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1. Introduction

The inequalities of the form
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are called Hilbert’s inequalities for double series!!], where the same constant 7 in (1) and (2) is
known to be best possible, and the equalities in these inequalities hold if and only if {a,}or {b,}
is a zero-sequence. Subsequently, Hardy extended these results. To be specific, he established

the following inequalities!!:
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where a,, b, > 0, % + % =1and p > ¢ > 1. The inequalities (3) and (4) are called Hardy-
Hilbert’s inequalities for double series. And the equalities in (3) and (4) hold if and only if {an }or
{br} is a zero-sequence.

The above inequalities possess the corresponding forms of the integral, namely

/0 A At (x :_gy(y)dxdy <= {/ P (z) dz}llz {/000 72 (z) dazc}l/2 (5)

e o AVECE RV A

In view of the 1mportance of the results in theory and applications, it has been absorbing

and

much interest of analysts. Recently, various improvements and extensions or generalizations
appear in a great deal of papers (see the references of the present paper). Taking one with
another, they possess mainly the following characteristics:

1) Certain weight functions are introduced, so that a lot of graceful refinements of the
above-mentioned inequalities are obtained.

2) Certain parameters are introduced, so that various nice generalizations and extensions
of these inequalities are established.

3) Some new inequalities proven have been utilized, so that many new results are yielded.

In the present paper, we shall briefly lock back the research status of these inequalities. For
each part of the following, we state firstly the discrete form of them and then introduce their

integral form.

2. Refinements by choosing weight functions

For years, Hilbert’s inequalities have been studied by mathematicians, and thereby various
nice results have been obtained. In this section, we look back only the basic status since more
ten years. We introduce firstly the results acquired on Hilbert’s original inequalities, and then
show some achievements on Hardy- Hilbert’s inequalities.

In 1990, L. C. Hsu et al. analyzed carefully the original technique of Hardy and introduced
the weight function of the form w (n) = 7—/n/(n + 1)[2} such that the inequality (1) is improved

into the following

o0 b, 1/2 / 1/2
Z—l ::Lm+n < <Zw n)a ) (;w(n) bi) . (7)

Before long, the weight function w (n) was further refined into 7—6//n by Hsu and Wang!¥,
where 8 = 3 / V2 — 1 =1.121320343", and the problem of seeking the greatest possible value of
8 for the inequality (7) keeps valid is mentioned. Later on, L.C. Hsu and M.Z. Gao employed
different methods respectively to attain an infimum of 6, i.e. 6 = 1.281*[45l. And then Gao
showed that a supremum of § is A (A = 1.4603545+)[6]. As a result, the problem mentioned in
{3] is solved.
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As for the inequality (2), Gao established an improvement of it in the paperl7:

oo 1/2 o 1/2
Z m+n+1——{zw(n)“ } {Zw(n)bi} )

m,n=0 n=0 n=0

where w(n) = m — 6(n)/v2n+1 with 8(n) > 0 (n = 0,1,2,--). And then Gaol®l applied
Euler-Maclaurin summation formula to estimate the weight function w as follows:

wn)<r-0/V2n+1

where § = 17/20.
For the Hilbert integral inequality

[ [ 18Dy <o [ et | [ ean) ®

Gaol"l established also the new inequality with weights:

P R AT (x)dx}l/2 [[[w@y (:z:)dx}l/z, o

where w (z) = 7 — 2arctg (1/v/2z + 1). Two years later, Yang!® built also the foliowing inequal-
ity:
w(@) sm—(m=2)/@+ 1) (10)

And proved that (7w — 2) is the best possible value which the inequality (9) keeps valid.

In a similar way, some new results on Hardy-Hilbert’s inequalities were obtained.

In studying of Hardy-Hilbert’s inequality (3), the summation with parameter n is estimated,
ie. o

1

n\1l/z
Zm+n(g) Swn(z). z=p, ¢
m=1

In 1990, Hsu and Guol? took the lead in introducing the following weight function:

