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������� ��¡�¢����
ẋ = −y + dx + lx2 + mxy,

ẏ = x(1 + ax + by).
(1)

��£�����¤���¥�¦
(1)
��§�¨�©���ª���«�¬��®°¯�±�²�³�´�µ���¶�·�¸�¡�¢�¹�º�»��

O ¼½�¾ §�¨�©���¿�À�Á�Â�®ÄÃ�Å ¼ ��¿�À�Á�Â��ÄÆ�Ç�È�É�Ê�Ë�«�Ì�Í�Î�Ï���� (1) Ð ª���§�¨�©�®Å���Ñ�Ò�Ó�Ô��ÖÕ�×�Ô�Ø�Ù
d = 0 Ú �������Ö��� [1]

£�Û�Ü�Ý�·�¦�Þ�������ß�à�á�Ó�â�§�¨�©��ã�ä�� ����Æ�å�·�¦�æçº�»�èçé�� Ð ªç��§ç¨ç©��çÁ�Âç® Õ��çÔ�ÆçÃ d 6= 0
�����

(1)
å�·ê�ë � Ð ª���§�¨�©���Ë�ì�� í Ú Ã d,V3,V5,V7

í�î Ú III
������ï�§�¨�©���ð�×�ñ�ò�ó�ô

[2]õ�ö�Û�Ü���õ�÷�ø�ù�Ø�Ù�®
1 ú&û (1) ü d = 0 ý&þ&ÿ������

(i). ������	�����
(1)
£���


d = 0,
¡��

l, m 6= 0
��×������������������� º��������������

m = 1.� ������£�����Ë
l > 0, ��� l < 0 Ú º� y, t

í Ú�! î�"�� l > 0
������� ��¡������

ẋ = −y + dx + lx2 + xy,

ẏ = x(1 + ax + by).
l > 0 (2)

ð Ú�# µ O
�����

(2)
��³�´�µ��%$�´�µ�&�'����

[3]

V3 = l − a(b + 2l),
V5 = a(5a − 1)[bl2 − a2(b + 2l)],
V7 = 2a4[bl2 − a2(b + 2l)].

(3)
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(2)
�

O ¼ ��§�¨�©�>�?�� 1 + ax + by > 0
��@��

[2]. A (1) B�C ��D�E�� P , Q, FG
P

∂Q

∂d
− Q

∂P

∂d
= −x2(1 + ax + by),¹���§�¨�©�ª�����Á�ÂIHKJ G�L�G�M �%N�������Õ���Ô�º�O G

d
Ç�È�P�Q�R�SITK&�U�ì�Ù�®

V�W ±�å�·�X V õ�Ù�Y
��	 1

���
(2) ZK[ O

��§�¨�©�\�ª����%]�Ë�>�?���Á�Â
x < 1

H�®
^�_ Ã����

(2),
Û�Ü�á

dx
dt
|x=1 = y(x− 1) + lx2|x=1 = l > 0,

N
x = 1

��ï�`�a�b��Kc�d
ZK[ O

��§�¨�© Ð »�e x = 1
ê�f � ²�g�>�?���Á�Â

x < 1
H�®

h 	 1
���

(2) � a(b + 2l) ≤ 0 Ú � Ð ª���§�¨�©�®^�_ i 
�ª���§�¨�©
Γ, j ¡�¢���� (2) k Γ

��¸�l�&�m��
∮

Γ

(
∂P

∂x
+

∂Q

∂y
)dt =

∮

Γ

(2l + b)xdt +

∮

Γ

ydt,

F G Γ
>�?��

1 + ax + by > 0, 1− x > 0
��@���� F (2)

=

xdt =
dy

1 + ax + by
, ydt =

dx

x − 1
− lx2

x − 1
dt,

N
∮

Γ

(
∂P

∂x
+

∂Q

∂y
)dt =

∮

Γ

b + 2l

1 + ax + by
dy +

∮

Γ

dx

x − 1
−

∮

Γ

lx2

x − 1
dt

=

∫ ∫

D

−a(b + 2l)

(1 + ax + by)2
dxdy +

∮

Γ

lx2

1 − x
dt.

