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1 Z [\^]^_^`^a^b^c^d^e^fhg^i^j^kmlon^p^q^fhr^s^tvu
[1,2] w^x [3–7]. y^z^{^x [7] |^}^~�v�v�v� _v`vavbvcvdvev�v�h�v�v�v�v�v�v�v�vbv�v�vfh�v� ~ �v�v� _v`vavbv�v�v�v� �v��^�h�^� fh�^_^�^a^b^c^d^e^�^n^p^fh�^c^i^s �

�^� �^� _^�^a^b^c^d^e
x′(t) − p(t)x(t + τ) ≥ 0, t ≥ t0, (1)

 m¡
p(t) ∈ C([t0,∞), [0,∞)), τ > 0.

t^u
[1,2] |^}^¢^£ � � �^¤¥

α := lim inf
t→∞

∫ t+τ

t

p(s)ds >
1

e
,

¦^c^d^e
(1)
�^�^�^�^� �

§ x^¨^©^ª^x [7]
�^«^¬^^®^_^�^cvd^e

(1), |^} _^�^cvd^e (1)
�^�^�^�^�^� �^¯ �^b�^�^fh° ¯ �^b^�^� ª^±^² ]^_^�^a^b^�^�^�^� � �^n^p �

2 ³*´*Z*µ¶^· fhr^¸ x [8], ¹^º^» � {fn(α)}, 0 < α < 1 ¢^£ ¤
f0(α) = 1, fn+1(α) = eαfn(α), n = 0, 1, 2, · · · , (2)

¼ � fh½
α > 0

_^f
fn+1(α) > fn(α), n = 1, 2, · · · .

½
0 < α ≤ 1

e

_^fh¾^¿^À^Á
f(α) Â^Ã

lim
n→∞

fn(α) = f(α), 1 ≤ f(α) ≤ e,
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Ï

f(α) = eαf(α). (3)� ½
α > 1

e

_^f
limn→∞ fn(α) = +∞.Ð^Ñ^Ò^Ó

f(α)
¿

[0, 1
e
] Ô^Õ^Ö^×^Ø f Ï f(0) = 1, f( 1

e
) = e.½

0 < α < 1
_^fhÙ ¹^º^» � {gm(α)} ¢^£ [8]:

g1(α) =
2(1 − α)

α2
, gm+1(α) =

2(1− α)

α2 + 2
g2

m
(α)

, m = 1, 2, · · · , (4)

Ñ s^½
0 < α < 1

_^f
gm+1(α) < gm(α), m = 1, 2, · · · .½

0 < α ≤ 1
e

_^fh¾^¿^À^Á
g(α) Â^Ã

lim
m→∞

gm(α) = g(α),

Ï
g(α) =

2

1 − α −
√

1 − 2α − α2
, 0 < α ≤ 1

e
. (5)

Ú ÓmÛoÜ^Ý � � f |^}^¢^£^Þ^ß �à^á
1 â^ã 0 ≤ α ≤ 1

e
, x(t) { c^d^e (1)

�^�^�^�^�^fh¦

lim inf
t→∞

x(t + τ)

x(t)
≥ f(α), (6)

 m¡
f(α) { �^ä^�^� (3)

�^å^æ �
ç^è ã x(t) { c^d^e (1)

�^�^�^�^� �êé
(1), x(t)

�^� Õ^Ö^ë^ì � ¦ t
�^b^í^_^f

x(t + τ)

x(t)
≥ 1 = f0(α).

é
(1),

x′(t)

x(t)
≥ p(t)

x(t + τ)

x(t)
.

� Ô e^î^ï^ð t
®

t + τ ñ b^f Ã
ln

x(t + τ)

x(t)
≥

∫ t+τ

t

p(s)
x(s + τ)

x(s)
ds,

î^ï^ò £^ó^ô f ±
lim inf
t→∞

x(t + τ)

x(t)
≥ eαf0(α) = f1(α).

