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Abstract: This paper improves some lower bounds of a function f(z) introduced in the
problem of covering squares with squares.
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In (1], HL. Abbott and M.Katchalski considered a special covering problem about
covering squares with squares. Let S :s; = 2, 0 <z < 1,4 = 0,1,2,---,{Q;} is a
sequence of closed squares, where Q; has s; as its side length. Denote

f(z) = sup{a: Q is a square with side length a and @ can be covered by {Q;}}.

In the covering the sides of Q; are paralled to those of Q. [1] gives several theorems to
evaluate f(z). In this paper, we improve the lower bound of f(z). First we list the related
results in [1].

Proposition 111! Let R be a rectangle with sides a and b,a < b, and S be a collection of
n + 1 squares with sides 2o > 27 > --- > 2,,. If

Zz? > ab + (a + b)zy,
1=0

then the squares from S may be used to cover R.

Theorem 2[!] f(z) > V f:iz -2> V 1—1z‘~’ -2

We improve Theorem 2 in [1] as follows.

Theorem 1 f(z) > f:—i; -1
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Proof Let a = \/3::2 — 1. Then

izﬁ = a? + 2a.

1=0

For any ¢ > G, there exists a smallest integer N(¢) satisfying

Z 2% > (a—€)? + 2(a —¢).

From Proposition 1, we get that the square @ with side of length a—¢ can be covered by
the square sequence Qo, @1, " -, @ n(c), Where @; has side of length z'. From the definition
of f(z) and the arbitrariness of ¢, we have f(z) > q, that is

2 — 22

l1-2z

f(z) 2
We give a theorem which improves Proposition 1.

Theorem 2 Let Q be a rectangle with sides of length a and b,a < b,zg > 21 > -+ >
z, > 0. If

Z zf > ab + bzg,
=0
then the sequence of squares {Q;}(Q;: has side of length z;,i = 0,1,---,n) can cover Q.

Proof We prove by induction on n. Whenn = 0,¥." ;2% > ab+bzo, that is 22 > ab+bzo,
so zo(zo — b) > ab, then zy > b, the proposition obviously holds.

Suppose that the proposition holds when the number of squares in the sequence {Q;}
is less than n + 1. We now consider the sequence with n + 1 squares. When z¢ > b, clearly

the result holds. When 2 < b, let | = min{k : Y5, z; > a}. Since
Z :c;“? > ab + bzg,
=0

we have i .
azg < ab + bzg < sz < :coZ:c,-.
i=0 i=0
So Y. ipz; > a. This proves the existence of I. And we can prove that [ # n. If Il = n,
then ?___—01 z; < a,s0 Yt e? < 2ot z; < azg, then Y 2? < azo + 22 < 2az.
While "0, 2 > ab + bzg > b}:?z_ol z; + bzg > bzg + bzg > 2azo, a contraction.
Now dissect @ into two rectangles: R; with sides of lengths a and z;, and R, with
sides of lengths a and b — z;.
Clearly, from Ei:o z; > a, we know that R; can be covered by Qq, @1, -, @;. Next
we prove that R, can be covered by Qi41,@142, -+, @n. Since

Ezz > ab + bzg,
i=0
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we know

-1

n
Z f > ab+bzo—z;c > ab+b.’cg~zoz:c, —z,
=41 1=0 i=0
> ab+ bzg — azog — 2} > ab+ (b— a)z; — zf > a(b— ;) + (b — z1)Z141.
That is .
Z z? > a(b—z1) + (b — z1)z141.
i=l+1
By the induction hypothesis, R, can be covered by Q41,--+,Q@n. Therefore @ can be
covered by Qo, - -,@n, and the conclusion is reached.
Let
1 + 1 1
a= 4= - =
4 1-2%2 2
Then

. :132 Zzz’ =a’+a.
Similar to the proof of Theorem 1, we have
1 1 1
Theorem 3 f(z) > it 3
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