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Abstract: In this paper, we introduce and study the generalized frame in a separable
Hilbert space H. Using operator-theoretic-methods, we give some conditions for a gen-
eralized frame to be a tight frame, a dual frame, or an independent frame in H. We also
prove some results concerning generalized frame operators.
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1. Introduction

In (1], G. Kaiser studied many properties of generalized frames and introduced a series
of useful results. In [2], Cao Huai-xin studied some properties and results of discrete
frames. In the paper, we study the generalized frame in a separable Hilbert space H
and give some conditions for a generalized frame to be a tight frame, a dual frame or an
independent frame in H. Associating a generalized frame operator § = TpTh(Th : H —
L?(u)) for a generalized frame h in H, we get a closed relationship between generalized
frames and their operators, and give a general method to construct a new frame from a
given generalized frame and operator in B(H).

Let H be a separable Hilbert space and (M, S, 1) be a measure space. A generalized
frame (1] in H indexed M is a family of vectors h = {h;, € H :m € M}. Forevery f € H,
if the function f : M — C defined by f(m) = (f, hn) is measurable, and there is a pair of
constants 0 < A < B, < oo such that

Al A < W Allsegy < Ballfllf, Vf € H, (1.1)

the vectors {hAm}mem C H are called frame vectors, (1.1) is called the frame condition,
and A;, and By, are called frame bounds. The function f is called the transform of f with
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respect to the frame, the map T}, f = f Vf € H is called the analyzing operator, and the
adjoint T} : L*(u) — H of Ty is given by

(Tig)m) = [ gm)hndn(m), Vg € L2(k). (12)

Here the formula (1.2) holds in the “weak” sense in H, and T}, is clearly linear and bounded.
If M is at most countable and p is the counting measure, h = {h,, € H :m € M} is called
a discrete frame (3].

Let {h;}menm be a generalized frame in H. If the frame bounds A, and By, are equal
to each other, then the frame is called tight generalized frame. In this case, the frame
condition reduces to 4| fl|% = HszLg(“). If {hy}menm and {k;}nerare two generalized
frames in H and

f:/M(f,hm)kmd,u(m):/M(f,k,n)hmdy(m), Vfe H, (1.3)

then we call k¥ a dual generalized frame of h. In this case, h is also a dual generalized
frame of k, and the pair {h,k} is called a dual pair of generalized frames. A frame
{hm}imen in H is an independent generalized frame in H, if for ¢ € L?(u) satisfying
Jyr 9(m)h,,, dpu(m) = 0, Vf € H, we have g = 0 a.e. on M.

2. Some properties of generalized frames

For convenience, we use the notation Fy, Fj;, F}J to denote the sets of all generalized
frame, tight generalized frame, independent generalized frame in H, respectively.

Proposition 2.1 Let h,k € Fy, and [A, ||T0|1?] N [Ax, |T)]2) = 0. Then h + k € Fy.

Proof Without loss of generality, we suppose that ||T%]|2 < Aj. It suffices to prove that
there two positive constants L and N such that

Since T),44 is bounded, the constant N does exist. Put L = A,ll/2 — |||, then L > 0, and

we have

ITnsa Fll 2 WTall = NTell > AP A= WTll- £ = LI

Proposition 2.2 Let h,k € Fy. Then the pair {h, k} is a dual pair of frames if and only
ifT;T, = 1.

Proof The necessity is clear. We only need to prove the sufficiency. So, we assume that

hk € Fg,and T;T), = I. We get

S = TiTif = Ti(f k) = [ (£ kdhodu(m), VS € . (2.1)
On the other hand, the condition T} T}, = I implies that T{Ty = I, and hence
f = TiTuf = Te(fo b)) = /M< fo b kmdps(m), V1 € H. (2.2)
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Combining (2.1) with (2.2) implies (1.3). This proves the sufficiency.

Proposition 2.3 Let h = {hy,}mer C H. Then

(1) h € Fy & Ty, is bounded below « T} T}, is invertible ;

(2) h € F} & Ty is a scaled isometric, i.e., T, = aU for a nonzero scalar a and some
isometric U;

(3) h € Fj; & Tis invertible, i.e., T} € B(L*(u), H).

Proof Using the formula (1.1) and the definition of tight generalized frames, the assertion
(1) and (2) are clear. We only need to prove the assertion (3).

Necessarity. Let h € F, I‘{ Then it is clear that T}, is bounded below by the assertion
(1). And from the definition of independent generalized frames, we see that T)f = 0
implies f =0, i.e. KerTj = {0}, thus T}, is sujective. This shows that T}, is invertible.

Sufficiency. Let T}, be invertible. We have that

WA = IT Tufl] < T - T £l

so [|Tufll 2 N T7HI" I fI,Vf € H, i.e., Ty, is bounded below. By the assertion (1) we get
h € Fg. Now suppose that there exists a nonzero function g € L%(u) such that

/ g(m)hpdu(m) =0, Vf € H,
M

then there is a nonzero function g € L?(u) such that Tjg = 0, i.e., KerTyr # {0}, which is
a contradiction to the fact that T} is invertible. Hence, h € F},.

