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Abstract: Let C be a nonempty bounded closed convex subset of a Banach space X, and
T : C — C be uniformly L-Lipschitzian with L > 1 and asymptotically pseudocontractive
with a sequence {kn} C [1,00), limn—oo kn = 1. Fix u € C. For each n > 1, z» is & unique
fixed point of the contraction Sa(z) = (1 — £2-)u + F-T"z Yz € C, where {t.} C [0,1).
Under suitable conditions, the strong convergence of the sequence{zn}to a fixed point of T is
characterized.
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1. Introduction

Let X be a real Banach space, X™* be the topological dual space of X, and (-, -) be the dual
pair between X and X*. Let C be a nonempty subset of X and T : C — C be a mapping of C into
itself. Let F(T) denote the set of all fixed points of T, and J : X — 2X" denote the normalized
duality mapping defined by J(z) = {z* € X*: (z,z*) = ||lz|| - [|=*]}, |z*|| = ||z]|]},z € X.

Definition 1.1 A mapping T : C — C is said to be

(1) asymptotically nonexpansive if there is a sequence {k,} in [1,00) with lim, 0 by, = 1
such that |T"z — T"y|| < knllz — y|| for all z,y € C and n =0,1,2,--+;

(2) asymptotically pseudocontractive if there is a sequence {k,} in [1, 00) with limy,_,c0 kr, =
1 such that (T"z —T"y,j(z —y)) < kullz —y||? for all z,y € C, j(z—y) € J(z—y), and
n=20,1,2,--.

In 1972, Goebel and Kirk[® introduced the concept of asymptotically nonexpansive map-
ping. An early fundamental result due to Goebel and Kirk!® showed that if X is a uniformly
convex Banach space, C is a nonempty bounded closed convex subset of X, and T : C — C
is an asymptotically nonexpansive mapping, then T" has a fixed point in C. In 1991, Schul®!
introduced the concept of asymptotically pseudocontractive mapping. It is well known that
the class of asymptotically pseudocontractive mappings is wider than the class of asymptotically
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nonexpan- sive mappings!®. The existence and approximation problems for fixed points of nonex-
pansive mappings,asymptotically nonexpansive mappings and asymptotically pseudocontractive
mappings were investigated extensively by Kirk[!, Goebel and Kirk!®l, Schul®!, Xu and Tanlt9
Lim and Xul*!l, Chang!314 and the author(6:71.

Let C be a nonempty bounded closed convex subset of a real Banachspace X,and T : C — C
be an asymptotically nonexpansive mapping (we may always assume k,, > 1 for all n > 1). Fix
a u in C and define for each integer n > 0 the contraction S, : C — C by

—(1=lnyy gt
Sn(z)=(1 % Ju + knT z, @

where {t,} C [0,1). Then the Banach Contraction Principle yields a unique point z,, fixed by Sy,.
In 1994, Lim and Xul*!l proved the following theorem concerning the iterative approximation
problem for fixed points of asymptotically nonexpansive mappings.

Theorem 1.1111, Theorem 2} g,,nh000 X is & uniform smooth Banach space and {tn} is chosen so
that limp—, oo (kn — 1)/{kn — tn) = 0. Suppose in addition the condition limy, o [|Zn ~ Tza]l =0
holds, where the sequence {z,} is defined by (I). Then {z,} converges strongly to a fixed point
of T.

Remark 1.1 Theorem 1.1 is a partial generalization of Reich’s convergence theorem!? for
approximating fixed points of nonexpansive mappings by the following iterative scheme

1 1
Tp=—u+ (1 - =)z,
n n
where {zn} is said to be an approximating fixed point of T, i.e., it possesses the property that
lim ||Tzy, — za|l = 0.
— 00

On the other hand, recently, Chang!!¥] established the strong convergence result on approxi-
mating fixed points of uniformly L-Lipschitzian and asymptotically pseudocontractive mappings.