$ £ Õç×çâ Lon �çÕç�opoqoro� M � ÃçÕç×opçÆçÇçÈ
Green s n � D

�
Γ
cçÑ Z ÁçÂç� F

a(b + 2l) ≤ 0, l > 0
= ∮

Γ
(∂P

∂x
+ ∂Q

∂y
)dt > 0, Ðutov Γ

�çßowox
O
�ç§ç¨ç©ç� F G V3 =

l− a(b +2l) > 0, y Ï O
e

Γ
í Ú � Ð�z Ë���� F Bendixson

ì�Ù = ð�{ Ð º�»���������� (2)Ð »�á�§�¨�©�®ð × Ë ì y Ï ¦ Ã}|}~ l > 0,
�

(a, b) � W � Ó â Ã}�}� Â a ≤ 0, b ≥ −2l � a ≥ 0, b ≤ −2l�������
(2)
��ï�©�Á�®��� ¼ Ó�â�Ã���Á�ÂIH�� l − a(b + 2l) = 0

���I�Kb��%$�Ó�¶���D��
l1, l2,

���
1.Ã ë ¹�� W ��µ��

O ��� ������³�´�µ��°¿�À�� ������! ��$ z Ë�«��°��º�· j §�¨�©�®
� Å�¯�±���¥�× V » ��¶�·�§�¨�©���º�»�¿�À�Á�Â�®

F ´�µ�& s n (3), � V3 = l − a(b + 2l) = 0 Ú � V5 = a(5a− 1)(bl − a)l, V7 = 2a4l(bl − a).

bl − a = 0
����boEo�

l3,
¹oe

l1, l2
� f µo�

A(−l2 + l
√

l2 + 1,−l +
√

l2 + 1), B(−l2 −
l
√

l2 + 1,−l −
√

l2 + 1).
�

A, B � q�r�á V3 = V5 = V7 = 0,
N

O
��£K��� Å ¼ �%� � a =

1
5 , b = 3l Ú � O

������³�´�µ���$ z Ë�« F bl − a
����î���Ë�� ¹�Ã ë G

l1
����µ

C,
��Þ�µ

bl − a = 3l2 − 1
5 ,
N � l > 1√

15
Ú � C

µ��
l1
�

A
������Ì�� � l < 1√

15
Ú � C

µ��
l1
�

A� B V Ì�®±�¡�¢
l > 1√

15
. F G � C

µ Ú V3 = V5 = 0, V7 > 0,
N

O
� Ð�z Ë�������³�´�µ�� Ã l1º�������â�������¡�¢���¶�·�§�¨�©�������®
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¢ ¿�À�²
C k l1

TK����Ì�� � � Æ a < 1
5 ,
²�g

V5 < 0,O
� z Ë�« ! ���£$ ¼ ½�¾ ×�§¨�©

L1, ¤ T l1
��Ì�� � � Æ V3 > 0, z Ë�« ¤ � ! ��� � ½�¾ ×�© l2,

· j ¦�×�â���©�Á�� ß¥�Ó�©�ö�¦���×���ñ�§�¨�©
(M2LC) §�¨�© (

X��
1).

�
1

ª
1
���

[1]
£���Ë�ì

1 « Î�Ï���Ã bl− a > 0, 0 < a < 1
5 ,
���

(2)
ß�à�á�Ó�â�§�¨�©�ÑÒ # µ�® F � [1]

��õ�Ù�º = Ã�� � � b
ð Ú�¬� á�Ó�â�§�¨�©�®í�®�²

l1
�

C
��ÌIT

l
� B Ì�� ��¯ J Ú � L1

ë Ðo¨�© ®%N�Å��o��Ó�°�±ox��o�çá�©Á�®
² �

ĈA
��Y

a > 1
5 , bl > a,

N
V3 = 0, V5 > 0, O

� Ð�z Ë�����³�´�µ��%e C � � z Ë«�×�³�� ï�©�· j ®�T l1 B Ì�×�°�� ��Ú � V3 < 0, O
� z Ë�« ! ��g ½�¾ ×�©�®T

l1
��Ì�×�°�� ��Ú � V3 > 0, O Ð�! � z Ë�« (

Å�Á�Â����
1
£KE��µ´

).¶
l1
�

A
V Ì��������

V5 < 0, V3 = 0, O
� z Ë�������³�´�µ�®T

l1
� V °�� ��Ú � V3 > 0, z Ë�« ! ��g ½�¾ ©��·T l1 B ��Ì�� ��Ú � V5 < 0, V3 < 0, OÐ�! � z Ë�« (

