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1 ���������
���������������������������������

x ∈ Rn,  �¡
x ≥ 0, F (x) ≥ 0, xT F (x) = 0, (1.1)

¢¤£
F : Rn → Rn ¥§¦§¨§©§ª �§«§¬§­§®§¯§°��§� (1.1) ±§²§³§´ «§¬§­§µ§¶§�§�§·�¸§¹ ´

NCP(F ).«�¬�­�µ�¶���� ¥�º�»�¼�½�¾ ��¿�À���Á���Â�Ã�·ÅÄ�À�Æ�Ç�È�É�Ê�Ë�ÌÍ£Î��Ï�Ð���� (
��Ñ

Ò���� ½ ) Ó�Ô�Õ ·2Ö�×�Ø�Ù�Ú�Ë�ÌÍ£Î��Û�Ü���� (
Ã�Ý ´�Þ�ß�à ������á�â�ã )[1−3] . ä È�¢�åæ ��ç�è�­�·Åé�µ�¶�����������ê�����ë�ì�í�î�Æ�ï�ð�¿�ñ�°Åò�ó������ ¥ ��ê�«�¬�­�µ�¶������Ã�Á�¿�À�������ô�õ�ö���·�¢§÷§ø§ù�ú§­�û§��ë§ì§ü ¡§ý ï§þ��§ÿ�� [2]. 20 ��� 90

î�õÍ£
����Æ�·���Á�ö�����	�÷�ù§ú�­§ë§ì�
 ¡��§ý���
���� [4−8]. ��� ·�é�È���ö���� ´ Ï æ ���ò�ó�ö�����ë�ì������ ¼ 
�� °Å��������Ã�����ê�«�¬�­�µ�¶������� �!�"�í���ò�ó�ö���·$#�%& ��¬�'�(�� ¾ ��·)��ö�� ¥ %�*���° ��+ #�Ã�*���,�-���· ö���.�Û�	�÷�ù�ú�­ Ó ÷�ø�/�¬�­ù�ú�0�1�°

2�3�È
Fischer-Burmeister 4 � [9]

ϕ(a, b) =
√

a2 + b2 − a− b,

���
(1.1) ½�5 È���6���«�7�8���Ú�9��

H(x) =
(

ϕ(x1, F1(x)), · · · · · · , ϕ(xn, Fn(x))
)T

= 0. (1.2)
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��\�*�]�� 4 � H : Rn → Rn ¥�^ 7�8�� [6]. ä È H ¼�¥ Frechét ©�ª ��·�_ � É�`���ò�ó� æ È���ê

(1.2) a #�b�c�°�d�e�f © é H g ��� » ê��
H(x) = fk(x) + gk(x), (1.3)

¢Í£
fk
©�ª � gk

����h�é�i�j�°lk�Ï���· é�m�n
µk > 0, fk(x) Ó gk(x)

� »�o�© *�]������

[fk(x)]i =

{

Hi(x), i ∈ Ak(x),
xi − 2µk

2µk
xi +

Fi(x)− 2µk

2µk
Fi(x) +

µk

2 , i ∈ Bk(x),
(1.4)

[gk(x)]i =











0, i ∈ Ak(x),

(
√

x2
i + F 2

i (x)− µk)2

2µk
, i ∈ Bk(x),

(1.5)

¢¤£
Hi(x) = ϕ(xi, Fi(x)) =

√

x2
i + F 2

i (x) − xi − Fi(x), Ak(x) = {i :
√

x2
i + F 2

i (x) ≥ µk},
Bk(x) = {i :

√

x2
i + F 2

i (x) < µk}. p�� ·�q�À µk r » j�·�s ©�t�u ‖gk‖ v�w j�· + Û�����x� ¾
‖H(x)− fk(x)‖ = ‖gk‖ ≤

√
n

2
µk. (1.6)

¼ c u�y · fk(x) ¥�©�ª ��·�¢�#�z x
\��

Jacobian {�| ∇fk(x) = ([∇fk(x)]1, [∇fk(x)]2, · · ·,
[∇fk(x)]n)T }�~ ´ �

[∇fk(x)]i =















(1− xi
√

x2
i + F 2

i (x)
)ei + (1− Fi(x)

√

x2
i + F 2

i (x)
)∇Fi(x), i ∈ Ak(x),

(1− xi
µk

)ei + (1− Fi(x)
µk

)∇Fi(x), i ∈ Bk(x),

(1.7)

� # © ��������������ò�ó�ö�������
1(QNM

ö��
) � * ρ, α ∈ (0, 1), x0 ≥ 0, B0

«�����·
κ =

√
n

2 , µ0 = α
2κ
‖H(x0)‖,�

k := 0.

