Journal of Mathematical Research & Exposition
Vol.24, No.2, 254-256, May, 2004

P3 is a Graceful Graph *

n

YAN Qian-taid, ZHANG Zhong-fu®?

(1. Dept. of Math., Anyang Teachers College, Henan 455002, China;

2. Dept. of Computer, Lanzhou Teacher College, Gansu 730070, China;
3. Dept. of Math., Northwest Normal University, Lanzhou 730070, China)

Abstract: Let G(V, E) be a simple graph and G* be a k-power graph defined by
V(G*) = V(G), E(G*) = E(G) U {uwv|d(u,v) = k} for natural numuber k. In this paper,
it is proved that P2 is a graceful graph.
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1. Introduction

The graceful of graph has been widely studied since G .Kingd proposed the conjecture
“all trees are graceful” in 1960’s. A series of results on graceful of special graphs were
obtained. In this paper, the graceful of a class graph is given.

Definition 1 Let G(V, E) be a simple graph with n vertices and m edges. A mapping
F:V(G) - {0,1,2,---,m}, f is called a graceful labelling of graph G with a graceful graph
G, if is satisfies

1 f be an injection;
2 max{f(v)lv € V} = m;

3 flw) = |f(u) = f(v)l e = wv € B;
4 {f(wv)lwv € E} = {1,2,--,m).

Definition 2 Let G(V, E) be a simple graph and k be a natural number, V(G*) =
V(G), E(G*) = E(G) U {uv|d(u,v) = k}, that is iff the distance is k between two vertices
of G, an edge is added. G* is callled k-power graph of G.
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Let P, be a path of order n.

Theorem 1 When n = 4,5, P3 is graceful.
The theorem is obviously true.

Theorem 2 Forn > 6, P3 is graceful.
Proof Now to prove the theorem by six cases.

Case 1. When n = 6k.
A labelling mapping f of P2 is given as follows.

Fvei) = T4, f(veir) = Ti + 2, f(voira) = Ti + 5,
f(’()e,‘_*,l) = 12k — 51 — 4, f(’(}(;i+3) = 12k — 51 — 5, f(’()(;,‘+5) = 12k -~ 51 — 6,
where 1 = 0,1,2,---,k — 1. Now f is going to be proved a graceful labelling.

(1) According to the labelling above, labels of even vertices arrange from small to large,
the maximum is Tk — 2; labels of odd vertices arrange from large to small, the
minimum is 7k — 1; then f is an injection.

(2) max{f(v)jv € v} = f(v1) = 12k — 4 = |[E(P})].
(3) For i #j,

|£(vi) = Fvip)l #F(v;) = Flviza)li 1f(v) = flvira)l # 1£(vi) = f(via)ls
|f(vi) = flvipa)l # 1 £ (i) = fvigs)l.

and moreover

max{f(uv)|uwv € E} = max{|f(v:)—f(vig1)ls | f(vi)= F(virs)l} = f(ver-1)— f(vor-2) =1

As the labels of all edges are {1,2,---,12k — 4}, f is a graceful labelling of P3.

Case 2. When n = 6k + 1.
A labelling mapping f of P2 is given as follows

fvg:) = 74, fvgis2) = Ti + 2, fveies) = Ti + 5,

f(’l)(;,‘+1) =12k — Hi — 2, f(’UgH.g) = 12k — bt — 3, f(v(;H.s) = 12k — 57 — 4,
where i = 0,1,2,--+,k — 1. Tt is similar to lemma 2 to be proved f is a graceful labelling.

Case 3. When n = 6k + 2.
A labelling mapping f of P2 is given as follows

f(vo) =0, f(v1) = 12k, f(vs) = 12k - 1,

F(voi2) = Ti+ 2, f(vaisa) = Ti + 4, f(vsiss) = Ti +6,
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f(‘UG,'+5) =12k — 51 — 4, f(UG,'+7) = 12k — 51— 5,
where i = 0,1,2,---,k—1; f(vgiyo) = 12k —5i—6, where i = 0,1,2,---, k—2. It is similar
to lemma 2 to be prove f is a graceful labelling.

Case 4. When n = 6k 4 3.
A labelling mapping f of P is given as follows

flvo) = 0, f(v1) = 12k + 2, f(v2) = 2,
f(veiya) = TP+ 5, f(voiys) = T1 + 8, f(veips) = Ti + 10,
Ff(veigs) = 12k — 5i + 1, f(veips) = 12k — 54, f(veir7) = 12k ~ 5i — 1,
where i = 0,1,2,---,k — 1. It is similar to Lemma 2 to be proved f is a graceful labelling.

Case 5. When n = 6k + 4.
A labelling mapping f of P2 is given as follows

f(’vo) = O,f(vl) = 12]6 + 4,f(’U3) = 12k + 3,

f(v6i+2) =T + 21 where ¢ = 01 11 2s T k) f(v6i+4) =T + 4) f(v6i+6) =Ti+ 6’ f(v6i+5) =
12k — 5i + 2, f(vei+7) = 12k — 5i + 1, f(veito) = 12k — 5i, where i = 0,1,2,---,k — 1. It
is similar to lemma 2 to be proved f is a graceful labelling.

Case 6. When n = 6k + 4.
A labelling mapping f of P2 is given as follows

f(’l)()) =0, f(vl) =12k + 6,f(v3) =12k + 5,

f(’U(;,‘.{,z) = 71 + 2, f(v(;,-+4) =T + 4, where ¢ = 0,1,2, LA k;f(v6i+6) =T + 6,f(‘v(;,'+5) =
12k — 57 + 4, f(veip7) = 12k — 50 4+ 3, f(veiyo) = 12k — 5i + 2, where 1 = 0,1,2,---,k — 1.
It is similar to lemma 2 to be proved f is a graceful labelling.

This completes the proof.
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