�
1
£���Á�Â¹¸

).Ã
l2,
Æ�'�µ

B
����Ó�����¡�¢�Y

¢ �
B
��Ì��������

V5 > 0, V3 = 0, O
� Ð�z Ë�����³�´�µ�®TK� V Ì�� ��Ú � V3 < 0, ! � z Ë�«�g ½�¾ ©��uT B ��Ì�� ��Ú � V3 > 0, O

� z Ë�« Ð
! � (

�
1
£���Á�Â��

).² �
B
V Ì��������

V5 < 0, V3 = 0, O
� z Ë�����³�´�µ�®Tº� V Ì}� � Ú � V3 < 0, O Ð�! � z Ë « ® (
�

1
£ � Á Â¼»

).
T B � Ì}� � Ú � V3 > 0, O

! ��¦ z Ë�«�g ½�¾ ©�®d V�½ È��
[3]
£���Ë�ì

5.4
��D�Î�Ï�Ã�¾�¿�Á�Âµ´ �À¸`� ���Á»�£���¿�À��

O ¼ � Ð ª��§�¨�©�®¯�±� ����
(2)
"��

Liénard
����®
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Â����

ξ = −y + lx2 + xy, x = x,
Æ����

(2)
���

ẋ = ξ,

ẏ = −(x + (a − 1)x2) + (bl − a)x3 − −(b + 2l)x + (b + l)x2

1 − x
ξ − 1

1 − x
ξ2.

ø�×�Ã�Â����
ū = ξ

1−x
, x = x, dt̄ = (1 − x)dt,

Æ�Ý
Liénard

����Y
dx

dt
= ū,

dū

dt
= −g(x) − f(x)ū,

$�£
f(x) = x[(b+l)x−(b+2l)]

(1−x)2 , g(x) = x[(bl−a)x2+(a−1)x+1]
(1−x)2 ,

¹ L�Ä�G ����Y
dx

dt
= y − F (x),

dy

dt
= −g(x). (4)

E

F (x) =

∫ x

0

f(t)dt =

∫ x

0

x[(b + l)x − (b + 2l)]

(1 − x)2
dt =

1

1 − x
− (b + l)x − b ln(1 − x),

G(x) =

∫ x

0

g(t)dt =
(bl − a)2

2
+ (2bl − a − 1) +

bl

1 − x
+ (3bl − a − 1) ln(1 − x). (5)

Ã����
(4)
Â

Filipov
���

z = G(x)(> 0),
¹�á�Ó�¶�Å�Æ�À

x1 = x1(z) > 0 � x2 = x2(z) < 0,E
Fi(z) = F (xi(z)).

��	 2 Ç � Filipov
��� § �·\�Ã�×�` z > 0

á
F1(z) ≤ F2(z)( È F1(z) ≥ F2(z)), É Ã�ÊË�J��

δ > 0,
�

(0, δ)
£��

F1(z) Ð�Ì L�G F2(z),
Æ����

(4)
ï�Í�Î�b�®

X�Ï�ì
2
��ã�ä Ð�Ð Ê�� Æ�� (z, y) � W ��Ñ # µ ¼ � F1(z)

e
F2(z)

ê�f �%E
z > 0 Ú�çÕç×çâç´çµo�

z0 (
�%�

2).
E

u = x1(z0) > 0, v = x2(z0) < 0, F G F (u) = F (x1(z0)) =

F1(z0) = F2(z0) = F (x2(z0)) = F (v), É G(u) = z0 = G(v).
N�º =

(u, v)
]�í Ú�Ð Ê

F (u) = F (v),
G(u) = G(v),

v < 0 < u (6)

FKs n (5),(6)
º�Ý

[
l

(1 − u)(1 − v)
− (b + l)](u − v) = b ln

1 − u

1 − v
, (7)

[
bl − a

2
(u + v) + (2bl − a − 1) +

bl

(1 − u)(1 − v)
](u − v) = −(3bl − a − 1) ln

1 − u

1 − v
. (8)

F Å ¨�Ò u − v, ln 1−u
1−v

,
º�Ý

b(bl − a)

2
(u + v)(1 − u)(1 − v) + l(a + 1 − b2 − 3bl)[uv − (u + v)] = 0. (9)

� Ã����
(4)
g�Ó

f(u)

g(u)
− f(v)

g(v)
=

(b + l)u − (b + 2l)