1.
��ê�����¬�­���Ú�9�·���*�'�(����

dk:

H(xk) + Bkdk = 0. (1.8)

2.
*�] 4 �

qk(λ) =
(1 + 2−(k+1))‖fk(x)‖2 − fk(xk)T fk(xk + λdk)

max{‖fk(xk)− fk(xk + λdk)‖2, min{ 3
4‖fk(xk)‖2, ‖λdk‖2}}

,

��*
λk = ρik ,

¢Í£
ik
¥�� v � ¾ ����j�«��������

qk(ρik ) ≥ 1

2
+ ε. (1.9)

��\
ε ´�����² ��°
3.
�

xk+1 := xk + λkdk. � ‖(xk+1)‖ = 0, � ö�·�������� 4.
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4. ä Broyden
Á�� ¾�� � Bk ¡�� Bk+1, �

Bk+1 = Bk + ϕk

(yk −Bksk)sT
k

‖sk‖2
, (1.10)

��\
sk = xk+1 − xk = λkdk, yk = fk(xk+1)− fk(xk), +������ � ϕk

� v |ϕk − 1| ≤ ϕ (
¢Í£

² � ϕ ∈ (0, 1)).

5. � µk < α‖H(xk+1)‖,
�

µk+1 := µk;
����· ��� µk+1

� v
µk+1 ≤ min{ α

2κ
‖H(xk+1)‖,

1

2
µk}, (1.11)

k := k + 1
���

1.

2.  ¢¡¢£¢¤¢¥
��¦�e�f�§�¨�ö��

1
��	�÷�ù�ú�­�·�© u�y ��6���ª Õ °«�¬

1 ­�®�¯ {xk} ä ö�� 1 ° ÿ�·��
‖fk(xk+1)‖ ≤ (1 + 2−k)‖fk(xk)‖. (2.1)

±�² ä ¬�'�( (1.9),
ÿ��

2qk(λk) ≥ 2ε + 1) , © ¡
(2 + 2−k)‖fk(xk)‖2 − 2fk(xk)T fk(xk+1)

≥ (2ε + 1) max{‖fk(xk)− fk(xk+1)‖2, min{3
4
‖fk(xk)‖2, ‖λkdk‖2}}

≥ (2ε + 1)‖fk(xk)− fk(xk+1)‖2

= (2ε + 1)(‖fk(xk)‖2 − 2fk(xk)T fk(xk+1) + ‖fk(xk+1)‖2),

�
(2ε + 1)‖fk(xk+1)‖2 + (2ε− 1− 2−k)‖fk(xk)‖2 ≤ 2εfk(xk)T fk(xk+1)

≤ 2ε‖fk(xk)‖‖fk(xk+1)‖.
_�Û

‖fk(xk+1)‖ ≤
ε +

√

ε2 − (2ε + 1)(2ε− 1− 2−k)

2ε + 1
‖fk(xk)‖

≤ 2ε +
√

1 + (2ε + 1)2−k

2ε + 1
‖fk(xk)‖ = (1 +

√

1 + (2ε + 1)2−k − 1

2ε + 1
)‖fk(xk)‖

= (1 +
2−k

1 +
√

1 + (2ε + 1)2−k
)‖fk(xk)‖ ≤ (1 + 2−k)‖fk(xk)‖.

«�¬
2 ­�®�¯ {xk} ä ö�� 1 ° ÿ�·��

{xk} ⊂ Ω = {x : ‖H(x) ≤ 4‖H(x0)‖}.
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±�² ä ö�� 1

�
5 ³ · {µk} ¥�´�µ ��¶���° ­

K = {0} ∪ {k : µk ≥ α‖H(xk+1)‖} = {k0, k1, k2, · · ·}.