The purpose of this paper is to extend Theorem 1.1 to the case of asymptotically pseudo-
contractive mappings. Let C be a nonempty bounded closed convex subset of a Banach space X,
and T : C — C be uniformly L-Lipschitzian with L > 1 and asymptotically pseudo-contractive
with a sequence {kn} C [1,00), limn oo kn = 1. Fix u € C. For each n > 1, z,, is a unique fixed
point of the contraction Sp(z) = (1 — £g-)u + f3-T"z ¥z € C, where {t,} C [0,1). In other
words, the sequence{z,, }is generated by the following iterative scheme:

tn tn n
zn=(1 Lkn)u+ LknT Tn, VR

Under suitable conditions, the strong convergence of {z,,} to a fixed point of T is characterized.
It is remarkable that if 7" is nonexpansive, then by taking L =1, k, =1 and ¢, =1 — % for all
n > 1, we have the iterative scheme z,, = %u +(1- -rl—L)T"zn due to Reich!?.

2. Preliminaries
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Let X be a real Banach space. Recall that X is said to be smooth if, for each z € Sx, the
unit sphere of X, the limit lim;_.o w exists for all y € Sx. In this case, the norm of X
is said to be Gateaux differentiable. It is said to be uniformly Gateaux differentiable if for each
y € Sx, this limit is attained uniformly for z € Sx. The norm is said to be Frechet differentiable
if for each z € Sx, this limit is attained uniformly for y € Sx. Finally, the norm is said to be
uniformly Frechet differentiable if the limit is attained uniformly for (z,y) € Sx x Sx. In this
case X is said to be uniformly smooth. Since the dual X* of X is uniformly convex if and only if
the norm of X is uniformly Frechet differentiable, every Banach space with a uniformly convex
dual is reflexive and has a uniformly Gateaux differentiable norm. The reverse is false.

Recall also that the normalized duality mappingJ : X — 2X7 is single-valued if and only if
X is smooth. If X is smooth, then J : X — X™* is weakly sequentially continuous at zero, i.e.,
{J(zn)} converges to zero in the weak* topology o(X*,X) of X* as {z,} converges weakly to
zero in X.

Let E be a nonempty bounded closed convex subset of a Banach space X, and let d(E) =
sup{||z — y|| : ,y € E} be the diameter of E. Foreachz € E, let r(z, E) = sup{||z — y|| : y € E}
and let 7(F) = inf{r(z, F) : x € E}, the Chebyshev radius of E relative to itself. The normal

structure coefficient!®! of X is defined as the number
N(X) = inf{d(E)/r(E) : E bounded closed convex subset of X with d(E) > 0}.

A space X such that N(X) > 1 is said to have uniformly normal structure. It is known!® that
a space with uniformly normal structure is reflexive and that all uniformly convex or uniformly
smooth Banach spaces have uniformly normal structure.

Recall that a Banach limit LIM is a bounded linear functional on I such that

ILIM] =1, liffn inf ¢, < LIMyt, < limsup t,,
—00

n—o0

and LIMgt, = LIMgjt,41 for all {¢,} in [*°. Then we can define the real-valued continuous
convex function ¢ on X by ¢(z) = LIMy||z, — 2]||? for each z € X.
The following lemmas shall play important roles in the proofs of our main results.

Lemma 2.1012Lemma 1.2] 1op X be 5 Banach space with a uniformly Gateaux differentiable
norm, C be a nonempty closed convex subset of X, and {z,} be a bounded sequence in X. Let
LIM be a Banach limit and y € C. Then LIM,||z,, — y||? = lim,ec LIM, ||z, — 2||? if and only
if LIMu(z ~y, J(2n —y)) <O for allz € C.

Lemma 2.2 Let X be a uniformly convex Banach space with a uniformly Gateaux differentiable
norm, C' a nonempty closed convex subset of X, and {z,} a bounded sequence of X. Then the
set D = {u € C : LIM, ||z, — u||? = min.ec LIM, ||z, — 2||2} consists of one point.

