, A)
< P(sup Z'*M 14 > exp{(u — 2u2k?)A? — (uk? 4 2uk*)})
>0
< exp{(—u + 2u2k*)A? + (uk? + 2u®k*)} P(A).

Taking u = ;}1;5, we have

P(IMM2 > A ML+ (MAY2 <k, A)

< exp{(—ﬁz— + fﬁkk4)kz + (% + %)}P(A)
< exp(3)exp{ 15} P(4). (9)

For any stopping time T, define
Mt = (MT+t - MT)I(T < OO), gt = .7'-T+t, t Z 0.

Then M = {Mt, Gy, t > 0} is a locally square integrable martingale with M, = 0, and we
have

[M]oo = ([M] — [M]r)I(T < o),
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(M%)oo = (Moo — (M) 7)I(T < 00),
M3, <2M3, (T < ) € Go.
From (8) we have
PMPM2 - [MB? > A 2M% + (MY <k, T < )
< P([M? > A, M2 + (M2 < k,T < )

< e}(p(E e);p{ 8/\kz }P(T < o0). (10)

3
Now, for each fixed A > 0, we define stopping time 7 by
r=inf{t > 0,[M]}/* > A}.

Then [M]l/2 < A, and on the set (2M + (M‘i)l/2 < 6A). We have A[M]l/2 <(AM); <
6. Note that ([M]l/2 > BA) C ([M]l/2 > A) = (7 < o), by (10) we have

P([MY? > BA, 2M7, + (MY < 6))
< P(IMIY? — [MEP - AIMIY? > (B -1~ 6)A,2M7, + (MH)Y? < 60,7 < o0)
< P(IMIY2 = (M2 > (B - 1= 8)A,2M7, + (MH)I? < 8X,7 < o0)
< exp(B)expl- B2y pr < o),
8 862
= exp(Cyexp( -y a5 ).

So the proof of Lemma 3 is completed.

Theorem 1 Let M = {Mt,]-'t,t > 0} be a locally square integrable martingale with
My =0. Then for any 0 < a < % 3> P > 0, there exists a universal constant Cy , such that

E[]M;P exp( [M]xaffMd>x )] S Ca»l’ E(M:op)v (11)
B[]+ (M) expl(rr*FEr ] € Cay B(MLe + (0 P% (12

Proof For every A > 0 and v > 1, notice that (M2 > yX) C (M2 > )). By lemma 2,
we have

POMZE > YA, [M]w + (M%) < )
< P(ML > vk (M) + (M%) < )
< Cexp(-YT D p0arz > V)
22

< Cexp{—ﬁ;«——

5 YP(MZE > N). (13)

— 8 —
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By (13) and Lemma 1, we complete the proof of Theorem 1.
If M = {M,;,F,t > 0} is a continuous locally square integrable martingale, the in-
equalities (11) and (12) become (2) and (3). So we get adequate extensions of (2) and (3).

Theorem 2 Let M = {M;, F;,t > 0} be a locally square integrable martingale with
My = 0. Then for any 0 < a < %, p > 0, there exists a universal constant Cy p, such that

a[M]
(2Mz, + (ML)
a[M)
(2Mz + (M4

E{[M]2}? exp|

-1} < Cap E(MEL), (14)

E{(2M, + (M) exp|

1} S Cop BA(2MZ + (MALEPY. (15)

Proof For every A > 0 and 7y > 1, by Lemma 3 , we have
P{[M]oo > 7, (2MZ, + (M?)}[?)" <2}
< P(MBL > X, oM, + (M4 < V)

< Cexp()exp(- YTy Pl > VA)

< Cexp(Deap - YTy piiaa)., > 3} (16)

Then the theorem immediately follows from (16) and Lemma 1.
The inequalities (14) and (15) are partial extensions of (4) and (5) except the restriction
of a.
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