¼�· Ã�Ý�­�·¹¸�* 0 = k0 < k1 < k2 < · · ·,
é�m�º���«������

k, ­ kj
¥ K

£ � v ,�- kj < k����»�����·���Û
fk = fkj

Ø
‖H(xk)‖ ≤ ‖fk(xk)‖+ ‖gk(xk)‖

= ‖fkj
(xk)‖+ ‖H(xk)− fkj

(xk)‖ ≤ (1 + 2−k)‖fkj
(xk)‖+ κµkj

≤ (1 + 2−k)‖H(xkj
)‖+ (1 + 2−k)‖H(xkj

)− fkj
(xkj

)‖+ κµkj

≤ (1 + 2−kj )‖H(xkj
)‖+ (2 + 2−kj )κµkj

.

� j = 0,
�

‖H(xk)‖ ≤ 2‖H(x0)‖+ 3κµ0 ≤ 2‖H(x0)‖+ 3κ
α

2κ
‖H(x0)‖

≤ 2(1 + α)‖H(x0)‖ ≤ 4‖H(x0)‖;

� j > 0,
��Û

‖H(xk)‖ ≤ (1 + 2−kj )
1

α
µkj−1 + (2 + 2−kj )

1

2
κµkj−1

≤ (
1 + 2−kj

α
+

2 + 2−kj

2
κ)µkj−1

≤ · · ·

≤ (
1 + 2−kj

α
+

2 + 2−kj

2
κ)

1

2j−1 µkj−1

≤ (
1 + 2−kj

α
+

2 + 2−kj

2
κ)

1

2j−1

α

2κ
‖H(x0)‖

≤ (1 + 2−kj )(1 + α)
1

2j−1 ‖H(x0)‖

≤ 2(1 + α)
1

2j−1
‖H(x0)‖. (2.2)

¼ ��·
{xk} ⊂ Ω. 2��6���¨�½Í£¿¾�À æ ��®�¯ Lipschitz ¦�¨�©�ª ��À�Á�·�e�f�©�Â�½�¢�*�]�����°Ã�Ä

1 � * 4 � f : Rn → Rn
Ø ®�¯ {xk}, ��a # ² � L > 0  �¡ & K r » »�Å�·Eÿ��

‖f(xk + tsk)− f(xk−1 + tsk−1)‖ ≤ L‖(xk + tsk)− (xk−1 + tsk−1)‖
≤ L(t‖sk‖+ (1− t)‖sk−1‖), ∀t ∈ (0, 1),

� ³�4 � f
Ü�È

{xk} ¥ ®�¯ Lipschitz ¦�¨ ��· ¢Í£ sk = xk+1 − xk .
���

∇f
Ü�È

{xk} ¥
®�¯ Lipschitz ¦�¨ ��· ��a # ² � L > 0,  �¡ & k r » »�Å�·�ÿ��

‖∇f(xk + tsk)−∇f(xk−1 + tsk−1)‖ ≤ L(t‖sk‖+ (1− t)‖sk−1‖), ∀t ∈ (0, 1), (2.3)

� ³�4 � f
Ü�È

{xk} ¥ ®�¯ Lipschitz ¦�¨�©�ª ��·�¢Í£ ‖ · ‖F ¥ {�| � Frobenius Æ ��°
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ä ��½�*�] ¼ c ³�Ç · f
�

Lipschitz ¦�¨�©�ª ­�È�É ý f
Ü�È

{xk}
� ®�¯ Lipschitz ¦¨�©�ª ­�°«�¬

3 ­�®�¯ {xk} ä ö�� 1 Ê�° ·ÌË�Í K ¥ Û�Î�Ë�· + limk→∞ ‖xk+1 − xk‖ = 0.
�

& 4 � F
#

Ω̄ = {tx + (1 − t)y : t ∈ [0, 1], x, y ∈ Ω}
�

Lipschitz ¦�¨�©�ª Å�·�é r » »�� k,

fk

Ü�È
{xk} ¥ ®�¯ Lipschitz ¦�¨�©�ª ��· + Lipschitz ² � L Ï k Þ Ü�°±�² ¼

K = {0} ∪ {k : µk ≥ α‖H(xk+1)‖} ¥ Û�Î�Ë�·�_ ä ö�� 1
�

5 ³ · & k r » »Å�·
µk
¥ Ã�Ð ² ��· ¼�· Ã�Ý�­�· ­ µk = µ > 0,

�
fk ≡ f, gk ≡ g, Ak(z) = A(z), Bk(z) = B(z).¹

x̃k = xk + tsk, N = {1, 2, · · · , n}, (∇f(x̃k)−∇f(x̃k−1))i Ñ�Ò ∇f(x̃k)−∇f(x̃k−1)
��Ó

