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1. Introduction

In the theory of semigroups, the properties of the direct product of two semigroups are

an important topic to study. In particular, Petrich has studied the structure of prime ideals

in the direct product of two semigroups[7]. Plemmas and Robbert have further studied the

structure of maximal ideals in the direct product of two semigroups[9]. On the other hand,

Tamura, Markel and Latimer[11,12] have discussed M -groupoid as the direct product of a right

zero semigroup and a groupoid with identity. It was shown that Warner in [13] that an M -

semigroup is isomorphic to the direct product of a right zero semigroup and semigroup with

two sided identity. In 1965, Zadeh has initiated fuzzy set theory, which turned out to be of

far reaching implications. A detailed study on fuzzy subgoupoid and fuzzy subgroup has been

made by Rosenfeld[10]. Kuroki[3−5] has contributed fuzzy theory results in semigroups. Recently,

AL.Narayanan and AR.Meenakshi have defined the concept of fuzzy M -subsemigroup of an M -

semigroup and they have a canonical example for fuzzy M -subsemigroup[8]. In this paper, by

using a t-norm T , we introduce the notion of T -fuzzy M -subsemigroups of M -semigroups and

obtain some interesting properties of fuzzy M -subgroups. In this papr, we introduce the notion

of T -fuzzy M -subsemigroups of M -semigroups by using a t-norm T and obtain some interesting

properties. Further we show that the direct product of a T -fuzzy M -subsemigroup of R and

a fuzzy M -subsemigroup of S is a T -fuzzy M -subsemigroup of M . Moreover, we prove that

T -fuzzy M -subsemigroup of M is exhibited as the direct product of T -fuzzy M -subsemigroups
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of R and S respectively.

2. Preliminaries

Definition 2.1[8] Let S and R be semigroups. Then we define the direct product of S and

R by the set S × R of all pairs (s, r) of the elements s of S and r of R with the coordinate

multiplication (s, r)(s1, r1) = (ss1, rr1), for s, s1 ∈ S and r, r1 ∈ R.

Definition 2.2[2] A semigroup S is said to be a right (left) zero semigroup if for all x, y ∈

S, xy = y(xy = x).

Definition 2.3[8] Let S be a semigroup. If there exists an element e ∈ S such that xe = ex = x

for every x ∈ S, then S is called a semigroup with two sided identity.

Definition 2.4[12] A semigroup M is called an M -semigroup if the following two conditions are

satisfied:

(i) There exists at least one left identity e ∈M such that ex = x, for all x ∈ M ;

(ii) For every x ∈ M , there is a unique left identity, say ex such xex = x, that is, ex is

two sided identity.

To be more precise, we call an M -semigroup a left M -semigroup if we consider only the

left identities. In the same manner, we can define a right M -semigroup. Throughout this paper,

M -semigroup always means left M -semigroup unless otherwise specified.

Lemma 2.5[13] An M -semigroup M is isomorphic to the direct product of a right zero semi-

group R and a semigroup S with two sided identity. That is, M ∼= R×S, where the right singular

semigroup R is the set of all left identities of M and S = Me for a left identity e ∈ M.

Lemma 2.6[13] The direct product of a right zero semigroup R and a semigroup S with two

sided identity is an M -semigroup.

Lemma 2.7[6] An M -semigroup M can be always decomposable into the union of some isomor-

phic M -subsemigroups of M .

Hereafter, we use M,R and S to denote the (left) M -semigroup, right singular semigroup

and semigroup with two sided identity respectively, unless otherwise mentioned.

Definition 2.8[8] Let M be an M -semigroup. A fuzzy subset µ : M → [0, 1] is a fuzzy M -

subsemigroup of M if the following conditions are satisfied:

(i) µ(xy) ≥ min(µ(x), µ(y)) for all x, y ∈M ;

(ii) µ(e) = 1 for every left identity e ∈ M .

Definition 2.9[1] By a t-norm T , we mean a function T : [0, 1] × [0, 1] → [0, 1] satisfying the

following conditions:

(T1) T (x, 1) = x;

(T2) T (x, y) ≤ T (x, z) if y ≤ z;
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(T3) T (x, y) = T (y, x);

(T4) T (x, T (y, z)) = T (T (x, y), z)

for all x, y, z ∈ [0, 1].

