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Abstract: For a ring R, let ip(RR) = {a ∈ R: every right R-homomorphism f from any right
ideal of R into R with Imf = aR can extend to R}. It is known that R is right IP -injective
if and only if R = ip(RR) and R is right simple-injective if and only if {a ∈ R : aR is simple}
⊆ ip(RR). In this note, we introduce the concept of right S-IP -injective rings, i.e., the ring R

with S ⊆ ip(RR), where S is a subset of R. Some properties of this kind of rings are obtained.
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1. Introduction

Throughout this paper, all rings are associative with identity and all modules are unitary.

S always denotes a subset of a ring R. As usual, we use J(R), Z(RR), Z(RR), Soc(RR) and

Soc(RR) to indicate the Jacobson radical, the left singular ideal, right singular ideal, and the left

socle and right socle of the ring R, respectively. The left and right annihilators of a subset X of

R are denoted by l(X) and r(X), respectively.

Recall that a ring R is called right P -injective[1] if every right R-homomorphism from any

principal right ideal of R into R is given by left multiplication by an element of R. P -injective

rings and their generalizations have been studied in many papers such as [1–4]. Recently, Chen

and Ding[4] define the concept of IP -injective rings, i.e., a ring R is said to be right IP -injective

if every right R-homomorphism from any right ideal of R into R with principal image is given

by left multiplication by an element of R. It is proved in [4] that a ring R is right IP -injective if

and only if R is right P -injective and right GIN (i.e., l(I ∩K) = l(I)+ l(K) for each pair of right

ideals I and K with I principal). In this paper, we introduce a generalization of IP -injective

rings, which are called right S-IP -injective rings, i.e., a ring R satisfying the condition that every

right R-homomorphism I → R with Imf = aR, a ∈ S, where I is a right ideal of R and S is a

subset of R, is given by left multiplication by an element of R. We show the following results:

(1) If R is a right GC2-ring such that l(aR∩K) = l(a)+ l(K) for each pair of right ideals K and

aR of R with r(a) = 0, then R is a right S-IP -injective ring with S = {a ∈ R : r(a) = 0}. (2) If
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R is right J(R)-IP -injective, and left Kasch, then R is right JP -injective with Z(RR) = J(R).

(3) If R is a right I(R) ∪ J(R)-IP -injective ring where I(R) = {all idempotents of the ring R},

then R is a right simple-injective ring. (4) Every semiregular right I(R)∪J(R)-IP -injective ring

is right IP -injective. (5) A ring R is a quasi-Frobenius ring if and only if R is a left Noetherian,

right ACS and right I(R) ∪ J(R)-IP -injective ring.

General background material can be found in [5].

2. Main results

Notation 2.1 For a ring R , let ip(RR) = {a ∈ R : for any right ideal I of R, every right

R-homomorphism f : I → R with Imf = aR can extend to R, or equivalently, f is given by left

multiplication by an element of R}.

Definition 2.2 A ring R is called right S-IP -injective if S ⊆ ip(RR), where S is a subset of R.

Remark 2.3 It is easy to see that a ring R is right IP -injective if and only if R is right R-IP -

injective. Recall that a ring R is called right simple-injective[3] if every right R-homomorphism

f : I → R with simple Imf is given by left multiplication by an element of R. It is obvious that

a ring R is right simple-injective if and only if R is right S-IP -injective with S = {a ∈ R : aR

is simple}. So it seems reasonable to raise the question of how the structure of a ring R is

determined by properties of certain S contained in ip(RR).

Proposition 2.4 Let a ∈ ip(RR). Then R = l(a) + l(I) where I is any right ideal of R such

that aR
⋂

I = 0.

Proof Assume I is a right ideal such that aR
⋂

I = 0. Let π : aR ⊕ I −→ aR denote the

canonical projection. It is clear that Imπ = aR. By hypothesis, it follows that π is given by left

multiplication by an element c of R. This means that a = π(a + b) = c(a + b) for any b ∈ I . So

1 − c ∈ l(a), c ∈ l(b). Since 1 = 1 − c + c ∈ l(a) + l(I), then R = l(a) + l(I). 2

Lemma 2.5 Let R be a ring. Then the following are equivalent:

(1) Every right R-homomorphism f : I −→ RR where I is a right ideal of R with Imf ∼= RR

can extend to R;

(2) R is a right S-IP -injective ring with S = {a ∈ R : r(a) = 0}.

Proof (1) ⇒ (2). Let a ∈ R with r(a) = 0. Then aR ∼= RR. For every right R-homomorphism

f : I −→ RR with Imf = aR, we have Imf ∼= RR. By (1), f can extend to R, and (2) holds.