i ¯ ·� ä *�] 1,
q�¾ u�y é�m�n t ∈ (0, 1), a # ² � L > 0,  �¡ � ¾ ÿ����
‖(∇f(x̃k)−∇f(x̃k−1))i‖ ≤ L‖x̃k − x̃k−1‖ ≤ L(t‖sk‖+ (1− t)‖sk−1‖). (2.4)

k�Ï���·�é�È�Ô�Û��
k,
e�f »�Õ ��Ö�×�§�¨��

(i) � i ∈ A(x̃k) ∩ A(x̃k−1),
��Å

f ¥ Lipschitz ¦§¨§©§ª �§· ¼ � 
 ¥ Ü§È {x̃k} ®
¯ Lipschitz ¦�¨�©�ª ��·�_ (2.4)

ÿ���°
(ii) � i ∈ A(x̃k) ∩ B(x̃k−1),

�

‖(∇f(x̃k)−∇f(x̃k−1))i‖ ≤ ‖(1−
x̃i

k
√

(x̃i
k)2 + F 2

i (x̃k)
)ei − (1− x̃i

k−1

µ
)ei‖+

‖(1− Fi(x̃k)
√

(x̃i
k)2 + F 2

i (x̃k)
)∇Fi(x̃k)− (1− Fi(x̃k−1)

µ
)∇Fi(x̃k−1)‖

≤ 1

µ
‖(x̃i

k − x̃i
k−1)ei‖+ ‖∇Fi(x̃k)−∇Fi(x̃k−1)‖+

1

µ
‖Fi(x̃k)∇Fi(x̃k)− Fi(x̃k−1)∇Fi(x̃k−1)‖

≤ L1‖x̃k − x̃k−1‖+ L2‖x̃k − x̃k−1‖+
1

µ
‖[Fi(x̃k−1)+

∇Fi(x̃k−1 + θ(x̃k − x̃k−1))(x̃k − x̃k−1)]∇Fi(x̃k)− Fi(x̃k−1)∇Fi(x̃k−1)‖

≤ (L1 + L2)‖x̃k − x̃k−1‖+
1

µ
‖Fi(x̃k−1)‖‖∇Fi(x̃k)−∇Fi(x̃k−1)‖+

1

µ
‖∇Fi(x̃k−1 + θ(x̃k − x̃k−1))‖‖∇Fi(x̃k)‖‖x̃k − x̃k−1‖

≤ (L1 + L2 + L3 + L4)‖x̃k − x̃k−1‖ = L‖x̃k − x̃k−1‖

(iii) � i ∈ A(x̃k−1) ∩ B(x̃k), Ï (ii)
� u�y Á�Ø�· © ¡ (2.4) ¾ ÿ���°

(iv) � i ∈ B(x̃k) ∩ B(x̃k−1),
�

‖(∇f(x̃k)−∇f(x̃k−1))i‖

≤ ‖(1− x̃i
k

µ
)ei − (1− x̃i

k−1

µ
)ei‖+ ‖(1− Fi(x̃k)

µ
)∇Fi(x̃k)− (1− Fi(x̃k−1)

µ
)∇Fi(x̃k−1)‖

≤ 1

µ
‖(x̃i

k − x̃i
k−1)ei‖+ ‖∇Fi(x̃k)−∇Fi(x̃k−1)‖+

1

µ
‖Fi(x̃k)∇Fi(x̃k)− Fi(x̃k−1)∇Fi(x̃k−1)‖

Ù�Ú � ¾ · Ï (ii)
Á�Ø�· ©�Û ¡ (2.4) ¾ ÿ���° 2«�¬

4
[11] ­�®�¯ {xk} ä ö�� 1 Ê�° · Bk ä (1.10) � � · K ´ Û�Î�Ë�· + & k r » »
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Å�·

fk

Ü�È
{xk} ¥ ®�¯ Lipschitz ¦�¨�©�ª ��·����

∞
∑

k=0

‖xk+1 − xk‖2 <∞, (2.5)