,nl/:z:

sin 7r/p (n+1)(z-1)

wn (T) =

The inequality (3) was refined as

oo oo /P ( 1/q
5 ;m:’;g{gwn(q)aﬁ} {an(p)bg} : (11)

myn=1

Afterwards, the second term of the weight function w, was further improved as n*/% /n (z — 1)
by Hsul'® and Gaol'!l. After two years, Gaol'?] gave again the accurate expression of the weight

function:
- yr oz 6, (n)
Z m+ ( ) T sinn/p nI—l/T’

n=1
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where 6. (n) > 0. r =p, q.
Before long, Yang and Gaol'34 got an infimum of 6, (n), namely, a fine result on the weight

function is obtained:
i l1—c¢

sin m/p nl-lr’

wn (n) =

where c is Euler constant, and (1 — ¢ ) is proved to be the best constant which the inequality
(11) keeps valid. By and by Gaol® proved that a supremum of 6, (n)is that

— __T 1 °° 1+1/r
9’“‘22,%{9?(”)}3—1%*/1 p(t)(l/rt )dt,

where p () =t — [t] — 3. And 6, is estimated as

roo1 1 P11 [2\'F
———____r<0’< —= - = .
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It shows that the inequalities (7) and (11) keep no longer valid, if 6, (n) > 6,.Thus the problems
posed in the papers®[1% were extended and solved entirely.
Concerning the inequality (4), Yang!!®l attained the following nice result:

) ab ) 1/p ( 1/q
—— P q
St <|Seona} {Sewan) )

where w (n, r) = == 75— (an_: 12)231 =, r =p, g and cis Euler constant.

In 1998, Yang and Debnath{1®! gave other form on Hardy-Hilbert’s inequality with weights:

I oo 1/p ¢ oo 1/q
> ot A um o) {Suman)
mn=1 n=1 n=l

— s 1 —
where w(n, 1) = ;7m — o T=D @

Besides the above-mentioned, Yang!!” had the following result:

oo b [5%s) 1/p 0o 1/q
amOn
E mﬁ{zs("ﬂ P)aﬁ} {Zs(n, Q)ng} )
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- 1
where s(n, r) = snn/p ~ BT EAIDT
If s(n, r)in the above expression is replaced by ——%- 75~ Town +11)1+1 =, then the result of

the paper!!8! follows as a consequence.

3. Generalization by introducing proper parameters

The parameters are properly introduced such that the objects studied are generalized. This
is a method employed usually. In this section, we shall summarize various generalizations on
Hilbert’s inequalities with parameters. First of all, we introduce some new results on discrete

form of Hilbert’s inequalities, and then state similar ones on integral form of them.
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Recently, for discrete form of Hilbert’s inequality Yang introduced firstly parameters A, B

and A such that the inequality (1) is generalized. He established the following new inequality in
[19].
paper!*®l:

= ambn 1 1 N 2 o) - 1/2

where A,B > 0and 0 < A <2, B(p,q) is the beta function and the constant (AB)™*? B (3,3)
is proved to be best possible. Yang had yet the following result in paper(29:

Z (Am+Bn+C’)

m,n=0
_ _ 1/2
1 A A [eS) C 1-X ) oo C 1-X )
<t ({50 5) @ S0 g) Twl L w
where A,B,C > 0 and 0 < A < 2, and the constant factor B (3, 3) (AB)™*? is also proved to

be best possible.
For the inequality (4), Yang and Debnath!?!l gave a generalization as

fore) ab o0 1oa 1/p oo N 1/q
_."’_71__<k;A(p){ (n+_1_ - al’} { n4+ 1 1- bQ} ,
m;() (m+n+1)/\ 7; 2) n nzz:o( 2) n

where the constant ky (p) = B (%H, “(2]*"’\) (with 2 — min(p,¢) < A < 2) is proved to be
best possible, and B(m,n) is beta function.

Recently, Kuang and Debna’chm] gave general form on Hardy-Hilbert’s inequality.

Letan, by 20,p> 1,1 +1=1,0<T72 ((n+X)1" a8 < +00,0 < T2 (n+A) 7" 8g <
00,3 < A < 1 min(p,q), and let K (z, y) be a nonnegative and homogeneous function of degree
—t(t > 0). If K (1, y)hasits first four derivatives continuous on (0, +o0), and (—1)" K™ (1, y) >0
forn=1,2 3,4, K™(1, )y >¢" -0, y—>+ocform=0, 1,

