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Abstract: A new theorem of existence of solutions for the nonlinear three-point boundary
value problem

{ u” (£) + a(t)u'(t) + b(t)u(t) + h(t) f(u) = 0,t € (0,1)
u(0) = 0,u(1) = au(n)

is obtained by using a fixed point theorem due to Krasnoselskii and Zabreiko.
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1. Introduction

The study of multi-point boundary value problems for linear second order ordinary differen-
tial equations was initiated by II'in and Moiseevill. Then Guptal® studied three-point boundary
value problems for nonlinear ordinary differential equations. Since then, multi-point boundary
value problems have received much attention from many authors~9. In particular, Ma and
Wangls] investigated the following more general three-point boundary value problem

o’ (t) + a(t)u'(t) + b(t)u(t) + h(t)f(u) = 0,t € (0,1), (1)

u(0) = 0,u(1) = au(n) 2

and obtained the existence of a positive solution by using Krasnoselskii’s fixed point theorem(?19]
under the conditions that f is either superlinear or sublinear.

Our purpose here is to give a new criteria of the existence to the boundary value problem
(1) and (2), and the conditions we need are very easy to verify.

Throughout, we assume that the following conditions hold:

(H1) e € C[0,1], b€ C([0,1], (—00,0));

(H2) k€ C(]0,1)],[0,00)) and there exists zg € [0,1] such that h(zg) > 0;

(H3) f€C(R,R);
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(H4) 0<n < 1,0 < api1(n) <1, here ¢ is the unique solution of the linear boundary

value problem
’ @1 (t) +a()p1(t) + b(t)er(t) = 0,2 € (0,1), 3)
¢1(0) = 0,¢1(1) = 1.

In our arguments, the following well-known fixed point theorem is very crucial.

Theorem 111 Let X be a Banach space, and F : X — X be completely continuous. Assume
that A : X — X is a bounded linear operator such that 1 is not an eigenvalue of A and

IF(z) — A=) _

llzll—oo (=l

Then F has a fixed point in X .

2. Main results

To state the main results of this paper, we need the following two lemmas which was
established in {8].

Lemma 1 Assume that (H1) holds. Let o1 be the solution of (3), and - the solution of

{ @3 (t) + a(t)ps(t) + b(t)p2(t) = 0,t € (0,1), @)
<P2(0) =1, ‘pZ(l) =0,

respectively. Then
(i) 1 is strictly increasing on [0,1);
(ii) 2 is strictly decreasing on [0,1].

Lemma 2 Assume that (H1) and (H4) hold. Let y € C[0,1] and u be a solution of the boundary
value problem
u"(t) + a(t)u' () + b(t)u(t) + y(t) = 0, € (0,1), (5)

u(0) = 0,u(1) = au(n). (6)
Then u(t) > 0 on [0, 1] provided y > 0.

Corollary 1 Assume that (H1) and (H4) hold. Let u be a solution of the boundary value
problem
u”(t) + a(t)u'(t) + b(t)u(t) = 0,t € (0,1), (7

u(0) = 0,u(1) = au(n). (8)

Then u(t) > 0 on [0,1].
For convenience, let the Banach space X = C[0, 1] be equipped with the norm

I = ma lo(e)

and

_ 1 P1(t)pa(s), s>t
Gl o) = ©1(0) { p1(s)p2(t), s<t.

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



434 SUN Jian-ping, et al: A new theorem of existence of solutions to nonlinear three-point ... 585

For the function G(t, s), it follows from Lemma 1 that
G(t,s) 20, (t,5)€(0,1] x[0,1] 9)
and
G(t,s) >0, (ts)€ (0,1)x (0,1). (10)
Our main result is the following theorem.
Theorem 2 Assume that (H1)-(H4) hold and
lim -‘t@ =1

U—00 u
If . .
= _* -1
i <d=lmax [ Gt op(e)heMs + s [ Gl op(o)bs)asl
where p(t) = exp( f(: a(s)ds), then the boundary value problem (1) and (2) has a solution u* and
u* # 0 when f(0) # 0.