(2) ⇒ (1). Let f : I −→ RR be a right R-homomorphism with Imf ∼= RR. So Imf = aR

for some a ∈ R. Suppose σ: aR → RR is the R-module isomorphism, then there exists c ∈ R

such that ac = σ−1(1). Note that acR = aR = Imf and r(ac) = 0, thus ac ∈ ip(RR) by (2), so

f can extend to R, as required. 2

Recall that a ring R is called a right C2-ring if for any right ideal I with I ∼= K where K is

a direct summand of RR, I is a direct summand of RR. Following [2], a ring R is called a right
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generalized C2-ring (or GC2-ring) if for any right ideal I with I ∼= RR, I is a direct summand

of RR.

Proposition 2.6 If R is a right S-IP -injective ring with S = {a ∈ R : r(a) = 0}, then R is a

right GC2-ring, and R = l(I) + l(L) where I and L are right ideals of R such that I ∼= RR and

I
⋂

L = 0.

Proof By Lemma 2.5, the first statement follows from [2, Proposition 2.2] and the second

statement holds by a slight modification of the proof of Proposition 2.4. 2

Next we consider the converse of Proposition 2.6.

Proposition 2.7 If R is a right GC2-ring such that l(aR ∩ K) = l(a) + l(K) for each pair of

right ideals K and aR of R with r(a) = 0, then R is a right S-IP -injective ring with S = {a ∈

R : r(a) = 0}.

Proof First we suppose that f : aR + I → RR is a right R-homomorphism such that both

f |aR : aR → RR and f |I : I → RR are given by left multiplication by elements z1 and z2 of

R, respectively, where I is a right ideal and a ∈ R with r(a) = 0. Assume x ∈ aR ∩ I , then

z1x = z2x, and hence z1 − z2 ∈ l(aR ∩ I) = l(a) + l(I) by hypothesis. Thus z1 − z2 = y1 + y2

for some y1 ∈ l(a), y2 ∈ l(I). Now let b1 ∈ aR, b2 ∈ I , then y1b1 = 0, y2b2 = 0, and therefore

f(b1 + b2) = z1b1 + z2b2 = (z1 − y1)b1 + (z2 + y2)b2. But z1 − y1 = z2 + y2, so f(b1 + b2) =

(z1 − y1)(b1 + b2). It follows that f : aR + I → RR is given by left multiplication.

Then, we suppose that L is a right ideal of R and f : L → RR is a right R-homomorphism

with Imf = aR such that r(a) = 0. Let a = f(b), for some b ∈ L, then Imf = aR = f(b)R. It is

easy to verify that L = bR + Kerf . Since r(a) = 0, we claim r(b) = 0. Indeed, assume x ∈ r(b),

then bx = 0, ax = f(b)x = f(bx) = f(0) = 0. So x ∈ r(a), and hence x = 0. It follows that

f |bR is given by left multiplication by [2, Proposition 2.2] since R is a right GC2-ring. Clearly

f |Kerf is also given by left multiplication by 0. Hence by earlier part of the proof, f is given by

left multiplication. The proof is complete. 2

It is obvious that right IP -injective rings are right S-IP -injective rings for any S. In general,

the converse is not true. In fact, the ring Z of integers is J(R)-IP -injective, but not GC2, and

hence it is not IP -injective by Proposition 2.6.

We know that right IP -injective rings satisfy the right GIN conditions by [4, Theorem 2.2].

Generally, for a right S-IP -injective ring, where S is a left ideal, we have the next corresponding

proposition.

Proposition 2.8 If a ring R is right S-IP -injective, where S is a left ideal of R, then l(aR∩K) =

l(a) + l(K) for each pair of right ideals K and aR of R with a ∈ S.

Proof It is clear that l(aR ∩ K) ⊇ l(a) + l(K). Conversely, let t ∈ l(aR ∩ K). Define a right

R-homomorphism α : aR + K → RR via ar + k 7→ tar for r ∈ R, k ∈ K. Then it is easy to

see that α is well-defined and Imα = taR. Since S is a left ideal and a ∈ S, then ta ∈ S. By
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hypothesis, α is given by left multiplication by an element c of R, so tar = c(ar + k) for all

r ∈ R and all k ∈ K. Let r = 1, k = 0, then t − c ∈ l(a), and let r = 0, then c ∈ l(k). Thus

t = t − c + c ∈ l(a) + l(K). 2

Following [2], a ring R is said to be right JP -injective if every right R-module homomorphism

f : aR → RR where a ∈ J(R) can extend to R. The next proposition give a relation between

the J(R)-IP -injective rings and the JP -injective rings.

Recall that a ring R is called left Kasch if every simple left R-module can be embedded in

RR.

Proposition 2.9 If a ring R is left Kasch right J(R)-IP -injective, then R is right JP -injective

with Z(RR) = J(R).