(bl − a)u2 + (a − 1)u + 1
− (b + l)v − (b + 2l)

(bl − a)v2 + (a − 1)v + 1

=
{−(b + l)(bl − a)uv + (b + 2l)(bl − a)(u + v) + [a(b + 2l)− l]}

[(bl − a)u2 + (a − 1)u + 1] · [(bl − a)v2 + (a − 1)v + 1]
(u − v). (10)
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F g(x) = 0 Ô = x = 0 È [(bl− a)x2 +(a− 1)x +1] = 0, Õ�Ö Ã ë G�× µ O, §�Ö ��Ø�\�ª����E��
x0,
Æ

(x0, f(x0))
]��

(4)
��Ù�µ��ºN

O ¼ ��§�¨�©�>�?�� [(bl− a)x2 + (a− 1)x + 1] > 0��Á�Â�� ²�g
f(u)
g(u) −

f(v)
g(v)

����î���Ë G
I = −(b + l)(bl − a)uv + (b + 2l)(bl − a)(u + v) + a(b + 2l) − l. (11)¹ � º������
I = l(bl − a)uv + (b + 2l)(bl − a)(u + v − uv) + a(b + 2l) − l. (11’)

��	 3
\

(6)
á�Ú

(u, v),
�

z0

ª���� � z < z0 Ú � F1(z) > F2(z)( È F1(z) < F2(z)),¹ L�Ä�G
(
d V E��

⇔)
f(u)

g(u)
≤ f(v)

g(v)
, (

f(u)

g(u)
≥ f(v)

g(v)
). (12)

^�_ Û�Ü î ¼ ����� (
X��

2)
Î�Ý�� F F1(z0) = F2(z0), F1(z) > F2(z),

Æ F1(z)−F1(z0)
z−z0

<
F2(z)−F2(z0)

z−z0

, v ��§�¨ z → z−0
º�Ý

F ′
1(z0) ≤ F ′

2(z0),
�

F ′
i (z) = f(x)

g(x) ,
N

f(u)
g(u) ≤ f(v)

g(v) .
Î�Þ�� ÜîIH�������Ã ë G �

2
£

F1(z)
e

F2(z)
Ã�ß�®

��×�Ì W � �
x = 0

µ�á
��	 4 � 0 < z � 1 Ú � F1(z) > F2(z) ( È F1(z) < F2(z)) ⇔ ( f(x)

g(x) )
′
x=0 > 0 (< 0) ⇔

a(b + 2l) − l > 0 (< 0).^�_ Û�Ü î ¼ ������Î�Ý�®
F G F1(0) = F2(0),

N
0 < z � 1 Ú � F1(z) > F2(z) ⇔ F ′

1(z) > F ′
2(z) ⇔ ( f(x)

g(x) )
′
x=0 > 0

(
�

x FKà ��á Ú � f(x)
g(x)

��â F J���ã ). � ( f(x)
g(x) )

′ = 1
g2(x) [−(b + l)(bl − a)x2 + 2(b + 2l)(bl −

a)x + a(b + 2l) − l],
N

( f(x)
g(x) )

′
x=0 > 0 ⇔ a(b + 2l)− l > 0.

�
2

�
3

(ii). ä�å�æ�çd V ��Á�Âµ´
–
»���¿�À�ã�ä V Î�ÏKè�é�Ì�ê�ë

(6)
ï�Ú�� � Å f µ z0 Ð ª���� ²�g F Ïì

2
º Ý�·�ï�§�¨�©���õ�Ù�®
h 	 2

Ã�Á�ÂI»�H���¿�À
(a, b), l ≥ 1√

15
,
���

(2) Ð ª���§�¨�©�®^�_ ��Á�ÂI»�H
a < 0, b < 0, b + 2l < 0, b + l < 0, bl − a < 0, l − a(b + 2l) < 0, j Î�è�éÌ�ê�ë

(6)
ï�Ú�®
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� 0 < x < 1 Ú �

g(x) + g(−x) =
2x2

(1 − x2)2
[(2bl − a − 1)x2 + a + 1]

=
2x2

(1 − x2)2
[2blx2 + (a + 1)(1 − x2)].

±�

a + 1 ≤ 0,

Æ
g(x) + g(−x) ≤ 0,

m�� § Ý G(x) < G(−x).y = G(x)
�I�Kb�X��µì �íN

F G(u) = G(v)
º Ô = u + v > 0.