For a t-norm T on [0, 1], we denote it by ∆T = {α ∈ [0, 1]|T (α, α) = α}.

Note 2.10 Every t-norm T has the following property: T (α, β) ≤ min{α, β}.

Definition 2.11 Let T be a t-norm. Then we say that the fuzzy set µ in X satisfies the

imaginable property if Imµ ⊆ ∆T .

Definition 2.12 The fuzzy union of two fuzzy subsets µ and ν of M , denoted by µ ∪ ν, is a

fuzzy subset of M defined by (µ ∪ ν)(x) = T (µ(x), ν(x)) for all x ∈M .

Definition 2.13 Let µ and ν be two fuzzy subsets. Then we define the T -product µ ◦ ν by

(µ ◦ ν)(x) =

{

supx=yz(T (µ(y), µ(z))) if x is of the form x = yz,
0 otherwise.

Definition 2.14[11] Let M be an M -semigroup and µ a fuzzy subset of M . Then the set

µt = {x ∈M |µ(x) ≥ t} is called a level subset of M with respect to µ.

3. T -fuzzy M-subsemigroups

Definition 3.1 Let M be an M -semigroup. A fuzzy subset µ : M → [0, 1] is a fuzzy M -

subsemigroup of M with respect to a t-norm T (in brief, T -fuzzy M -subsemigroup of M) if it

satisfies the following conditions:

(i) µ(xy) ≥ T (µ(x), µ(y)) for all x, y ∈M ;

(ii) µ(e) = 1 for every left identity e ∈M .

Definition 3.2 A T -fuzzy M -subsemigroup of an M -semigroup M is said to be imaginable if

it satisfies the imaginable property.

Example 3.3 Let M = {e, f, a, b} be an M -semigroup with the following Cayley table:

· e f a b
e e f a b
f e f a b
a a b e f
b a b e f

Define a fuzzy subset µ : M → [0, 1] by µ(e) = 1 = µ(f), µ(a) = µ(b) = 0 and let

Tm : [0, 1]×[0, 1] → [0, 1] be a function defined by Tm(α, β) = max(α+β−1, 0) for all α, β ∈ [0, 1].

Then Tm is a t-norm. By routine calculation , we see that µ is a Tm-fuzzy M -subsemigroup of

M and Imµ ⊆ ∆Tm
.

Theorem 3.4 (i) Let T be a t-norm. Then every imaginable T -fuzzy M -subsemigroup of M

is a fuzzy M -subsemigroup of M .
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(ii) If µ is an imaginable T -fuzzy M -subsemigroup of M , then every non-empty level subset

µt of µ is a M -subsemigroup of M .

Proof (i) Let µ be an imaginable T -fuzzy M -subsemigroup of M . Then µ(xy) ≥ T (µ(x), µ(y))

for all x, y ∈ M . Since µ is imaginable , we have

min(µ(x), µ(y)) = T (min(µ(x), µ(y)),min(µ(x), µ(y))) ≤ T (µ(x), µ(y)) ≤ min(µ(x), µ(y)).

Hence , it follows that µ(xy) ≥ T (µ(x), µ(y)) = min(µ(x), µ(y)). This shows that µ is a fuzzy

M -subsemigroup of M .

(ii) Let x, y ∈ µt. Then µ(x) ≥ t and µ(y) ≥ t. It follows that µ(xy) ≥ T (µ(x), µ(y)) ≥

T (t, t) = t, and thus xy ∈ µt. Hence µt is a sub-semigroup of M . For every e ∈ M , we have

µ(e) = 1 ≥ t, and so e ∈ µt. Let x ∈ µt. Then ex ∈ µt ⊆ M . This leads to ex = x, and so µt is

an M -subsemigroup of M .

The following example illustrates that there exists a t-norm T such that a fuzzy M -

subsemigroup of M may not be an imaginable T -fuzzy M -subsemigroup of M .