Proof Define ¢(z) = LIMy|z, — 2|2 for each z € C. Then the functiony is convex and
continuous on C, and ¢(z) — oo as ||z[| — co. Set r = inf{y(z) : z € C}. Since X is reflexive, it
follows that there exists u € C such that ¢(u) = r. Hence, D is nonempty. By Lemma 2.1, we
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infer that « € D if and only if
LIM,(z — u, J(zn, — u)) < 0 (2.1)

forall ze€ C.
Now we claim that D consists of one point. Indeed, let u,v € D and u % v. Then, by 4,
Theorem 1], there exists § > 0 such that

(=2, J(@n —u) — J(2n —v)) = (Tp —u— (Tn — V), J(@n —u) = J(Tn —0)) > 5 >0

for each n > 1, which hence implies that LIMp (v — u, J(zn, — u) — J(zn — v)) > 6§ > 0.

But, it follows from (2.1) that for u,v € D, LIMp{v — u, J(zn — u)) < 0, LIMp{u — v, J(2z,, — v))
< 0. Thus, we have LIM,(v — u, J(zn — u) — J(z, — v)) < 0. This arrives at a contradiction,
which hence implies that v = v.

Lemma 2.3[11,Theorem 1] Suppose X is a Banach space with uniformly normal structure, C is
a nonempty bounded subset of X, and T : C — C' is a uniformly L-Lipschitzian mapping with
L < N(X)}2. Suppose also there exists a nonempty bounded closed convex subset E of C with
the following property (P):

(P) z€E = wy(zr)CE,

where wy, () is the weak w-limit set of T' at z, i.e., the set

{yeX:y= Weak—jlil{.lo Tz for somen; T oo}
Then T has a fixed point in E.
3. Main results

Suppose C is a nonempty bounded closed convex subset of a Banach space X and T : C — C
is uniformly L-Lipschitzian with L > 1 and asymptotically pseudocontractive with a sequence
{kn} C [1,00), limp—00 kn, = 1. Fix a u in C and define for each integer n > 1 the contraction
S,:C—-Chy

L SR
Sn(z) = (1 Lkn)u+ LknT z, (Im)

where {t,} C [0,1). Then the Banach Contraction Principle yields a unique point z, fixed by
Sp. Now the question naturally gives rise to whether the sequence {z,} converges strongly to a
fixed point of T'. The following is an answer.

Theorem 3.1 Let X be a uniformly convex Banach space with a uniformly Gateaux differen-
tiable norm,Cbe a nonempty bounded closed convex subset of X, and T : C — C be uniformly
L-Lipschitzian with 1 < L < N(X )1/ 2 and asymptotically pseudocontractive with a sequence
{kn} C [1,00), limp—y00 kn = 1. Let {t,} C [0,1) be chosen so that lim,_,o(kn — 1)/(Lkn —
t,) = 0. Suppose in addition there holds the condition limy, . |[zn, — TZ,| = 0, where the

sequence{z, }is generated by (II). Then,
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(1) D = {z € C : p(z) = min,ec ¢(2)} is a singleton, say{zo}, where p(z) = LIM, ||z, — z{?%
(2) the following statements are equivalent:

() 20 € F(T);

(i) |lzn — T™20||2 < (zp — T™20, J(Tp — 20)) for all myn > 1;

(iii) {zn} converges strongly to z.

Proof (1) Now, let LIM be a Banach limit and define ¢ : C — [0, 00) by ¢(2) = LIM, ||z, — z||2.
Since ¢ is continuous and convex, p(z) — 0o as ||z|| — 00, and X is reflexive, ¢ attains its infimum
over C. Hence, the set D = {z € C': p(z) = min,ec ¢(2)} is nonempty, closed and convex. By
Lemma 2.2, D consists of one point. Write D = {z}.