Proof Assume a ∈ J(R) and f : aR → RR is a right R-homomorphism. It follows that

f(a)Soc(RR) = f(aSoc(RR)) = f(0) = 0, so f(a) ∈ l(Soc(RR)). Since R is left Kasch, we have

J(R) = l(Soc(RR)). Therefore f(a) ∈ J(R). Note that Imf = f(a)R and R is right J(R)-IP -

injective, thus f can extend to R, and so R is right JP -injective. Consequently J(R) ⊆ Z(RR)

by [2, Theorem 3.6]. In addition, by [6, Proposition 4.1], R is right C2 since R is left Kasch, and

hence Z(RR) ⊆ J(R), which shows that J(R) = Z(RR) as desired. 2

From now on, I(R) always denotes the set {all idempotents of a ring R}.

Proposition 2.10 Let R be a right I(R) ∪ J(R)-IP -injective ring. Then

(1) R is a right C2-ring;

(2) If a ∈ R such that aR is a simple right ideal or Ra is a simple left ideal, then for every

right ideal I of R, every right R-homomorphism f : I → R with Imf = aR is given by left

multiplication by an element of R. In particular, R is a right simple-injective ring.

Proof (1) Follows from [6, Proposition 4.4] since R is right I(R)-IP -injective.

(2) Let f : I → R be a right R-homomorphism with Imf = aR. If aR is simple and

(aR)2 6= 0, then aR = eR for some e ∈ I(R). Thus, by hypothesis, f is given by left multiplication

by an element of R. If Ra is simple and (Ra)2 6= 0, then Ra = Re for some e ∈ I(R). So aR = gR

for some g ∈ I(R). Thus f is also given by left multiplication by an element of R. If (aR)2 = 0

or (Ra)2 = 0, then a ∈ J(R). Since R is right J(R)-IP -injective, then f is given by left

multiplication by an element of R. The last statement is immediate. 2

The converse of Proposition 2.10 (2) is not true in general. The next example gives a right

simple-injective ring which is not right I(R) ∪ J(R)-IP -injective.

Example 2.11 Let R = Z ∝ Z be the trivial extension of Z and Z, i.e., R = Z⊕Z is an abelian

group, with the usual addition and the following multiplication: (r, x)(s, y) = (rs, ry + xs) for

r, x, s, y ∈ Z.

Since Soc(RR) = 0, R is right simple injective. Let y = 2 ∝ 0 ∈ R. Then r(y) = 0, but y is

not a right unit. So R is not right GC2 by [2, Proposition 2.2], hence R is not right I(R)∪J(R)-

IP -injective by Proposition 2.10 (1).
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Corollary 2.12 Let R be a right Kasch, right I(R) ∪ J(R)-IP -injective ring. Then

(1) r(l(I)) = I for every right ideal I of R;

(2) J(R) = r(Soc(RR)) = Z(RR);

(3) R is right JP -injective in case R is semilocal.

Proof Since R is right simple-injective by Proposition 2.10 (2), then (1) and (2) follow from [7,

Lemma 2.1].

(3) If R is semilocal, then R is left Kasch by [7, Lemma 2.2]. Thus R is right JP -injective

by Proposition 2.9. 2

Recall that a ring R is called semiregular if R/J(R) is regular and idempotents of R/J(R)

can be lifted to idempotents of R. Following [8], a ring R is called right I-semiregular where I

is an ideal of R if, for any a ∈ R, there exists e2 = e ∈ aR with a − ea ∈ I .

Proposition 2.13 Assume that I is an ideal of a ring R, then every right I-semiregular right

I(R) ∪ I-IP -injective ring R is right IP -injective. In particular, every semiregular right I(R) ∪

J(R)-IP -injective ring R is right IP -injective.

Proof Let f be any right R-homomorphism from any right ideal of R into RR with Imf = aR,

a ∈ R. Since R is right I-semiregular, we have aR = eR ⊕ bR with e ∈ I(R) and b ∈ I by [8,

Theorem 1.2]. Let π1 : aR → eR and π2 : aR → bR be canonical projections. Then Imπ1f = eR

and Imπ2f = bR. By hypothesis, πif is given by left multiplication by element ci of R with

ci ∈ R, i = 1, 2. It follows that f = π1f + π2f is given by left multiplication by c1 + c2, so R is

right IP -injective.

The last statement follows from the fact that R is semiregular if and only if R is J(R)-

semiregular[8]. 2

It is well-known that a ring R is a quasi-Frobenius ring if and only if R is a left Noetherian

right self-injective ring. This result can be improved as follows.

Theorem 2.14 A ring R is a quasi-Frobenius ring if and only if R is a left Noetherian, right

ACS (i.e., for any a ∈ R, r(a) is an essential submodule of a direct summand of RR) right

I(R) ∪ J(R)-IP -injective ring.

Proof One direction is clear. Now, assume that R is a left Noetherian, right ACS right

I(R) ∪ J(R)-IP -injective ring. By Proposition 2.10 (1), R is a right C2-ring. Since R is right

ACS, then it is semiregular by [8, Theorem 2.4]. It follows that R is a right IP -injective ring by

Proposition 2.13. Therefore R is a quasi-Frobenius ring by [4, Theorem 2.7]. 2
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