Example 3.5 Let M = {e, f, a, b} be an M -semigroup with the following Cayley table:

· e f a b
e e f a b
f f e e f
a a e e a
b b b b e

Define a fuzzy set µ : X → [0, 1] by µ(e) = 1, µ(f) = µ(a) = 0.6, µ(b) = 0.3. Then, we see

that µ is a fuzzy M -subsemigroup of M . Let γ ∈ [0, 1] and define the binary operation Tγ on

[0, 1] as follows:

Tγ(α, β) =







α ∧ β if max(α, β) = 1,
0 if max(α, β) < 1, α+ β ≤ 1 + γ,
γ otherwise

for all α, β ∈ [0, 1]. Then Tγ is a t-norm on [0, 1]. Hence, Tγ(µ(f), µ(f)) = Tγ(0.6, 0.6) = γ 6= µ(f)

whenever γ < 0.2, and so µ(f) /∈ ∆Tγ
, i.e., Imµ 6⊆ ∆Tγ

whenever γ < 0.2. This shows that µ is

not an imaginable T -fuzzy M -subsemigroup of M whenever γ < 0.2.

Definition 3.6 A mapping f : M →M ′ of M -semigroups is called a homomorphism if

(i) f(xy) = f(x)f(y) for all x, y ∈M ;

(ii) f(e) = e′ for every left identity e ∈M , where e′ is a left identity of M ′.

Let f : M → M ′ be a mapping of M -semigroups. For a fuzzy set µ in M ′, the inverse image

of µ under f , denoted by f−1(µ), is defined by f−1(µ)(x) = µ(f(x)) for all x ∈M .

Theorem 3.7 Let f : M → M ′ be a homomorphism of M -semigroups. If µ is a T -fuzzy

M -subsemigroup of M ′, then f−1(µ) is a T -fuzzy M -subsemigroup of M .
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Proof For any x, y ∈ M , we have

f−1(µ)(xy) = µ(f(xy)) = µ(f(x)f(y)) ≥ T (µ(f(x)), µ(f(y))) = T (f−1(µ)(x), f−1(µ)(y));

f−1(µ)(e) = µ(f(e)) = µ(e′) = 1.

This completes the proof.

Let µ be a fuzzy set in X and f a mapping defined on X . Then we call the fuzzy set f(µ)

in f(X) defined by f(µ)(y) = sup{µ(x)|x ∈ f−1(µ)} for all y ∈ f(X) the image of µ under f . A

fuzzy set µ in X is said to have the sup property if for every subset T ⊆ X , there exists t0 ∈ T

such that µ(x0) = sup{µ(t)|t ∈ T}.

Theorem 3.8 An onto homomorphic image of a fuzzy M -subsemigroup with the sup property

is a fuzzy M -subsemigroup.

Proof Let f : M → M ′ be an onto homomorphism of M -semigroups and let µ be a fuzzy

M -subsemigroup of M with the sup property . Now, for any u, v ∈ M ′, we let x0 ∈ f−1(u) and

y0 ∈ f−1(v) be such that

µ(x0) = sup{µ(t)|t ∈ f−1(u)}, µ(y0) = sup{µ(t)|t ∈ f−1(v)}, respectively.

Then we can deduce that

f(µ)(uv) = sup{µ(z)|z ∈ f−1(uv)} ≥ min{µ(x0), µ(y0)}

= min{sup{µ(t)|t ∈ f−1(u)}, sup{µ(t)|t ∈ f−1(v)}}

= min{f(µ)(u), f(µ)(v)}

f(µ)(e′) = sup{µ(e)|e ∈ f−1(e′)} = 1.

Hence, f(µ) is a fuzzy M -subsemigroup of M .

The above theorem can be further strengthened. We first give the following definition:

Definition 3.9 A t-norm T on [0, 1] is called a continuous t-norm if T is a continuous function

from [0, 1] × [0, 1] → [0, 1] with respect to the usual topology.

We observe that the function “min” is always a continuous t-norm .

Theorem 3.10 Let T be a continuous t-norm and f : M → M ′ an onto homomorphism of

M -semigroups. If µ is a T -fuzzy M -subsemigroup of M , then f(µ) is a T -fuzzy M -subsemigroup

of M ′.