��Á�ÂI»�H�� F Ï�ì 3,4
=

a(b + 2l)− l > 0 ⇔ (
f(x)

g(x)
)′x=0 > 0 ⇔ F1(z) > F2(z), z < z0

⇔ f(u)

g(u)
− f(v)

g(v)
≤ 0. (13)

î F G u + v > 0, uv < 0 ï ¿�À�ã�ä�� º = (11)
n £¹´ ��É�p�����á��%N f(u)

g(u) − f(v)
g(v) > 0,

Ý·�ð�ñ�� y Ï�Ì%ê�ë (6)
��Ú

(u, v) Ð ª����°� y = F1(z)
e

y = F2(z)
ï f µ�� F Ï�ì 2

=�ò
Ð ª���§�¨�©�®h 	 3

Ã�Á�Â���H���¿�À
a, b ï l ≥ 1√

15
,
���

(2) Ð ª���§�¨�©�®^�_ ¡��I�Kb
a + 1− b2 − 3bl = 0,

¹� �Á�Â�����ó
(
�

)1 � (
�

)2
Ó�@��

(
���µô

)
®Ã ¿�À�Á�Â

(
�

)1 : bl−a > 0, b < 0, a+1− b2−3bl < 0, l−a(b+2l) > 0,
��õ G ��� F Ï�ì 3,4º Ô = f(u)

g(u) ≥ f(v)
g(v) .

\
u+ v > 0, F G uv < 0, Ô = I < 0

²�g
f(u)
g(u) −

f(v)
g(v) < 0;

\
u+ v < 0,

Æ
F (9)

º =
uv− (u+ v)

ë ã G�M ® ð ÚIF (11)
º Ô · f(u)

g(u) −
f(v)
g(v) < 0

�ö��÷�·�ð�ñ�®öN�Ã
(
�

)1
H���¿�À�� ���

(2)
ï�©�® Ã�Á�Â

(
�

)2,a+1− b2−3bl > 0, bl−a > 0, b < 0, l−a(b+2l) > 0,ío�çá f(u)
g(u) ≥ f(v)

g(v)

®%\
u + v > 0, F (11)

º = f(u)
g(u) <

f(v)
g(v) .

\
u + v < 0, F (9)

º =
uv − (u + v) < 0,

ð ÚIF (11’)
º = f(u)

g(u) <
f(v)
g(v)

®£��÷�³�ð�ñ�®£N�Ã
(
�

)2
H���¿�À�ø�Î�Ý���

(2)
ï�©�®

2h 	 4
Ã�Á�Â¹¸KH���¿�À

a, b ï l ≥ 1√
15

,
���

(2) Ð ª���§�¨�©�®^�_ F l − a(b + 2l) < 0
º Ô = f(u)

g(u) ≤ f(v)
g(v) .

'
b = 0 ï a + 1− b2 − 3bl = 0

 �Á�Â¹¸`�
ó

(
¸

)1, (
¸

)2, (
¸

)3
��@���®¯�±�¡�¢

(
¸

)1 : a > 0, b > 0, l−a(b+2l) < 0, bl−a > 0, a+1− b2 −3bl < 0, � 0 < x < 1Ú
f(x)+f(−x) =

2x2

(1 − x2)2
[(b+ l)(1+x2)−2(b+2l)] =

2x2

(1 − x2)2
[−2l+(b+ l)(x2−1)] < 0. (14)

m���º Ô · F (x) < F (−x), y = F (x)
�I�Kb�X��

4
c�ù�®úN F F (u) = F (v)

º =
u+v < 0,

¤IF (9)
n Ô = � u + v − uv < 0,

 
(11)

n
I
�����

I = (bl − a)[(b + l)(u + v − uv) + l(u +

v)] + a(b + 2l)− l
º =

I > 0,
� f(u)

g(u) >
f(v)
g(v) ,

e f(u)
g(u) ≤ f(v)

g(v)

ð�ñ�® ²�g�ð�®��
(u, v) Ð ª����N�Ã

(
¸

)1
H�¿�À����

(2)
ï�©�®

$���¡�¢
(
¸

)2:l − a(b + 2l) < 0, bl − a < 0, a + 1 − b2 − 3bl > 0, b < 0.