I(r, A) =/ K(1, u) M dy < 400, r=p, ¢,
0

then
1/p
Z ZK (m+2X, n+X)amb, <{Z (g, A)—¢(qg, m, t, )] (m+)\)1_ta$n} X
m=0n=0
co 1/q
{Z [I(p, )\)—‘<P(p, m, t7 ’\)(m+)‘)1_tbgn]} 3
m=0
where

smsr= () ()b (4 2))-

1 , 1
N (m N (1’m+>\)} >0
and r =p,q.
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Newly, concerning the inequalities (3) and (4) , Yang and Debnath(?3! established again new
inequalities by introducing parameters 4, B and X:

- amb kx (p) P (oo 1/q
mUn < A nl- A nl_.,\bq :
m,nz-:l (Am + Bn)* ~ A#2(P)BeA@) Z ; n

where the constant factor ky (p)/A¥*® B¥*(9) is best possible. In particular,
(i) for A=1,4,B > 0, it follows that

anb r ¢ o 1/q
mUn » . .
Am + Bn < AI/QBl/PS]_n 7r/p {Ea } {;bn} ) (17)

(ii) for A=2, A, B > 0, it follows that

oo oo 1/p ¢ 1/q
Ambn 1 a? bl
E —_—— < = — — ) 18
1(Am+B'n)2 AB{ZH} {Zn} (18)

m,n= n=1 n=1

o0

m,n=1

(iii) for 2 —min{p,q} <A <2,A =B =1, it follows that

oo

ambn { 1=, }1/;:{ T 1A }l/q
Yo <k d.n SontTeLe (19)
n=1

m,n=1 (m +n)

where the constant factors in (17)-(19) are all the best possible.
For other form by introducing parameter )\, Yang!?4 had the following results:

N amb T > P e
mOn (p=-1)Q=X) p (g—1)(1-2)
Z; m)‘+n)‘<)\sin W/p{an an} {an b%} )
m,n=1 n=1 n=1

where the constant factor w/(Asin 7/p) is best possible. In particular,
(i) For A = 3, it follows that

amb 2 had VP ( Y
m’n (p~1)/2,p (g-1)/2pa ]
o< & Atmcmmn ) {Sira)

m,n=1 n=1
(ii) For p=g¢ = A =2, it follows that

oo

o< 5 e 2P SE)"

m,n=1

where the constant factors in the inequalities are best possible.
For the corresponding integral inequalities, some nice results with parameters were also

obtained.
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In 1998, Yang!?9! introduced firstly parameters T and ¢ to estimate the weight function such

that the new inequality was built:

I dey (5 3) {/ EEHOMEZED dx}l/z x
([ (636" el

where T', t >0, and B (p, ¢) is beta function.
At the same time, Yang got yet other results in the paper!26].
Letb>a>0,and 0 <t <1, f,g€ L?0, + 00). Then

[ [ <n (3, 5) (- @) { [ 27 @ [ 2 @ }1/2

and

/a i {iig(")’)d dy <B( >{/m 1- l]xl_‘fz(az)dxx
/a [1_% g)'} -t z(m)dm}l/z,

where B (m, n) is beta function,

In 1999, for integral form of Hardy-Hilbert’s inequality Kuang!?” originated by introducing

parameter ¢ two new inequalities:

b i/p
/ / fxtxlg (;1/ dzdy S{w (t, Q)/a 't fP () dz} X
b 1/q
{“’ (t q, P)/ 7799 (z) dx} , (20)

— ¢ (g) and here function ¢ is defined by

a/ b t—241/r
r) = -4 =p, ¢
@ (r) /O Ty dw r=p 4

where w(t, y2) Q) = tsinﬂ;r/pt

And

/a i f(iig()y) dedy <{B (1, £1) - o (q)} REICRD R (p)}l/q
l/q

{/abzl”tf” () dx}l/p {/abxl‘tgq (z) d:z:} , (21)

where max{ } <t<b,0<a<b B(p,q) is beta function, and the function ¢; is defined by

" a/b g =17 4 o t=241/r
w1 (r =/ du, r= .
0 1+ Pa
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In the paper [28], Yang obtained the following result:

/ /oo f(=)g(y) S 4y < ks () {/:: (t+ﬁ)1~'\fp(t)dt}1/p {/—: (¢4 B) g0 (t)dt}llq

s (z+y+28)]°
an
[ f(z)g(y) i 1/q
L/; (:1:+y+2ﬂ)" <{/a w(Aq,t) fP(t) dt} {/a (A, p,t) g7 t)dt} (a>—p),
where w (A, 7, 1) = k() — 03 () (228) T (64 B, 3 (1) = i e (1) aw

and ky (p) = B (%ﬂ, 9:?1——) is best possible, and here B (m, n) is beta function.