Proof Let A1 = f−1(y1), A2 = f−1(y2) and A12 = f−1(y1y2), where y1, y2 ∈ M ′. Consider the

set A1A2 = {x ∈ M |x = a1a2 for some a1 ∈ A1 and a2 ∈ A2}.

If x ∈ A1A2, then x = x1x2 for some x1 ∈ A1 and x2 ∈ A2 so that we have f(x) = f(x1x2) =

f(x1)f(x2) = y1y2, that is, x ∈ f−1(y1y2) = A12. Thus A1A2 ⊆ A12. It follows that

f(µ)(y1y2) = sup{µ(x)|x ∈ f−1(y1y2)} = sup{µ(x)|x ∈ A12} ≥ sup{µ(x)|x ∈ A1A2}

≥ sup{µ(x1x2)|x1 ∈ A1, x2 ∈ A2} ≥ sup{T (µ(x1), µ(x2))|x1 ∈ A1, x2 ∈ A2}.
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Since T is continuous, for every ε > 0, we see that if sup{µ(x1)|x1 ∈ A1} − x∗1 ≤ δ and

sup{µ(x2)|x2 ∈ A2}−x∗2 ≤ δ, then T (sup{µ(x1)|x1 ∈ A1}, sup{µ(x2)|x2 ∈ A2})−T (x∗1, x
∗

2) ≤ ε.

Choose a1 ∈ A1 and a2 ∈ A2, such that sup{µ(x1)|x1 ∈ A1} − µ(a1) ≤ δ and sup{µ(x2)|x2 ∈

A2} − µ(a2) ≤ δ. Then we have

T (sup{µ(x1)|x1 ∈ A1}, sup{µ(x2)|x2 ∈ A2}) − T (µ(a1), µ(a2)) ≤ ε.

Consequently , we have

f(µ(y1y2)) ≥ sup{T (µ(x1), µ(x2))|x1 ∈ A1, x2 ∈ A2}

≥ T (sup{µ(x1)|x1 ∈ A1}, sup{µ(x2)|x2 ∈ A2})

= T (f(µ)(y1), f(µ)(y2))

and f(µ)(e′) = sup{µ(e)|e ∈ f−1(e′)} = 1. This shows that f(µ) is a T -fuzzy M -subsemigroup

of M ′ .

4. T -products of M-semigroups

Any element x ∈M ∼= R×S can be written as the product (binary operation in M) of two

elements: One element in R is called the two sided identity(right identity) of x,denoted it by ex,

and the other element is xe in S(= Me). That is , x = xex = x(eex) = (xe)ex. Hence, we can

express an element x in M by the element (ex, xe) in R× S.

Definition 4.1 Let M be an M -semigroup. Then, by a fuzzy subset µ : M → [0, 1] , we mean

a fuzzy subsemigroup of M with respect to a t-norm T (briefly, T -fuzzy subsemigroup of M) if

it satisfies µ(xy) ≥ T (µ(x), µ(y)) for all x, y ∈ M .

Clearly, every T -fuzzy M -subsemigroup is T -fuzzy subsemigroup.

Theorem 4.2 Let µ be an imaginable T -fuzzy M -subsemigroup of M ∼= R × S such that

Imµ = {1, α}, 0 ≤ α < 1. Then µ can be written as a union of T -fuzzy subsemigroups.

Proof Let Mt = {x ∈ M |µ(x) = 1}, we have

µ(x) =

{

1 if x ∈ Mt

α, if x ∈ M −Mt.

We claim that Mt is an M -subsemigroup of M . In fact , if we choose x, y ∈ Mt, then we

have µ(x) = µ(y) = 1. Since µ is a T -fuzzy M -subsemigroup of M , we have

µ(xy) ≥ T (µ(x), µ(y)) = T (1, 1) = 1.

Hence µ(xy) = 1, so that xy ∈Mt and hence Mt is a subsemigroup of M . By the definition

of a T -fuzzy M -subsemigroup, we have µ(e) = 1 for every left identity e ∈ R. Hence e ∈ Mt.