(2) At first, we show that (i)¢<>(ii). Indeed, if zo is a fixed point of T in C, then it
is easy to see that for all m,n > 1, |lzn — T™2||? = (zn — 20|12 = (Tn — 20, J(Tn — 20)) =
{zn — T™29, J(r, — 20)).

Conversely, suppose that for all m,n > 1, ||z, — T™z||? < (Tn — T™20, J(Tn — 20)).

Then we assert that zp is a fixed point of T in C. Indeed, let y = w — lim;_, o T™ 2o
be an arbitrary point of the weak w-limit set wy(20) of T at z9. Then from the weak lower

semicontinuity of ¢, the condition lim, .o |zn — Tz,]| = 0, and (3.1), we obtain

(y) <liminf o(T™ z) < limsup ¢(T™z)
J—00 m—c0
= lim sup(LIMp, ||zn — T™20||%)
m—+00

< 1i1"'15"‘-113(1;11\/[n(f’-”'n —T™ 2y, J(:En - 20)>)

m—o0

=limsup(LIMp((zn, — Tzn) + (Txr — T220) + -+ +

m— o0

(T™xn — T™2), J(Zn — 20)))
<limsup(LIMnp{|lzn — Tzn|| + Ll|zn — Tzn|| +---+
m—+00

Li|lzn — Tzp|}d + LIMpkmy||2n — 20]|2)

=¢(20) = min p(2),

where d = diamC. Thus, by the definition of D, we have y € D = {2}, which implies that
y = zo. This shows that wy(20) = {20}, and hence D = {2} satisfies the property (P). It follows
from Lemma 2.3 that zy is a fixed point of T in C.

Secondly, we show that (i)<>(iii). Indeed, if {z} converges strongly to zg, then, according
to the condition limy, . [[£n — Ty || = 0, the point zp is a fixed point of T in C.

Conversely, suppose that 2o is a fixed point of T" in C. Then F(T) is nonempty. Observe
that for each v € F(T),

(Tn —T"Tn, J(Tr — v)) = (Tn — v, T (@n — V)) + (v — T2y, J (25 — v))
= |lzn — v[|* = (T"2s — v, J(zn —v))

> lzn — o) - knllzn ~ v|]2 > —(kn ~ l)dz. (3.2)
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Since z,, is a fixed point of Sy, it follows that z,, —~ T"x,, = L—’ig—‘—‘ﬂ(u — z,) and thus from the

inequality (3.2) above, we obtain
(xn - U, J(xn - 'U)) S sﬂ-d2: (33)

where $p = tn(kn —1)/Lkp —t,) — 0 as n — oo.
Since zp is a unique minimizer of ¢ over C, it follows from Lemma 2.1 that

LIMp(z — 20, J(zn ~ 20)) <0
for all z € C; in particular, we have
LIM,, (u — 20, J(z, — 20)) < 0. (3.4)
Combining (3.3) with (3.4), we get
LIM, (2, — 20, J(Zn — 20)) = LIM,, ||z, — 20> < 0.

Therefore, there exists a subsequence {x,,} of {z,} which converges strongly to 29. To
complete the proof, suppose there exists another subsequence {Zm,} of {zn} which converges
strongly to (say) y. Then y is a fixed point of T' by the condition limp—eo [|Tn — Tznf = 0.
Thus, it follows from (3.3) that (zp — u, J(z0 —¥)) <0 and (y —u, J(y — z)) < 0.

Adding these two inequalities yields

(zo~y,J(mo—y)) =l —yl|*=0
and hence zp = y. This implies the strong convergence of {z,} to 2.

