255538 B E W R 5 ¥ # Vol.25, No.3
200548 JOURNAL OF MATHEMATICAL RESEARCH AND EXPOSITION  Aug., 2005

Article ID: 1000-341X(2005)03-0447-06 Document code: A

A Note on Lattice Paths with Diagonal Steps in
Three-Dimensional Space

LU Qing-lin
(Dept. of Math., Xuzhou Normal University, Jiangsu 221116, China)
(E-mail: qllu@xznu.edu.cn)
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1. Introduction

Unrestricted and restricted (minimal) lattice paths in two-dimensional and three-dimensional
coordinate spaces have been widely discussed in the literaturel!=®%l, Unrestricted lattice paths
in the plane with diagonal steps yield the Delannoy numbers(®l. Restricted lattice paths in the
plane, which have only horizontal and vertical steps, and never rise above the plane diagonal,
yield the well-documented Catalan numbers.

Moser and Zayachkowskil? discussed the lattice paths from (0,0) to (n,n) with diagonal
steps never rise above the line y = z. Jr. Stocks!l extended the results of 2] to three-dimensional
space.

Consider lattice paths from (0,0, 0) to (m,n, k) where the possible moves are of four types:
(i) a z-increasing step, e.g. (z,y,2) — (z + 1,¥,2), (ii) a y-increasing step, e.g. (z,y,z) —
(z,y + 1, 2), (iii) a 2-increasing step, e.g. (z,¥,2) — (z,y,z + 1), and (iv) a diagonal step, e.g.
(z,y,2) = (x+1,y+1,z2+1). Let

f(m,n, k)= total number of paths from (0,0,0) to (m,n,k),

Q(n)= number of paths from (0,0,0) to (n,n,n) whose lattice points are on the (n,0,0)
side of the plane y = z, except for the points (0,0,0) and (n,n,n), and

Q'(n)= number of paths from (0,0,0) to (n,n,n) whose lattice points are on the (n,0,0)
side of the plane y = z, or on the plane y = z.

Recall (and it is easy to see) that

min(m,n,k)
(m+n+k-2r)
f(m,n, k) = ;0 m = 1)i(m ~ "Ik —
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Jr. Stocks!4 obtained the following results:

Q) = 4 3 B =2r =~ r - D)2 Sn 2 - 4)

% (= (= = DA @
and
oy = (r+1)(3n~2r)! nl (3n — 2r — 2)!
Q)= n+1+; (n—r)(n—r—1)in—r)i(n—r+ 1) ',_ZO = —r e @

In this note, we give simpler formulas for @Q(n) and @’(n) by using a simpler method, and
extend them to a general case.

2. Results and their proofs
Theorem 1 Let Q(n) and Q'(n) be defined as above. Then we have

@)
=2 Br-2r-2)
(n)_n+§((n—r N2(n—r 1)’ ®)
(i)
3n — 2r)!
Ym=1+ E = Srr;)((n ’ SN @

r—O
Proof (i) We use Andre’s reflection principlel®—8).

Any path enumerated by Q(n) must begin with step (0,0,0) — (1,0,0) and terminate
with step (n,n — 1,n) — (n,n,n). The total number of paths from (1,0,0) to (n,n — 1,n) is
Ffln-1,n—-1,n).

Now we consider the paths from (1, 0,0) to (n,n—1,n) which touch or cross the plane y = z.
Any such a path must do so for the first time at a point (%, %, 7). We construct a new path from
(0,1,0) to (4,i,7) which symmetric, with respect to the plane y = z, to the above path from
(1,0,0) to (,%,7). As a result, we get a path from (0,1,0) to (n,n — 1,n), the total number of
which is f(n,n — 2,n). Obviously, the above reflection process is reversible. So we have

Q(n) = f(n— lvn_ 17"’) _f(n;n"'2:n)
E @3Bn-2-2n) 2 (3n-2-2n)
‘E Z ((n

(m—1-n)2(n—r)irl ~ &= (n—=r))2(n—2—r)lr!

r=0
n—-2
(3n — 2= 2r)!
="+ D s T

(i) The number Q'(n) is the same as the number of lattice paths from (0,0,0) to (n +
1,n+ 1,n), which, except for the end points, contain only paths on the (n,0,0) side of the plane
y =z. Since Q(n) = f(n - 1,n — 1,n) — f(n,n — 2,n), we have

Q'(n) = f(n,n,n) - f(n+1,n—1,n)
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= (3n—2n) = (3n —2r)!
- Z ((n =13 ?;3 (n—r){(n—r—-1)n—-r+1)ir!

r=0

= 3n —2r)!
=1+ r; (n—r Ei— 1){((n z- r))3rl

This completes the proof.

We now give a generalization of Theorem 1. Let

Q(m,n, k)= number of paths from (0,0,0) to (m,n, k) (with m > n) which do not touch
the plane y = z except at (0,0, 0).

Q' (m, n, k)= number of paths from (0,0, 0) to (m,n, k) (with m > n) which may touch but
not cross the plane.

Theorem 2 Let Q{m,n,k) and Q'(m,n,k) be defined as above. Then we have
(i)

k
+n+-k—2r—1)! .
0 " (m—n) rz=:0 (m(—":')li(lﬂ—r)ﬂrk-%)m’ if n>k, o
) = {mentk—i) 2 (mtntk—2r-1)1 if <k
(m—n~—1){k~n)in! + (m - 'n) ,Z:O m=rn—r)k—r)ir? n<k
(1)
k
+ntk—2r+1)1 .
Q'(m n k) = (m B n) ,go m“"(-:-nl)!?n—r+;)!(k—r)lru if n+1>k,
9 ] et

—ntk—1)! 2 (mntk—2r41)t .
<m-n—’1'3:<2—n—13r<n+m +(m —n) rz=:0 et Dt Di=r: i n+1<k

(6)

Proof By using the Andre’s reflection principle (see the proof of Theorem 1), we have
Q(m,n, k) = f(m'— 1,n, k) - f(m,n - l’k)'
If n > k, then

Q(m,n,k)—f(m 1,n,k) — f(m,n~1,k)

(m+n+k-1-2r) (m+n+k-1-2r)
E (m —ﬂ; —: Y —r)i(k —r)ir! Z < (m—r)l(n —1—-r)li(k—r)ir!

r=0

k—2r—1)!
e

r-O

If n < k, then

Q(m:n;k) =f(m—1,n,k)—f(m,n—1,k)

S (m4nt+k—1-2r) (m+n+k—1-2r)
(m—-1=r)i(n—r)i(k~-r)ir! Z 2 (m—r)in—-1- r)i(k — r)ir!

(m—n+k~1) (m+n+k—2r—1)
T m mn DIk —n)n j+m= n)z(m—r)!(n——r)!(k—r)!r!'
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(ii) Formula (6) follows from (5) and @'(m,n, k) = Q(m+1,n+1, k). The proof is complete.

Remark If we replace m,n,k by n,n — 1,n in (5), respectively, then we get (3); if we replace
m,n,k by n,n — 1,n in (6) respectively, then we get (4).
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