F Ë�ì 1
= �.û�ò�¡��

b+2l > 0, F (14)
º =�ò Y

u+v < 0, ¤IF (9)
º Ô = u+v−uv < 0,½ È

(11)’
º�í�®�÷�·�ð�ñ�® ²�g�Î�Ï�¦�Ã

(
¸

)2
H���¿�À�� ���

(2)
ï�©�®
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Ã G
(
¸

)3,I
����p Ð »�í�î��%ü�È�ý�þ�³�³���ÿ���®

�
4ð Ú l − a(b + 2l) < 0, a + 1 − b2 − 3bl > 0, b > 0,

ío�çá
u + v < 0, u + v − uv > 0,½ È

(7)
º =

[ 1
(1−u)(1−v) − (b + l)](u − v) = b ln 1−u

1−v
,
²ogçºçÝ

l − (b + l)(1 − u)(1 − v) =

l − (b + l)[1 − (u + v − uv)] < 0,
��Ý�ÿ�� n Y

u + v − uv <
b

b + l
, (15)

F 0 < (1 − u)(1 − v) = 1 − (u + v − uv) < 1 ï�s n (9)
º�Ý

b(bl − a)

2
(u + v) >

b(bl − a)

2
(u + v)(1 − u)(1 − v) = l(a + 1 − b2 − 3bl)(u + v − uv). (16)

N
I > [(bl − a)(b + l) +

2l2(a + 1 − b2 − 3bl)

b
](u + v − uv) + a(b + 2l) − l.

X�÷�¿�À
a, b, l

�
[(bl − a)(b + l) + 2l2(a+1−b2−3bl)

b
] ≥ 0,

Æ « Î�Ý I > 0.X�÷
[(bl − a)(b + l) + 2l2(a+1−b2−3bl)

b
] < 0,

½ È
(15)

n º =
I > [(bl − a)(b + l) +

2l2(a + 1 − b2 − 3bl)

b
] · b

b + l
+ a(b + 3l) − l

= l[(b2 + 2a − 1)(b + l) + 2l(a + 1 − b2 − 3bl)].ÃçÁçÂ
(
¸

)3,a + 1 − b2 − 3bl > 0,
\

b2 + 2a − 1 ≥ 0,
ÆçÝ

I > 0;
\

b2 + 2a − 1 < 0,
Ã

(b2+2a−1)(b+l)+2l(a+1−b2−3bl)
g}Ó � Õ ×}p}� à � Õ �}p}�}á�� î b2+2a−1+a+1−b2−3bl =

3(a − bl) > 0,
N�û�ò

b + l ≤ 2l, � º�Ý�· I > 0. F b2 + 2a − 1 < 0
º =

b < bA =
√

l2 + 1 − l,
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b + l <
√

l2 + 1,
�

l ≥ 1√
3

������ã�ä V � º Ô · √
l2 + 1 ≤ 2l,

N
b + l <

√
l2 + 1 ≤ 2l,

²
g�Ý�·

I > 0.

� Å�Ã�Á�Â¹¸�£�É�Ê�¿�À��%��Ý�·�è�é�Ì�ê�ë (6)
ï�Ú���õ�Ù�® Ë�ì

(4)
Î�Þ�®

ª
2
Ã�Á�Â

(
¸

)3,
����¦�����«�ã�ä

l ≥ 1√
3
, � 1√

15
< l < 1√

3
Ú ï�©�«���õ�Ù ê�� ø{�Ã���®

h 	 5
Ã�Á�Âµ´ H���¿�À�� ���

(2) Ð ª���§�¨�©�®^�_ Ã�Á�Âµ´ �
bl − a > 0, l − a(b + 2l) > 0, a > 1

5 , b > 0.
��õ G Ë�ì

2
� Ô ÷�º�Ý =

G(x) > G(−x), 0 < x < 1,
²}g Ð Ê G(u) = G(v)

�
(u, v)

ë ó}é
u+v < 0. � a+1−b2−3bl ≥ 0Ú � F (9)

º =
u + v = uv < 0,

²�g Ô · I < 0,
e

a(b + 2l)− l < 0 Ú � f(u)
g(u) ≥ f(v)

g(v)

ê ð�ñ�®
� a+1−b2−3bl < 0 Ú ð × � �}e Ë ì 4

� Î Ï £
bl−a < 0, l−a(b+2l) < 0, a+1−b2−3bl >

0
����î�� ê Å�� ��õ G���	 ��õ�Ù�� Æ�º Ô · I < 0,

e
f(u)
g(u) ≥ f(v)

g(v)