Since Mt is a subsemigroup, we can choose e, x ∈Mt, such that ex ∈Mt. Clearly ex ∈M . This

leads to ex = x, and so Mt is an M -subsemigroup of M . By applying Lemma 2.7, there exist
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M -subsemigroups Mte, Mtf , · · · of Mt, such that Mt = Mte
⋃

Mtf
⋃

· · ·, where e, f, · · · ∈ R.

For each e ∈ R, define the fuzzy subsets µe on M by

µe(x) =

{

1 if x ∈Mte,
α otherwise.

Then it is easy to prove that every µe is a T -fuzzy subsemigroup of M -semigroup M . In

fact, if x, y ∈ Mte, then xy ∈ Mte. Consequently, µe(xy) = 1 ≥ T (µe(x), µ(y)). If x and

y /∈ Mte, then µe(x) = α, µe(y) = α and xy /∈ Mte. It follows that µe(xy) = α and µe(xy) =

T (µe(x), µe(y)) = T (α, α) = α, that is, µe(xy) = T (µe(x), µe(y)). If x ∈ Mte and y /∈Mte, then

µe(x) = 1, µe(y) = α and T (µe(x), µe(y)) = T (1, α) = α. Hence µe(xy) = T (µe(y), µe(y)). Now

it is straight forward to verify that µ = µe
⋃

µf
⋃

· · · .

Theorem 4.3 Let µ be an imaginable T -fuzzy M -subsemigroup of M ∼= R × S such that

Imµ = {1, α1, · · · , αn}, where 1 > α1 > · · · > αn ≥ 0. Then µ can be written as a union of

T -fuzzy subsemigroups of M .

Proof Let M1 = {x ∈ M |µ(x) = 1}. Then by using the argument in Theorem 4.2, we see

that M1 is an M -subsemigroup of M . By applying Lemma 2.7, we have M1 = M1e
⋃

M1f
⋃

· · ·.

Since the image of µ is {1, α1, · · · , αn}, the level subset of µ are M1,Mα1
, · · · ,Mαn

, where Mαi
=

{x ∈M |µ(x) ≥ αi}. For each e ∈ R, define the fuzzy subset µe on M as

µe(x) =























1 if x ∈ M1e,
α1 if x ∈ Mα1

−M1e,
α2 if x ∈ Mα2

−Mα1
,

· · · · · ·
αn if x ∈ Mαn

−Mαn−1
.

Then µe is a T -fuzzy subsemigroup of M . It is straight forward to verify that µ =

µe
⋃

µf
⋃

· · ·. 2

Lemma 4.4 Let µ1 be a T -fuzzy M -subsemigroup of R and µ2 be a T -fuzzy M -subsemigroup

of S. Then for any e, f ∈ R and x1, x2 ∈ S, we have

T (T (µ1(e), µ1(f)), T (µ2(x1), µ2(x2))) = T (T (µ1(e), µ2(x1)), T (µ1(f), µ2(x2))).

Proof We have

T (T (µ1(e), µ1(f)), T (µ2((x1), µ2(x2))) = T (µ1(e), T (µ1(f), T (µ2(x1), µ2(x2))))

= T (µ1(e), T (T (µ1(f), µ2(x1)), µ2(x2)))

= T (µ1(e), T (T (µ2(x1), µ1(f)), µ2(x2)))

= T (µ1(e), µ2(x1)), T (µ1(f)), µ2(x2))).

This completes the proof.

Theorem 4.5 Let M ∼= R×S be an M -semigroup. If µ1 is a T -fuzzy M -subsemigroup of R and



74 Journal of Mathematical Research and Exposition Vol.26

µ2 is a T -fuzzy M -subsemigroup of S. Then µ = µ1 × µ2 defined by µ(a, b) = (µ1 × µ2)(a, b) =

T (µ1(a), µ2(b)) is a T -fuzzy M -subsemigroup of M , where a ∈ R and b ∈ S.

Proof Let x = (e, x1) and y = (f, x2) in R×S ∼= M, where e, f ∈ R and x1, x2 ∈ S, respectively.

Then

(i) µ(xy) = µ(ef, x1x2) = (µ1 × µ2)(ef, x1x2) = T (µ1(ef), µ2(x1x2)).