Lately, the new results were given by introducing parameters A, B and ) in the paper!

/ / (,{19(52925) = Aw’f:)(gia(q) { /Omxl”xfp (x)dx}l/p { /0 Ta (w)dx}llq, (22)

where the constant factor ky (p)/A?*®P)B¥*(@ is best possible, and the functions ¢, (r) and
kyare defined respectively by

23].

90/\(7'):(,"_!_)‘_2)/7‘ (T:pr Q) and k)\(p)zB(tp,\(p),w)\(q)),

where B (u, v) is the beta function.
In particular,
(i) for A =1, 4, B > 0, it follows that

[ 4 st o] o], o

(ii) for A=2. A, B >0, it follows that

/ / A:(i)ugg(zg do y<AlB {/wx'lf”(z)dﬂ’}up{/wa“lg"(x)dm}l/q, (24)

where the constant factors in (23) and (24) are still best possible.
Freshly, Kuang!?®) established a new general form of Hilbert’s inequality and its converses.
Let an, bn > 0, an, Bn >0, 5 + % = 1. For each positive integer N < 400 or N = 400,

? p
define

N
_ apzem—1/2 . b, zPn—1/2
N{(z)=e " L and gy(z)=¢ —.
W@ =2 Tt D @ = TG D

Ifl< p < + o0, then

ZZ%Mzmmmmmu

m=0n=0

where the interval of the integral is (0, + 00).
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If 0 < p < 1, then the inequality is reversed.

Basing on the above-mentioned results, some important corollaries were established:

Corollary 1 With the assumptions as the above described, then

ZZm+n+1 < a7 Ml lowlly < 7 lal, 10,

m=0n=0

Corollary 2 With the assumptions as the above described, Define the function by

-z % a :z:"‘m—l/2 (/\ > 1)
e
m=0I'{ a} + 5

fN,/\(x) = N 22-1 5 1
—z Am T [
e m}_OT—jF o L (0< XA <1)
= A+ 3

gn, » (z) may be similarly defined. If 1 < p < + oo, then

>y

m=0n=0 (Oém +'Bn SIH W/p

I, Al llgw, all, -

If0 < p < 1, then the inequality is reversed.
Corollary 3 Let by, 2> 0,0, > 0,1 < pr < + 00, ZZ=1 1/pr =1 and A >1. Define
N a) —1/2
- b, X ™k
fN,k(-'L')=ezZ M

mezo T (@, +3)

then

N N N S S n
3 ZZ_ e < TTT (- 1/pe) 13, -

(Gmy +amy +- -+ am,)” i

If 0 <A <1and o, (mg =0,1,2,---,N) are replaced by n* a3}, , then the inequality is
reversed.

In particular, when oy, = mi + %, the following inequality is valid:

m1=0ma=0 m=0 ml +mg+--+my + "'

(1 =1/p)f N, kll,,

Ij

I' (1 = 1/p) 1bmy L, -

Recently, the Hardy-Hilbert inequality was generalized to multiple integral with parameter

t by Hong(3°l,

Leta >0,b>0,1/p1+1/py+---+1/pp =1,p; > 1, f; > 0,7; > band ¢t > (1/a) (n — 1 — b/r;) (r; =
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P1P2 - *Di—1Pi41°**Pn), ©=1,2,---, n. Then

"2 (1/a)

/ / / ( o >t Efi(xi)d$1d$2"'dzn5mx
fI {1‘ <-(1; (1- b/ri)> r (t ~ % (n—1- b/m-)) 7(35 )i g () dx}l/p.-,

=1

where I' (z)is gamma function.