õ^ö^÷ Ô^ø^ù f Ï^ú^û ® lim
n→∞

fn(α) = f(α), ±
lim inf
t→∞

x(t + τ)

x(t)
≥ f(α).
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à^á
2 â^ã 0 ≤ α ≤ 1

e
, x(t) { c^d^e (1)

�^�^�^�^�^f Ï
t
�^b^í^_^f

p(t + τ) ≥ p(t). (7)

¦
lim inf
t→∞

x(t)

x(t + τ)
≥ A(α) :=

1 − α −
√

1 − 2α − α2

2
. (8)

ç^è
α = 0,

¼ �^ÿ��^�
ã 0 < α ≤ 1

e
, x(t) { c^d^e (1)

�^�^�^�^� �êé
α
� ¹^º fh����� ε ∈ (0, α) � �^b^í�

t, ± ∫ t

t−τ

p(s)ds > α − ε.

ú^û ®
F (λ) =

∫ λ

t−τ
p(s)ds

Ú����^À^Á^f
F (t−τ) = 0

Ï
F (t) > α−ε.

°��^f ¾^¿
λt ∈ (t−τ, t),

Â^Ã ∫ λt

t−τ
p(s)ds = α − ε.ð

t − τ
®

λt ñ b (1)
e^f Ã
x(λt) − x(t − τ) ≥

∫ λt

t−τ

p(s)x(s + τ)ds. (9)

� Ú
t − τ ≤ s ≤ λt < t,

Ñ s
t ≤ s + τ < t + τ.

Ù^ð
t
®

s + τ ñ b (1)
e^f ±

x(s + τ) − x(t) ≥
∫ s+τ

t

p(u)x(u + τ)du.

é
(1),x(t) {^Õ^Ö^ë^ì � � æ�	 (7), Ã

∫ s+τ

t

p(u)du ≥
∫ s

t−τ

p(u)du.

�^�
x(s + τ) ≥ x(t) + x(t + τ)

∫ s

t−τ

p(u)du. (10)

é
(9) � (10), ±

x(λt) ≥ x(t − τ) +

∫ λt

t−τ

p(s)x(s + τ)ds

≥ x(t − τ) +

∫ λt

t−τ

p(s)[x(t) + x(t + τ)

∫ s

t−τ

p(u)du]ds

= x(t − τ) + x(t)(α − ε) +
1

2
x(t + τ)(α − ε)2.

ú^û ®
x(λt) ≤ x(t), Ã

x(t) ≥ x(t − τ) + (α − ε)x(t) +
1

2
(α − ε)2x(t + τ). (11)

�
x(t − τ) > 0,

é Ô e^f Ã
x(t)

x(t + τ)
≥ (α − ε)2

2(1 − α + ε)
.
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ε → 0+, Ã
x(t)

x(t + τ)
≥ α2

2(1− α)
=

1

g1(α)
. (12)

é
(12),

x(t − τ) ≥ x(t)

g1(α)
≥ x(t + τ)

g2
1(α)

.

���
(11), Ã

x(t) ≥ x(t + τ)

g2
1(α)

+ (α − ε)x(t) +
1

2
(α − ε)2x(t + τ).



ε → 0+, ±

x(t)

x(t + τ)
≥

α2 + 2
g2

1
(α)

2(1− α)
=

1

g2(α)
.

õ^ö^÷ Ô^ø^ù f Ã
x(t)

x(t + τ)
≥

α2 + 2
g2

m−1
(α)

2(1− α)
=

1

gm(α)
.



m → ∞,

Ï^ú^û ®
limm→∞ gm(α) = g(α),

é
(5)

lim inf
t→∞

x(t)

x(t + τ)
≥ A(α) :=

1 − α −
√

1 − 2α − α2

2
.

3 *´����
�^á

1 ¢ � Λ := lim sup
t→∞

∫ t+τ

t
p(s)ds > 1,

¦^c^d^e
(1)
�^�^�^�^� �

ç^è � ã c^d^e (1)
¾^¿^�^�^�^�

x(t),
¦^¾^¿

t1 > t0 Â^Ã x(t− τ) > 0, t ≥ t1.
ð

t− τ®
t ñ b (1)

e^f�� ú^û ®
x(t) Õ^Ö^ë^ì f ±

x(t) − x(t − τ) ≥
∫ t

t−τ

p(s)x(s + τ)ds ≥ x(t)

∫ t

t−τ

p(s)ds,

�
x(t)[

∫ t

t−τ

p(s)ds − 1] + x(t − τ) ≤ 0.