Theorem 3.2 Let X be a uniformly smooth Banach space, C be a nonempty bounded closed
convex subset of X, and T : C — C be uniformly L-Lipschitzian with 1 < L < N(X)!? and
asymptotically pseudocontractive with a sequence {kn,} C [1,00), limp_,00 kn = 1. Let {t,} be
a sequence in [0,1) such that limg,_ o (kn — 1)/(Lkn —t,,) = 0. Suppose in addition there holds
the condition lim,_,co ||Zn — Tz, || = 0, where the sequence {z,} is generated by (II). Then,

(1) D={z € C:¢(z)=minec(z)} is nonempty, closed and convex, where

¢(2) = LIMn|lzn — 2||%;
(2) ifforeachz € D,
zn — T™z|? < (z — T™z, J(zn — x)) for allm,n>1, (3.5)
then D N\ F(T) is a singleton, say {z}, and {z,} converges strongly to 2.

Proof (1) Let LIM be a Banach limit and define ¢ : C — [0,00) by ¢(z) = LIMy||zs — 2|2
Since ¢ is continuous and convex, ¢(z) — o0 as ||z| — o0, and X is reflexive, so, ¢ attains
its infimum over C. Hence, the set D = {z € C': ¢(z) = min,cc ¢(z)} is nonempty, closed and

convex.

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



24 ZENG Lu-chuan: On characterization of iterative approximation for asymptotically --- 285

(2) Though D is not necessarily invariant under T, it does have the property (P). As a
matter of fact, if z lies in D and y = w — lim;_,oc 7™z belongs to the weak w-limit set wy,(z)
of T at z, then from the weak lower semicontinuity of ¢, the condition lim,,_,c ||Tn, — TTn| = 0,

and (3.5), we obtain
o(y) < liminf p(T™z) < limsup p(T™z)
J—oo m—oo

= limsup(LIM, ||z, — T™z||?)

m— 00

< limsup(LIMp{(zn — T™z, J(zn — z)})

m—0o0
= limsup(LIMn{(zr, — T2n) + (T2 — T?zp) + -+
m—0C
(IT"zn — T™z), J(zn — 7))
< limsup(LIMn [l — T2al + Llizn — Tan| + -+

L||zn — Tzol|}d + LM,k ||z — 2]|%)
= (z) = min p(2),

where d = diamC. Thus, by the definition of D, we have y € D. This shows that w,(z) C D,
and hence D satisfies the property (P). It follows from Lemma 2.3 that T has a fixed point in
D. Therefore, we know that D N F(T) #£ 0.

On the other hand, for each p € F(T'), we have

(@n = T"%n, J(@n = p)) =(2n —p, J(Tn = D)) + (p — T"xp, J (20 — p))
=“£En - p“2 - <Tnxn - D, J(xn - p))
2||zn "P“z — knllzn _PHZ
> — (kn — 1)d2
Since z, is a fixed point of Sy, it follows that z, — T"z,, = Lka=ta t:t (» — z,) and thus, we have

(Tn —u, J(zn —p)) < sndz,

where s, = tn(kn — 1)/(Lkn — tn) — 0 as n — co.
Let z be an arbitrary point in D N F(T'). Since z is a minimizer of ¢ over C, it follows that

lim PEEHE—2) () S
t—04 t

for all z € C. This, together with the uniform smoothness of X, easily implies that (see [14,
pages 46-47] for details) LIM,,(z — z, J(zn — z)) < 0 for all z € C; in particular, we have

LIMp(z — z, J(zn — 2)) < 0. (3.7
Combining (3.6) with (3.7), we get

LIM,, ||z, — 2]|* = LIM,,(z,, — 2, J (zn — 2)) < 0.
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Therefore, there exists a subsequence {zn,} of {z,} which converges strongly to z. To complete
the proof, suppose there exists another subsequence {Zm,} of {z,} which converges strongly to
(say) y. Then y is a fixed point of T by the condition limy—,c [|n — Tzs|| = 0. Thus, it follows
from (3.6) that (z —u,J(z —y)) < 0 and (y —u,J(y — 2)) < 0. Adding these two inequalities
yields (z —y,J(z —y)) = ||z — y[|? = 0 and thus z = y. This implies the strong convergence of
{zn} to z. By using the uniqueness of the limit, we conclude that D N F(T) is a singleton, say
{20}, and {z,} converges strongly to zo.
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