Since µ1 and µ2 are T -fuzzy M -subsemigroups, by using Definition 3.1 and Lemma 4.4,

we have µ(xy) ≥ T (T (µ1(e), µ(f)), T (µ2(x1), µ(x2))) = T (T (µ1(e), µ2(x1)), T (µ1(f), µ2(x2))) =

T ((µ1 × µ2)(e, x1), (µ1 × µ2)(f, x2)) = T (µ(x), µ(y)).

(ii) µ(e1, e) = (µ1 × µ2)(e1, e), where e1 is any left identity of R and e is the two sided

identity of S, we have µ(e1, e) = (µ1 × µ2)(e1, e) = T (µ1(e1), µ2(e)) = T (1, 1) = 1. It follows

that µ is a T -fuzzy M -subsemigroup of M .

Lemma 4.6 Let µ be a T -fuzzy M -subsemigroup of M ∼= R × S. Then there exists a homo-

morphic image µ on R, which is also a T -fuzzy M -subsemigroup of R.

Proof Let x ∈ M . Denote the unique (right) identity of x by ex. Then we have xex = x.

Consider the map ϕ : M → R such that ϕ(x) = ex for all x ∈ M . Since (xy)exy = xy =

x(yey) = (xy)ey, we have exy = ey. Since ex is a left identity of ey, we have exy = ey = exey.

This shows that ϕ(xy) = exy = exey = ϕ(x)ϕ(y). Clearly, ϕ is an onto homomorphism.

Define a fuzzy subset ν on R by ν(ex) = supx∈ϕ−1(ex)µ(x) = µ(ex) = 1.

For any ex, ey ∈ R, by the definition of ν and that ϕ is a homomorphism from M onto R,

we have

(i) ν(exey) = ϕ(µ)(exey) = ϕ(µ)(exy) = 1 = µ(exey).

Since µ is a T -fuzzy M -subsemigroup of M , we have µ(exey) ≥ T (µ(ex), µ(ey)), and thus

ν(exey) = µ(exey) ≥ T (µ(ex), µ(ey)) = T (ν(ex), ν(ey)).

(ii) ν = ϕ(µ)(ex) = maxµ(ex) = 1.

This shows that ν = ϕ(µ) is a T -fuzzy M -subsemigroup of R.

Lemma 4.7 Let µ be a T -fuzzy M -subsemigroup of M ∼= R × S. Then there exists a homo-

morphic image µ on S which is also a T -fuzzy M -subsemigroup of S.

Proof Consider the map ψ : M → S(= Me) such that ψ(x) = xe for all x ∈ M . Then

ψ(xy) = xye = x(ey)e = (xe)(ye) = ψ(x)ψ(y). Clearly, ψ is an onto homomorphism. Define a

fuzzy subset ν on S by σ(xe) = supx∈ψ−1(xe) µ(x) = µ(xe).

Putting r = xe, s = ye in S(= Me). Then by the definition of σ and that ψ is a homomor-

phism from M onto S, we have

(i) σ(rs) = ψ(µ)(rs) = ψ(µ)(xeye) = ψ(µ)(xye) = µ(xye) = µ(rs).

Since µ is a T -fuzzy M -subsemigroup of M , we have

σ(rs) = µ(rs) ≥ T (µ(r), µ(s)) = T (σ(r), σ(s)).

(ii) σ(fe) = ψ(µ)(fe) = ψ(µ)(e) = µ(ee) = µ(e) = 1.
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Hence σ = ψ(µ) is a T -fuzzy M -subsemigroup of S.

Theorem 4.8 Let µ be a T -fuzzy M -subsemigroup of M ∼= R × S. Then µ can be written as

the direct product of a T -fuzzy M -subsemigroup of R and S(= Me), respectively.

Proof Since µ is a T -fuzzy M -subsemigroup of M , by Lemmas 4.6 and 4.7, there exist ϕ(µ)

and ψ(µ) which are T -fuzzy M -subsemigroups of R and S(= Me) respectively. Again since µ is

a T -fuzzy M -subsemigroup of M , for each x ∈M , we have

µ(x) = µ(xex) = µ(xeex) ≥ T (µ(ex), µ(xe)) = T (ϕ(µ)(ex), ψ(µ)(xe))

= (ϕ(µ) × ψ(µ))(ex, xe) = (ϕ(µ) × ψ(µ))(x).