é�� Ã ∫ t

t−τ
p(s)ds < 1 �^â^ã���� � 2�^á

2 â^ã 0 ≤ α ≤ 1
e
, f(α) { �^� (3)

�^å^æ � ¢ � (7)
e ÿ�� f Ï

lim sup
t→∞

∫ t+τ

t

p(s) exp(f(α)

∫ s+τ

t+τ

p(ξ)dξ)ds > 1 − A(α). (13)

¦^c^d^e
(1)
�^�^�^�^� �

ç^è �
0 ≤ α ≤ 1

e
, � ÷ é (13) � ¾^¿ θ(0 < θ < 1) Â^Ã

lim sup
t→∞

[e(θ−1)f(α)

∫ t+τ

t

p(s) exp(f(α)

∫ s+τ

t+τ

p(ξ)dξ)ds + θA(α)] > 1. (14)
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� ã c^d^e (1)
¾^¿^�^�^�^�

x(t),
¦^¾^¿

t1 > t0, Â^Ã x(t + τ) ≥ x(t) > 0,
Ï ∫ t+τ

t
p(s)ds ≤

1(
é ¹^ß 1), t ≥ t1.

] { é (1) Ã
x′(t)

x(t)
≥ p(t)

x(t + τ)

x(t)
, t ≥ t1. (15)

é Þvß 1 � 2 � ¾v¿ t2 > t1, ÂvÃ x(t+τ)
x(t) ≥ θf(α), x(t)

x(t+τ) ≥ θA(α), t ≥ t2.
] { � t ≤ s ≤

t + τ, t ≥ t2,
é

(15) Ã
x(s + τ)

x(t + τ)
≥ exp(

∫ s+τ

t+τ

p(ξ)
x(ξ + τ)

x(ξ)
dξ)

≥ exp(θf(α)

∫ s+τ

t+τ

p(ξ)dξ)

≥ e(θ−1)f(α) exp(f(α)

∫ s+τ

t+τ

p(ξ)dξ). (16)

� ð
t > t2

®
t + τ ñ b (1)

���^ Ô e^f Ã
x(t + τ) − x(t) ≥

∫ t+τ

t

p(s)x(s + τ)ds

≥ e(θ−1)f(α)x(t + τ)

∫ t+τ

t

p(s) exp(f(α)

∫ s+τ

t+τ

p(ξ)dξ)ds,

� � ±
1 ≥ x(t)

x(t + τ)
+ e(θ−1)f(α)

∫ t+τ

t

p(s) exp(f(α)

∫ s+τ

t+τ

p(ξ)dξ)ds

≥ θA(α) + e(θ−1)f(α)

∫ t+τ

t

p(s) exp(f(α)

∫ s+τ

t+τ

p(ξ)dξ)ds, t ≥ t2

� � (14) ��� � 2�� 
1 â^ã 0 ≤ α ≤ 1

e
, (7)

e ÿ�� f Ï
Λ >

1 + ln f(α)

f(α)
− 1 − α −

√
1 − 2α − α2

2
. (17)

¦^c^d^e
(1)
�^�^�^�^� �

ç^è é
α
� ¹^º fh��� û θ(0 < θ < 1),

¾^¿
tθ > t0, Â ∫ t+τ

t
p(s)ds ≥ θα, t ≥ tθ.

] {��� û
t ≥ tθ

¾^¿
t∗ ∈ [t, t + τ ] Â^Ã ∫ t+τ

t∗
p(s)ds = θα. £^ã t > tθ,

¦
∫ t+τ

t

p(s) exp(f(α)

∫ s+τ

t+τ

p(ξ)dξ)ds

≥
∫ t+τ

t

p(s)ds +

∫ t+τ

t∗
p(s)[exp(f(α)

∫ s+τ

t+τ

p(ξ)dξ) − 1]ds

≥
∫ t+τ

t

p(s)ds +

∫ t+τ

t∗
p(s)[exp(f(α)

∫ s

t

p(ξ)dξ) − 1]ds

≥
∫ t+τ

t

p(s)ds + eθαf(α)

∫ t+τ

t∗
p(s) exp(−f(α)

∫ t+τ

s

p(ξ)dξ)ds − θα

=

∫ t+τ

t

p(s)ds +
eθαf(α) − 1

f(α)
− θα.
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] {

lim sup
t→∞

∫ t+τ

t

p(s) exp(f(α)

∫ s+τ

t+τ

p(ξ)dξ)ds ≥ Λ +
eθαf(α) − 1

f(α)
− θα.

