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In this paper, our discussion is based on Zeilberg’s basic ideal!l and use an elimination in
the non-commutative Weyl algebra to get the differential operator. Thereby we can obtain the
algorithm of proving identities of the form [ o F(z,y)dy = a(z).

Firstly, we give the remainder formula in the non-commutative algebra C(D;, Dy, z) gener-
ated by Dy, Dy and x, where D, D, are differential operators, Dyz = xD: +1,Dyy =yDy + 1,
and a basic theorem.

Remainder formula For two given polynomials A, B € C(D,, Dy, z), deg(A,z) > deg(B, z),
there exist u,v € C(Dg, Dy, z) such that uA = vB + r, where deg(r, z) < deg(B, z).

Basic theorem Let A,B € C(D;,Dy,z), there always exist u,v € C(Dg,Dy,z) such that
uA =vB.

From the above theories we have established algorithms Getuv and GetR to get u,v and
R, and set up a Maple program that implements the two algorithms , and we have checked the
following example .

Example Prove the identity f:o exp(—z?/y? — y?)dy = \/mexp(—2z) after the appropriate
initial conditions are checked.

Input: F :=exp(—z%/y® —¥?), a(z):= /mexp(—2z).

Output: F(z,y) is annihilated by the following y-free operator A(x, D;) = —~96x—96D,z%
40D32? — 40zD?2 — 24D%z + 16 D3x? + 1623 D2 — 3223D2 — 223D8 . a(x) is annihilated by the
operator conj(x, D;) = Dz +2. Now A(z, D;) = S(z, D;)conj(z, D) (check!), where S(z, D) =
—2(D2—2D2 — 4D, +8) D2z +2(5D% ~ 4D2 — 24) D,? + (—4D3 —8DZ — 24D, — 48)z — 4D% —24.
So the identity is true!
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