Proof Suppose that the operator F : X — X is defined by

Fu(t) = / Gt,5)p(s)(s) S (uls))ds + 2210 ““’l‘t / G, s)p(s)h(s) f(u(s))ds, t € [0,1),

then it is easy to check that F is completely continuous and that fixed points of F are solutions
of the boundary value problem (1) and (2).
We consider the following boundary value problem

" (t) + a(ty! (£) + b(E)u(t) + th(t)u(t) = 0,t € (0,1), 11)

u(0) = 0,u(1) = ou(n). (12)

Let the operator A: X — X be defined by

= ' ] S u\sjas a‘Pl(t) S S s)ui(s)as
=1 [ s + 220 [ ala,popeitsias]  ¢e o,

then it is easy to know that A is completely continuous (so bounded) and linear, and that fixed
points of A are solutions of the boundary value problem (11) and (12).

First, we claim that 1 is not an eigenvalue of A.

We consider two cases:

Case (i) Suppose ! =0 and u is a solution of the boundary value problem (11) and (12), then
it is easy to verify that —u is also a solution of the boundary value problem (11) and (12). So it
follows from Corollary 1 that u(t) > 0 and —u(t) > 0 on [0,1], i.e., u(t) = 0 on [0, 1]. This shows
that the boundary value problem (11) and (12) does not have any nontrivial solution.
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Case (ii) Suppose I # 0. If the boundary value problem (11) and (12) has a nontrival solution
u, then ||u|| > 0. Noting (9), (10) and Lemma 1, we have

flul = || Aul]

a‘Pl(t)

- max [ / Glt, plh(shuls)ds + T / G(n, )p( s)h(s)u(s)ds]
a‘Pl(t)

= 1 / Glt,sI(o)h(ehuls)ds + T2 / G(n, $)p(s)h(s)u(s)ds

ap1(t)
<|l|tg}g)f] /G(t,s)p(s)h(s)u(s)ds l - / G(n,s)p(s)h(s)u(s)ds]
< o [ [ 66, 060806) o1 s + 1228 [* Gt hpiops) ute s

a‘Pl(t)
< ol [ / Gt plslhts)ds + 122 / G(n,s>p(s>h<s)ds]

<l [ma, [ Gt pomoxs + =2 [ Glastp(opmisps]
<dllull 5 = lul,

which is impossible. Hence, the boundary value problem (11) and (12) does not have any
nontrivial solution, i.e., 1 is not an eigenvalue of A.
Next, we will prove that

|F(u) — AQ)ll _
llull—o0 (|l
Since lim,_, ﬂﬂ:—”— = [, then for Ve > 0, there must exist M; > 0 such that
|f(u) —lul <elul, [u] > M. (13)
Let M> = maxy|<a, |f(u)|. We can choose L > M, such that

M2 + I” Ml
7 <€,
then for Vu € X and |u}] > L,
(i) If s € {0,1] and |u(s)| < My, then

1 (u(s)) — lu(s)| < |F(w())| + Il fu(s)| < Mz + |I| My <eL <ellull.
(i) If s €[0,1] and |u(s)| > M, then from (13), we have

1 (u(s)) — lu(s)| < elu(s)] < elull-

Hence,
|f(u(s)) — lu(s)| < e flul|,Vs € [0,1]. (14)
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So,
I1F(u) - A(w)]
= eelon] / G(t, s)p(s)h(s) [ (u(s)) — lu(s)]ds+
a(pl(t
1—a<p1(n)/ G(n, s)p(s)h(s) [f (w(s)) — Lu(s)] ds
tE[O 1) [/ G(t, s)p(s)h(s) |f(u(s)) — lu(s)|ds+
_api(t)
T api() / G(n,S)P(s)h(s)lf(u(s))—lu(3)|ds}
B [/ Gl L) T a%sp(t(m/ Gln, )p()h (s)ds]
<8""”[max/ Gl shplo)te)ds + T o n)/ G(n, s)p(s)h(s)d ]
= = [l
implies that
I1F@) - AWl _,
llull—oo [ ’

It follows from Theorem 1 that F' has a fixed point u* € X, i.e., u* is a solution of the
boundary value problem (1) and (2), and it is obvious that u* 0 when f(0) # 0.
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{ u”(t) + a(t)u (t) + b(t)u(t) + h(t)f(u) = 0,t € (0,1)
u(0) = 0,u(1) = au(n)
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