ð�ñ�® Ë�ì�Ý�Î�®
ª

3 0 < l < 1√
15
Ú � 1

£
C
µ�
 G

l1
�

A
µ�� B V Ì�� ï�©�Á�� � »���¸ ¾ ��"��ºg�

(a, b) � W ��Õ�×��¨��nÆ ½�¾ ©���Á�Â�á���"��nï�©�Áµ´ ��� l1
�

1
5 < a < aA

��×������
B ��Ì�¦��Kg�� l1

�
ĈA
����Ó�°���D�· j ×�â È Ó�â�©���Á�Â��KN�ï�©�Á¹¸ ê�ë�� J�×����Ð ª���§�¨�©���Ù�Î�e���� l > 1√

15

��������õ��%N�²���®
2 ú&û (1) ü d 6= 0 ý&þ&ÿ������

��×�Ô «KÇ Ã���� (2)
��¥�¦ F ³�´�µ O ! � z Ë�«�g ½�¾ §�¨�©���¿�À�Á�Â��í¦�Ã�Å ¼��Á�ÂIH���¿�À�� Û�Ü���Î�Ï�¦����

(2)
�

O ¼�Ð ª���§�¨�©�� j ��ø�×�Ã�Ø�Ù d 6= 0
�����

(1). X Õ c���� O ¼ ��§�¨�©�>�?�� 1 + ax + by > 0
H�� Ã�Å�Á�Â�� ���

(1)
O G

d � ó�PQ�R�SITK&�U�� F Å�º�Î ÏKd V ��õ�Ù�®
��	 5



d = 0 Ú � ��� (2)

�
O ¼�Ð ª���§�¨�©�� Æ � d 6= 0 É d[l − a(b + 2l)] > 0Ú � ��� (1)

�
O ¼ ø Ð ª���§�¨�©�®^�_ Ðot 
 l − a(b + 2l) > 0(< 0

��������õ
).
Æ

d = 0 Ú O
� Ðoz Ë��%$ ¼ ï�©�®N

d < 0 Ú O ¼ ½�¾ ×�§�¨�© L1, F R�SITK&�U�ì�Ù�� L1 � d
��� � g���ã�� ¹ È�Ö a�w��ã�� ¼IZ ����b�©�g ¨�© � È�Ö ��$ ¼ ±���ó�����b�©�g § ��¶�·�§�¨�© L2

� J ¤ e�Ý�ñ�ö��Ñ Ü ��ð � £���·�� z Ë�©�����® ð���§�¨�©���ß�Ç ����� ¦ O ¼ º�»�á�§�¨�©���Á�Â�� � Å
d > 0 Ú � � (1) Ð »�á�§�¨�©�����Æ� �e d < 0 Ú ��§�¨�© ê�f � ð� �e�R�SITK&�U�ì�Ù���õÙ ê ð�ñ�®

2½ È�Õ�×�Ô�c�Ý���ï�§�¨�©���×���Ë�ì ï Ï�ì 5
Û º�Ý�·����

(1)
�

O ¼�Ð ª���§�¨�©��V ��õ�Ù�®
h 	 6 � ¿�À a, b, l, d Ð Ê d[l− a(b + 2l)] > 0 ï V� ã�ä�Ý�× Ú �Ö��� (1)

�
O ¼�Ð ª��§�¨�©�Y

A”q) a(b + 2l) ≤ 0;

A”r) (a, b) ∈
Á�Â�����»K�

A”s) l > 1√
15

, (a, b) ∈
Á�Âµ´ � ¸ �

A”t) l < 1√
15

, (a, b) ∈
ê�ë ��Á�Âµ´ � ¸`®
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õ�ö
[2, §9]

��ñ�ò�ó�ô
9.2,
��Ã G ×������������� � d, V3, V5, V7

í�î Ú � O ¼�Ð ª��§�¨�©�� j Û n = 0
�����

(1)
� Î�!�ð�×�õ�Ù�®

FKs n (3),V5V7 = 2a5l(5a − 1)(bl2 − a2(b + 2l))2 > 0 ⇔ a < 0 È a > 1
5 .
ð Ú � V5, V7

íî��£$���î���Ë G
bl2 − a2(b + 2l)

����î��£N�¡�¢I�Kb
bl2 − a2(b + 2l) = 0.