Other extension of Hardy-Hilbert’s integral inequality was established by He, Yu and Gao!3).
We enumerate it as follows:

Let '~/ f(2) € L™ (0, + o0),i=1, 2, -+, n. If(n-1)(1—1/s) <A<n,s>1
and n >2, then

fl (-Tl)f2($2)"'fn(:l:n) F"‘(A/n) w * n—i-1pen 1
/ A" (x1+$2+"‘+l‘n))‘ dxidz, dr, < F—_—(A) g{/a x fi (;z;) dx} ,

where Ry = (0, 400), I'(z) is gamma function, and the coefficient = r( 57 is best possible.
Very recently, Kuang?®! gave the general form on Hardy-Hilbert’s integral inequality:
Let f and g be nonnegative measurable functions on (0, a), a(z) and B(y) be positive
measurable on (0, a), % + % = 1. For each positive number a < 400 or a = + 0o, define two

functions by

wex)-1/2 a . By)-1/2
/ e f(:c)d:v and G (u) =e™™ )g(y)dy

o T(By)+

Ifl < p < + co,then f;f; %dxdyg mw_ﬁ;“FHp ”G”q;
If0 < p < 1, then the inequality is reversed.
Basing on the above mentioned results, some important corollaries were established by

Kuang!?9,

Corollary 1 With the assumptions as the above described, if 1 <p < + oo then

@9
[ [ o iy < G 11,161,

where the functions F and G are defined by

o ule@n* 1
e~ J; i~ f (z) dx (A>1)
r{ [a@]*+ 3
F(u) =

2"—10 P 1
eu [0S LT3 faydn (0<A<1)

r(2-sla@P+ —)

The substitute of 8(y), g(y) for a(z), f(z) in the above expression, givesG (u).
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If0 < p < 1, then the inequality is reversed.

Corollary 2 Let {fi}be nonnegative measurable functions on [0, a], and {ax} be positive and
measurable on [0, a],1 < pr < + o0, Zk_ = 1. Define a function F by

L[ u(ak(z))*—l/z -
Fielu) =e /o r((ak(x))AJr-;)fk( )d

If A >1, then

/ / / fl $1)f2 (132) fn (.'Dn) Adl‘1d.’1§2-'-d$n < Hr(l "l/pk) ”Fk”pk'

(o1 (z1) + az (z2) + - - + an (z4)) k=1

0 < X < 1, and {og (z)}* are replaced by n*~! {ay (z)}, then the inequality is

reversed.
4. New inequalities being applied

The primary proof on Hilbert’s inequality is based on the following identity (see [1] §9.6,
formula (9.6.2)):

T n 2
/t{Z(—l)’ (ar cos rt — b, sin rt)} dt=27(S-T),

g r=1

where S Zr'—l Zs.—l 'r+s and T' = Zr—l Z:a-—l r—s (T‘ 7é 3)
In 1992, Hu Kel32 built an elegant inequality:

ISP +IT1* <7 Y lar* 3 Ibsl*. (25)

The inequality (25) is obviously a new refinement on Hilbert’s double series theorem.

Hu applied the fundamental inequality (see below )established by himself to attain some
nice results. We state them as follows:

Let’s denote that S; x (a,b) = 327, arbs/(r +8+A), Tux(a,b) = D dera=0 arbs/(r —s5-A)
lz)|* = 7 la:|*. Hul®® proved that

1S10(a, OFF + [Troe BF < =2 {llall® Jol* (1 - 47},

where A is a real number.
In 1996, Actually, Hu got the general result with the parameter A%, In particular, when
A =1, Hub4 got that

11,172 (@ O + Tuo (o, O < { [Jall 1012 = (1/5%) S5, 2 (3, @) S5, 172 (b, B)] -

] 2 1/2
(/7% (161 83 0, )+ 8] 52,2 6, B } |
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where [|Z]> = Yo, lxklz/(k +1), and when A = 1, HuP® got that

2 - 2
{Tioe, B 1511 @I} +7 {21 (a,) IO + 520 (5,5) 0”2} < (al] fol)*.
Let A # 0 and ) is not a negative integer. Hul3® gave the following result:

T,0(e, B + (sin” ) (cotAm) S1,x(a, B) = (1/m) S, (ay B
<7 { [lal? oI - (rsin ) 81,5 (0 9) 1,5 (5 8] -

[(4/7) (or (e, B) + a6, )’}
where

wy (a, b) = (sinAw) {]lb]]2 [(/3) 81,2 (a,@) + (cot M) Sz, (a,8) — 772853 5 (a,8)] —
71'_131')‘ (b, l—)) Ts0 (a, ﬁ)} .

It is simultaneously refinement on Hilbert’s inequality and Ingham’s inequality.

When ) is a positive integer, Hul®% gave that
2 2 12 4\? T 2) ?
IT1,0 (a,0)]> + |S1,x (a,b)|° < 72 {[“a“ 1ol ] - (—) [Sz,,\ (6,9) [lall? + Sa, (a, @) ||b||2] } .