¿ Ô e ¡�
 θ → 1,
¦ ±

lim sup
t→∞

∫ t+τ

t

p(s) exp(f(α)

∫ s+τ

t+τ

p(ξ)dξ)ds ≥ Λ + 1 − 1 + ln f(α)

f(α)
.

Ô e���! (17)
e�" } (13),

é ¹^ß 2 � c^d^e (1)
�^�^�^�^� �

2�� 
2 â^ã 0 ≤ α ≤ 1

e
, (7)

e ÿ�� f Ï

Λ > 2 + α − eα − 1 − α −
√

1 − 2α − α2

2
. (18)

¦^c^d^e
(1)
�^�^�^�^� �

ç^è �

1 + ln f(α) = 1 + αf(α) = eαf(α) − 1

2!
(αf(α))2 − 1

3!
(αf(α))3 − · · ·

≤ f(α) − (
α2

2!
+

α3

3!
+ · · ·)f(α) = (2 + α − eα)f(α).

é "�#
1, Ã c^d^e (1)

�^�^�^�^� �
�^á

3 â^ã 0 ≤ α ≤ 1
e
, Λ < 1,

Ï
(7)
e ÿ��^� ¢ �

lim sup
t→∞

[

∫ t+2τ

t+τ

p(s)ds +

∫ t+τ

t

p(s)

∫ s+τ

t+τ

p(ξ)dξds/(1 −
∫ t+τ

t

p(s)ds)] >
1 + ln f(α)

f(α)
, (19)

 m¡
f(α) { �^� (3)

�^å^æ � ¦^c^d^e
(1)
�^�^�^�^� �

ç^è � ã c^d^e (1)
¾^¿^�^�^�^�^fh¦^¾^¿

t1 > t0, Â^Ã
x(t + τ) ≥ x(t) > 0,

∫ t+τ

t

p(s)ds ≤ 1, t ≥ t1. (20)

é Þ^ß 1 w α
� ¹^º�� fh��� û θ(0 < θ < 1),

¾^¿
tθ > t1, Â^Ã

x(t + τ)

x(t)
≥ θf(α),

∫ t+2τ

t+τ

p(s)ds ≥ θα, t ≥ tθ.

$�% ] ¹^ß 2
� ÓmÛ f ±

1 ≥ x(t + τ)

x(t + 2τ)
+ e(θ−1)f(α)

∫ t+2τ

t+τ

p(s) exp(f(α)

∫ s+τ

t+2τ

p(ξ)dξ)ds, t ≥ tθ. (21)

$�% ]�"�#
1
� ÓmÛ f ±

∫ t+2τ

t+τ

p(s) exp(f(α)

∫ s+τ

t+2τ

p(ξ)dξ)ds ≥
∫ t+2τ

t+τ

p(s)ds +
eθαf(α) − 1

f(α)
− θα, t ≥ tθ. (22)
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& � ��'^fh� t ≥ tθ,
ð

t
®

t + τ ñ b (1)
���^

x(t)
� Õ^Ö^ë^ì � Ã

x(t + τ) ≥ x(t) +

∫ t+τ

t

p(s)x(s + τ)ds

≥ x(t) +

∫ t+τ

t

p(s)[x(t + τ) +

∫ s+τ

t+τ

p(ξ)x(ξ + τ)dξ]ds

≥ x(t + τ)

∫ t+τ

t

p(s)ds + x(t + 2τ)

∫ t+τ

t

p(s)

∫ s+τ

t+τ

p(ξ)dξds,

�
x(t + τ)

x(t + 2τ)
≥

∫ t+τ

t

p(s)

∫ s+τ

t+τ

p(ξ)dξds/(1 −
∫ t+τ

t

p(s)ds), t ≥ tθ. (23)