¹�{
(a, b) � W ������I�Kb��%Ú�·

b = −2l +
2l3

l2 − a2º = ¹�d
a = ±l

��"�x�b�� á���¶
l4, l5, l6

��D�
 G
a < −l, a ∈ (−l, l) � a > l

��@���� É ��
l1, l2 � l3

� f µ
A, B.

���
5.

�
5�

l4, l5, l6
Ý�#���Á�Â��

V5V7 < 0.
�

l4
� V Ì��

l6 B V Ì � l5
��Ì���Á�Â��

V5V7 > 0,
¹�Ü

� l1, l2
�

a < 0 � a > 1
5

��@�����Ë�¦��
V3, V5, V7

í�î���Á�Â�®
�

5
£K¾�¿�Á�Â ¢ � ² � ¶ �%$K�

V3, V5, V7

����á�� ��¾�¿�Á�Â'&��%(��
V3, V5, V7

�%�
à ® Ã�)�Û�Ü�c�Ý���ï�©�Á����

1
º�d�*�·�� ¹�Ü�+�����Ñ�Ò���Ë�ì

1∼
Ë�ì

5
c�Î�Ý���ï�©Á�ÝIH�� û�á�Õ�×��¨�£�Á�Â ² �

l3
V Ì���×�J�,�d ï Á�Â'&�� l3

��Ì���×�,���Â'-���Î�!�®
r § Ã���� (1)

��d
d
e�É

Vi

í�î���ã�ä�¦ F Ë�ì 6,
º�d y Û n = 0

������� ð�×�ó�ô « +��Ý�ý�Î�!�®
O G ���

(1) � (2)
��ï�©�«�¬��� �

[5]
ø�È Ð í���Ì�Í�Î�Ï�¦�×���õ�Ùç�%O G O ¼ ï©���õ�Ù�{�Þ���£���Ë�ì

1 � Ë�ì 4,
$�£�Ë�ì

1
��ã�ä�{

[l − a(b + 2l)](bl − a) > 0 É b < 3l.¹ç�o�
5
£��çËo�

l1
e

l2
Ý.# É � l3

�o�çÌç�
b = 3l

V Ìç�çÁçÂç�%Ñç¦
0 < a < 1

5

Ý.#��×�J�@ç���%$�¹���Ñ�Òç��Û�Üoc�Ýç·ç��ïç©çÁ�Ý�H��}î�Ã G
l3(
�

lb − a = 0) B V Ì�@ç� ï
a < 0, b ≥ 3l

@�����ï�©�Á�����/ ï ®�Þ���Ë�ì 4
ø�{����

dx
p

(
Þ���È

kx)
�

O Ð�! � z Ë« Ú ø�ï�©��%q�r�������õ�Ù�þ�0 W � ÛçÜ�ð 	 � bl − a < 0
@ç� ï b ≥ 3l, a < 0

@ç����ï�©Á���º�Â���$�1�2�®ß §�y Ï�×�µ�� Ã G ��� (1)
��×�â × µ ¼IZ ��§�¨�©�¬��� Û�Ü�¨ G Ø�Ù × µ O ¼ �����¦ Ð�© ×��«�® � ��\�� −y + dx+ lx2 +xy = 0 Ð ��� O

����×�¶���á���×�3�4
+1
� × µ

(x0, y0),
Ø�Ù�¹ ¼IZ ��§�¨�©�¬� Ú º��o�.5�4 ��6 x̄ = x − x0, ȳ = y − y0

g� �¹�"��
(x̄, ȳ)5�4 V � # µ O,

< ����� § ����� ��7 á (1)
��� n ®
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Limit Cycle Problem of Quadratic System ( a )n=0

LU Bing-xin, LUO Ding-jun
(School of Mathematics and Computer Science, Nanjing Normal University, Jiangsu 210097, China )

Abstract: The limit cycle problem of quadratic system ( ` )n=0 is studied in this paper. By using Hopf
bifurcation, the parameter regions for which limit cycles exist are obtained, and for the rest regions of
parameters, the nonexistance of limit cycles is proved by using qualitative methods. A positive answer
for an important conjecture in [2, §9] is also given and it is shown that our results are more complete
than that obtained in paper [5].

Key words: quadratic system; Hopf bifurcation; limit cycle.