K

When A # 0, £ 1, £2, --- , HuP® proved recently that

2
2

D a/(k=2)

k=1

Tin(a, )P + ISi-a(a OF < —g—lal®el” - [l

This is a refinement on the Polya-Szego inequality of the form

51,- (a, b)lz } < n? 2 12
’ B2
T, x(a, B> J = sic®Ax flall” liof

In 1999, Gaol®" originated a new inequality by making use of the positive definiteness of
Gram matrix:

(@8)% < lld* 181 ~ (lleell = — 11811 %), (26)
where z = (8,7),y = (&) with ||v|| = 1 and 2y >0 (by the way, this condition should be
added in the paper[35]). Using the inequality (26), Gaol®® built again a new inequality which is
stronger than the inequality (25):

2
=) anb 2 oo anb oo 5 [o) )
mUn mUn 2
> e > | =T (1—T)Z:lan| Zlbn],
m,n=1 m,n = 1 n=1 n=1
m#£n
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where r = (5% (@) /llal> + 5% ®) /IblI” ) ;3 (2) = L5 2a/n and |lal]® = 52, <.
Before long, Gao ( see [39], p.197-204) applied the inequality (26) to prove the following

inequality:

ad amb ? had amb x 2 i 5
mOn mUOn 2
2 minel > at <ma-o Xl ke
m,n=0 my,n=0 n=0 n=
m#n

where ¢ = (1/20%) {|s @[ /llal* + Is )1 /16}. llzll = (o lanl?) "% and the function
s(z) is defined by

@n+ L)z,
s(z) -—xo+Z n(n+1)

Similarly, in the paper [38] an 1mprovement of the original Hilbert integral inequality was
established by means of (26):

{/ Ry : f)fy(y)dxdy} <n* (=R IfI 9l

where f, g € L*(R4),Ry = (0, + o0), R = (1/m) (=/llgll —y/|| fll )? with z = (2/7)"/* (g, )
and y = (27r)1/ 2 (f, e7*), e being the exponential integral with parameter #:

6—3
t) = d t € Ry).
eM)= [ Frpds (teRy

At the same time, the general result was given by the paper [40]:

{/ / = :)Jrgt(t)} < /Ooo ) dt/0m92 () dt — G (&n, Q) (29)

where G (£, 1, ¢) > 0. And the equality in (29) holds if and only if £, 7 and ( are linearly
dependent.

We recommend specially Hu Ke’s work here.

Twenty years ago, Hul*!) built an important inequality of the form

(30)
where p > ¢ > 1, :—, + %=1, Ap, Bp>20and 1 —e, +e, > 0.
The corresponding integral form of (30) is that
1/¢-1/p 2
/ F(2)C () do < { / G (:c)dx} { ( / GU(x)dz / F"(a:)dx) -
2) %
( / G (x)e(z)dz / FP(z)dz — / G(z)ds / F”(:c)e(z)dm) } . (31)
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Evidently, by using the inequalities (30) and (31), Hardy-Hilbert’s inequalities may be
improved®233]. To be specific, in 1979, Hul*? gave the following result:

/°° “f(w)g(y)dzdy
0o Jo z+y

< 7r2{</ooof2(z)dx)2 [1 - (/oooE(ac)fz(:c)dx>2 (/waz(x)dx)—z] }1/2><
{(/00092 (y)dy>2 [1 - (/OmE(y)yz(y)dy>2 (/00092 (y)dy>—2] }1/2

oo efxt?

where E(z) = 2 [ 375tdt —e(z),(1—e(z)+e(y) 20). In particular, when e(z) =

Ycosyz, E(z) =1 (e"\/E — cos \/E)
Afterward Hul32 gave again its applications and the proof of it was given in detail.

2

In 1994, Hu improved and extended the Hardy-Litlewood-Polya inequality!43:
Let p,g>1,0< A<, =2~ % - %, (K(=z, y))l/'\ is a homogeneous express with degree
-1. If f € LP(0,00),9 € L9(0,00), 1—e(z)+e(y) 2 0 and denote that ;; = 1 — ¢ and

e {K (z, 1) x_l/q,}l/)\ dz = k, then
I [ x@ur@ewdy
0 0

<k {/Ooo 77 () d::/:};E {/ooo 9*(v) dy}% { 8 :};21522:, qq'>>qlq

R1=(/O°°fp(x)E1<x)dm)(/Omf%)dx)—l—(/Omgwy)e(y)dy)(/Owgw)dy) ,

Ry = (/Ooof"(w)e(w)dw) (/wa*’(x)dx)—l— ([ orwe W) (/OmgQ(y)dy)_l,

KE: (z) = /0 " eafu) {K @07} .

where

When A = 1,p = q, an improvement of Hilbert’s inequality is obtained.