Hence µ ⊇ ϕ(µ)×ψ(µ). Now, let y ∈M , then we have y = (ey, ye) ∈ R× S. Hence we can

deduce that

(ϕ(µ) × ψ(µ))(y) = (ϕ(µ) × ψ(µ))(ey , ye)

= T (ϕ(µ)(ey), ψ(µ)(ye)) = T (µ(ey), µ(ye)) = T (1, µ(ye))

= µ(ye) ≥ T (µ(y), µ(e)) = T (µ(y), 1) = µ(y).

This leads to ϕ(µ) × ψ(µ) ⊇ µ. Therefore, µ = ϕ(µ) × ψ(µ).

This proof is completed.

Theorem 4.9 Let µ be a T -fuzzy M -subsemigroup of M ∼= R × S. For e ∈ R, let the fuzzy

subset µ∗

e defined on M by µ∗

e(x) = µ(xe) for all x ∈ M . Then we have

(i) µ∗

e is a T -fuzzy M -subsemigroup of M ;

(ii)
⋂

e∈R µ
∗

e is also a T -fuzzy M -subsemigroup of M .

Proof (i) Since µ is a T -fuzzy M -subsemigroup of M , we have

µ∗

e(xy) = µ(xye) = µ(xeye) ≥ T (µ(xe), µ(ye)) = T (µ∗

e(x), µ
∗

e(y))

for all x, y ∈ M ; µ∗

e(f) = µ(fe) = µ(e) = 1.

Hence µ∗

e is a T -fuzzy M -subsemigroup of M .

(ii) For any x, y ∈ M , we have

⋂

e∈R

µ∗

e(xy) = min{µ∗

e(xy)|e ∈ R} ≥ min{T (µ∗

e(x), µ
∗

e(y))|e ∈ R}

≥ T (min{µ∗

e(x)|e ∈ R},min{µ∗

e(y)|e ∈ R}) = T (
⋂

e∈R

µ∗

e(x),
⋂

e∈R

µ∗

e(y));

⋂

e∈R

µ∗

e(f) = min{µ∗

e(f)|e ∈ R} = min{µ(fe)|e ∈ R}

= min{µ(e)|e ∈ R} = 1.

This completes the proof.

Theorem 4.10 Let µ be a T -fuzzy M -subsemigroup of M ∼= R × S . For e, f ∈ R, define
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µ∗ = µ∗

e × µ∗

f defined by µ∗(a, b) = (µ∗

e × µ∗

f )(a, b) = T (µ∗

e(a), µ
∗

f (b)) , for all a, b ∈M . Then µ∗

is a T -fuzzy M -subsemigroup of M .

Proof Let x = (e′, x1) and y = (f ′, x2) in R × S ∼= M, where e′, f ′ ∈ R and x1, x2 ∈ S,

respectively. Then we have

(i) µ∗(xy) = µ∗(e′f ′, x1x2) = (µ∗

e × µ∗

f )(e
′f ′, x1x2) = T (µ∗

e(e
′f ′), µ∗

f (x1x2)).

Now, by Theorem 4.9, we deduce the following

µ∗(xy) ≥ T (T (µ∗

e(e
′), µ∗

e(f
′)), T (µ∗

f (x1), µ
∗

f (x2))) = T (T (µ∗

e(e
′), µ∗

f (x1)), T (µ∗

e(f
′), µ∗

f (x2)))

= T ((µ∗

e × µ∗

f )(e
′, x1), (µ

∗

e × µ∗

f )(f
′, x2)) = T (µ∗(x), µ∗(y)).

(ii) µ∗(e′, f ′) = (µ∗

e × µ∗

f )(e
′, f ′) = T (µ∗

e(e
′), µ∗

f (f
′)) = T (µ(e′e), µ(f ′f)) = T (µ(e), µ(f)) =

T (1, 1) = 1.

Consequently, from (i) and (ii), we see that µ∗ is a T -fuzzy M -subsemigroup of M.
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