3. Main results

For a given generalized frame A& = {h,, }menm, composing Tx with the adjoint operator
Ty, we get the frame operator S: H — H

Sf=TiThf = /M<f, by Vhmdp(m), Vf € H. (3.1)

Clearly, S is a linear operator on H. If h = {h;}memis a generalized frame with the
frame bounds A, and B;, then

AlfIll < (SF ) < Bullfllh, Yfe R (3.2)

From the formula (3.1), we have
£ = [ (i hn)S T hudplm), VS € H, (3.3)
M

and

Sslf = -/M<f, S—lhm>5—lhmdﬂ(m), Vf € H. (34)

Applying the operator S'to the vectors {Am}mem leads to a new family of vectors
{57 h;}mens. Hence, we obtain the following property.
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Proposition 3.1 Let h = {Am}mem be a family of vectors in H and the function
(f, hm),m € M be measurable. Define an operator S by

SF= [ (fy b} hdi(m), ¥f € H.

Then the family of vectors h = {h,,}mem is a generalized frames of H if and only if § is
a positive invertible operator in B(H).

Proof Using the formula (3.2), the necessarity is clear. We only need to prove the
sufficiency. Conversely, if the operator § is a positive invertible operator, then for all
f € H, we have
ASMFIP < (SE £ < sl -1
Hence, the family of vectors b = {h,, };menmis a generalized frames with the frame constants
A(S) and ||S|}. Here A(S) = inf{||Sf|| : f € H,||f|] = 1} denotes the minimal module of
S.
Suppose that a generalized frame is tight. We have

(Sf,f) = Alf||* forall fe H,

where A is a scalar. So, in this case, S = AI. Furthermore, we get the following assertion.

Theorem 3.2 Let {h,,}mem be a generalized frame with the frame operator S. Then
the following assertions are equivalent.

1 S=1r

(2) IF1I? = fpr [{f, hn)Pdpa(m), Y € H;

(3) WA = Jag 1S S 7 hun) [ dpa(m), VS € H.

Proof Using the formula (3.1), (1) = (2) and (1) = (3) are evident.
(2) = (1) If S is the frame operator of {h,,},.em, for all f € H, by the formula (3.4)

we see that

(ST, 8) = [ 05,57 B Pdu(m) = ST = (572, )

Thus, S~! = §72, This implies S = I.
(3) = (1) The proof is similar to the proof of (2) = (1). Using the formula (3.1), we
see that

(S£1)= [ 1k Pdutm) = [ 155,57 )P dp(om)
=11 = (51, 1).

So, § = S%. This implies § = I.
Next, we will show a general method to get a new generalized frame from a given
generalized frame and operator in B(H).

Theorem 3.3 Let {h,,}mem € Fy and V € B(H). Set k = {Vh,}mem. Then k € Fy
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if and only if the adjont operator V* of Vis bounded below, i.e., there exists a positive
constant § such that

IVl = 8], VS € B. (3.5)

Proof Using the formula (3.5), we have
IV*FI? > 6% £11°, Vf € H. (3.6)
By the formula (1.1) with the frame bound A and the formula (3.6), we obtain
PN < AV IR < [ VS h)ldu(m)
= [ A Vha)Pdu(m), V1 € B,

A similar estimate with the frame bound B, yields

/ (FVhn)Pdu(m) = [ (V"f, h)lPdu(m) < BulVCIP -IAIP, V5 € .
M M

It is clear that
(f’ th) € L2(/J), for all f c H.

Hence, we complete the sufficiency part of the proof.
Necessarity. We assume that k = {Vh,,};merm € Fy with frame bounds 0 < C), <
Dy, < oo so that

CulfI < [ £,V o) Pdu(m) < DI, ¥f € . (3.7)

Using the upper frame bound By, of {A., }menm and the left inequality of (3.7), we obtain
CUlAIP < [ 1. Vha)Pdulm) = [ (V£ ko) Pdu(m) < BulV* £, V5 € B,

where §2 = %f' This completes the proof.

Corollary 3.4 Let {hn}mem be a generalized frame with the frame operator §. Then
the family of vectors h' = {S";'hm}meMis a tight frame with the frame bounds 1 and 1.

Proof By the Theorem 3.3, we see that {S_%hm}mEM € Fy. So, we only need to prove
(S~ hondmen € FY. Set Tnf = (f,S™7hy),¥f € H. Cleatly, Ty f € L*(p). From the
formula (3.3), we have

($,0) = [ NF 574k} Pautm) = | TSI, VS € H.

This implies
T fll = IIfI1,VS € H,
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i.e., Ty is an isometric, by Propsition 2.3, {S‘%hm}meM € Ff. In addition, it is clear
that the tight frame bounds are 1 and 1.

Corollary 3.5 Let H; be a subspace of H, P an orthogonal projection from H onto Hy,
and {h,;,}menm a generalized frame of H. Then {Phm,}menm is a generalized frame of H,.
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