Recently, Hu built again a new inequality[®6). In order to make it convenient for applications,
we introduce the result of the paper® as follows:

Let z=(z1,22,- *,%n), Gk, bk, cff) €Ck=12,---i=1,2,---),ex € R,1,8>0.

n n 1/p n
(@",b°) = > aib}, llall, = (E !aklp) , Nally = llall, (1z7,€) = =kl ex,
k=1 k=1 k=1

|(=*/2,¢)|

{2/

(laf”,e) _ (Bl,€)
lallz lallg

Sp(x: )= » Tp (a,b,¢) = Sp (a,c) — Sq (b ), Ry (a,b,€) =
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If t+2=1p>L1-estem>0, @] =1 andm(%) =min{%,%},then

m(1/p)
) (32)

(@, 5)1 < llall, 8ll, (1 = w2, (a,b,c,€)

where

wf(r%,)p (a,b,¢c,€) ZT,,Z (a, b, c(m)) + TSTg (a, b, c(i)) ﬁ S, (a, c(k)) S, (b, c(k))-}—
=

1 k=i+1
—;—Rg (a,b,€) ﬁ Sp (a, c(k)) Sq (b, c(k)).
k=1

When 1n = 1, the term with ¥ disappears, and ax, by > 0 for case p # 2;ag, bg,cx € C for
case p = 2. In particular, if S, (a,¢) Sq (b,¢) < 1, then
1 m(%)
(a,0)] < llall,, lIBll, {1 T 5@ 95,60 (Sp (a,¢) — S, (b, C))z} . (33)
In particular, when p = 2, the inequalities (30)—(33) are improvements on Holder’s inequality
(Cauchy’s inequality included). Obviously, applying these results to estimate respectively the
right-hand sides of (1)-(6) might obtain some new results. Actually, these works have been being
done. Some new results have just appeared in the latest papers445], And some new refinements
and extensions or generalizations on Hardy-Hilbert’s inequalities will appear in times to come.
Finally, we point out that the treatment of Hilbert’s inequality by means of geometric

method is also an important way ( cf. [46] etc.).

5. Some open problems/questions

Here we enumerate several open questions or unsolved problems for reference.

L LetS=37 i abm/(l+m)or S =30 _oabm/(l+m+1),T =30, aibn/(l —m).
If S and T were made to estimate respectively, then there are the best value 113~15, If we try
to estimate ([S [+ ]T[z), then what is the best value 67 (Proposed by Hu Ke).

2. Could there be found some interesting applications of Hilbert-type inequalities ( gener-
alizations and refinements ) in mathematical science? (Proposed by L. C. Hsu ).

3. How to construct some novel inequalities in the converse direction for Hilbert-type sums
and integrals (other than those given by [29], etc. )? (Proposed by L. C. Hsu ).

4. Let U = [5° [3° {280 drdy, v = [ [° {29Wargy (z # y), | £ = [5° 12 (2) do. If
0 < ||IflI? < +oo and 0 < ||g}|* < +00, then is the following inequality valid?

2 2 2
P+ VI <= I£1 llgl* -

(Proposed by Gao Mingzhe ).
5. Let S = S o1 Gmbn/(m +n) or § = Y =0 Omba/(m+n+1),T = o @mbn /(M — 1),
lzll2 = %, |zaf®,k = 0, 1. Show that if 0 < flallZ < 4co and 0 < [|blf; < +00, then

U1 + VI <=2 llal} 103
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Demand: Don’t employ the method in paper [38] ( i.e. trigonometry ). (Proposed by Gao
Mingzhe ).

6. K. Oleszkiewicz(*?l proved the inequalities (1) and (3) with the help of the geometrical
method. Could the inequalities (5) and (6) be proved by the geometrical method? (Proposed by
Gao Mingzhe ).

7. Find some applications of Hilbert’s inequality in science and technology. (Proposed by
Gao Mingzhe ).
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