ª (22) � (23)
e ���

(21) Ã
e(θ−1)f(α)

∫ t+2τ

t+τ

p(s)ds +

∫ t+τ

t

p(s)

∫ s+τ

t+τ

p(ξ)dξds/(1 −
∫ t+τ

t

p(s)ds)

≤ 1 + e(θ−1)f(α)[θα − eθαf(α) − 1

f(α)
],

�^�

lim sup
t→∞

[

∫ t+2τ

t+τ

p(s)ds + e(1−θ)f(α)

∫ t+τ

t

p(s)

∫ s+τ

t+τ

p(ξ)dξds/(1 −
∫ t+τ

t

p(s)ds)]

≤ e(1−θ)f(α) + θα − eθαf(α) − 1

f(α)
.

¿ Ô e ¡�
 θ → 1,
¦ ±

lim sup
t→∞

[

∫ t+2τ

t+τ

p(s)ds +

∫ t+τ

t

p(s)

∫ s+τ

t+τ

p(ξ)dξds/(1 −
∫ t+τ

t

p(s)ds)]

≤ 1 + α − eαf(α) − 1

f(α)
=

1 + ln f(α)

f(α)
.

� � (19)
e ��� � 2( �^� �^� _^�^a^b^c^d^e

x′(t) − (cos t + | cos t|)x(t +
π

2
) ≥ 0, t ≥ 0. (24)

Ñ s
p(t) = cos t + | cos t|, τ = π

2 ,

α = lim inf
t→∞

∫ t+ π

2

t

p(s)ds = lim inf
t→∞

∫ 2nπ−π

2

2nπ−π

(cos s − cos s)ds = 0,

Λ = lim sup
t→∞

∫ t+ π

2

t

p(s)ds = lim sup
t→∞

∫ 2nπ+ π

4

2nπ−π

4

2 cos sds = 2
√

2 > 1.
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é ¹^ß 1, � c^d^e (24)

�^�^�^�^� �
)�*�+�,�-

[1] AGARWAL R P, GRACE S R, O’REGAN D. Oscillation Theory for Difference and Functional Differential

Equations [M]. Kluwer Academic Publishers, 2000.
[2] ERBE L H, KONG Qing-kai, ZHANG B G. Oscillation Theory for Functional Differential Equation [M]. New

York: Marcel Dekker, 1995.
[3] ERBE L H, ZHANG B G. Oscillation for first order linear differential equations with deviating arguments [J].

Differential Integral Equations, 1989, 1: 305–314.

[4] .�B�U0/21�?�@23242526�C�D2728�J292: @ [J]. 2�/�J2;2<�Ì2=2>�4 1991, 1: 32–41.
JIAN Chao. On the oscillation of linear differential equations with deviating arguments [J]. Math. Practice
Theory, 1991, 1: 32–41. (in Chinese)

[5] YU Jian-She, WANG Zhi-cheng. Some further results on oscillation of neutral differential equations [J]. Bull.
Austral. Math. Soc., 1992, 46: 149–157.

[6] KWONG M K. Oscillation of first order delay equations [J]. J. Math. Anal. Appl., 1991, 156: 274–286.

[7] ?2@�-�40A2B2C�U6=�>�?�@�A2D�C�D�E F�G [J]. 2�/2E2F�/2G (A H ), 2000, 20(2): 269–273.
TANG Xian-hua, YU Jian-she. First order linear differential inequlities [J]. Acta Math. Sci. Ser. A Chin.

Ed., 2000 4 20(2): 269-273. (in Chinese)
[8] ZHANG B G, ZHOU Y. The distribution of zeros of solutions of differential equations with a variable delay

[J]. J. Math. Anal. Appl., 2001, 256: 216–228.

First Order Linear Advanced Differential Inequalities

GAO Jian-ming, GAO Guo-zhu
(Dept. of Appl. Math., Dong Hua University, Shanghai 200051, China )

Abstract: In this paper, the nonexistence of eventually positive solutions of the first order linear
advanced differential inequality x′(t)−p(t)x(t+τ ) ≥ 0 is investigated, where p(t) ∈ C([t0,∞), [0,∞)), τ ∈

R+.

Key words: advanced; differential inequality; eventually positive solution.