Ü�Ý
lim

k→∞

1

k

k−1
∑

i=0

‖yi −Bisi‖2
‖si‖2

= 0. (2.6)

Ã�¬
1 ­�Þ Ñ�Ë Ω

Û�ß�·
F
È

Ω
��à�á��

Lipschitz ¦�¨�©�ª · ®�¯ {xk} ä ö�� 1 Ê
° · ∇fk

#
{xk}

��m�n�â�z�\�«�����·��
lim

k→∞
inf ‖H(xk)‖ = 0. (2.7)

±�² ����ã�ä�Ë
K ¥�¥ Þ Î���·å� ä (2.2) � © ¡ (2.7)

ÿ���° � ­ K ´ Û�Î�Ë�· & k

r » »�Å�·�� µk ≡ µ, fk ≡ f, gk ≡ g, Ak(z) = A(z), Bk(z) = B(z). ä ª Õ 1,
é r » »�� k,Û

‖f(xk+1)‖ ≤ (1 + 2−k)‖f(xk)‖ ≤ (1 + 2−k)(1 + 2−k+1)‖f(xk−1)‖

≤ · · · ≤
k

∏

j=0

(1 + 2−j)‖f(x0)‖,

ä È
k

∏

j=0

(1 + 2−j) ≤
( 1

k + 1

k
∑

j=0

(1 + 2−j)
)k+1

=
(

1 +
1

k + 1

k
∑

j=0

2−j
)k+1 ≤ (1 +

2

k + 1
)k+1 ≤ e2,

_�Û
‖f(xk+1)‖ ≤ e2‖f(x0)‖.

Ù�Ú
[7]
£¿ª Õ 3.3 © ³ {f(xk)} ¥ ù�ú���°�È ¥ ä ¬�'�( (1.9)© ¡

0← (1 + 2−k)‖f(xk)‖2 − ‖f(xk+1)‖2

≥ 2ε max{‖f(xk)− f(xk+1)‖2, min{3
4
‖f(xk)‖2, ‖xk+1 − xk‖2}}

≥ 2ε min{3
4
‖f(xk)‖2, ‖xk+1 − xk‖2} (2.8)

��� a # © ��Ð k = n1 < n2 < · · ·  §¡ 3
4‖f(xni

)‖2 < ‖xni+1 − xni
‖2}
ÿ��§·�� ä (2.8),

{f(xni
)} → 0. æÍä ö�� 1

�
5
Û
‖g(xk)‖ ≤ κµk ≤ α‖H(xk)‖.

_ ä 0 < α < 1
Ø
‖H(xni

)‖ ≤ ‖f(xni
)‖ + ‖g(xni

)‖ ≤ ‖f(xni
)‖ + α‖H(xni

)‖ © ¡ (2.7).
���

&
k r » »�Å

3

4
‖f(xk)‖2 < ‖xk+1 − xk‖2,
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È ¥ (2.8)
é

k
� Ó © ¡ (2.5), ç�è Û ‖xk+1 − xk‖ → 0(k →∞). é æ ª Õ 3

Ø�ª Õ 4 © ¡ ·

lim
k→∞

1

k

k−1
∑

j=0

‖yj −Bjsj‖2
‖sj‖2

= 0.

ç�è�a #�ê ¯ k ∈ K,  �¡ { ‖yk−Bksk‖2

‖sk‖2 }k∈K → 0.
¹

Gk+1 =
∫ 1

0
∇f(xk + tsk)dt, ¡

gk = f(xk+1)− f(xk) = Gk+1sk.

È ¥ ä (1.8) ¡
0 = H(xk) + Bkdk = H(xk) + Gk+1dk +

(Bk −Gk+1)dk

‖dk‖
‖dk‖

= H(xk) + Gk+1dk +
(Bk −Gk+1)sk

‖sk‖
‖dk‖

= H(xk) + Gk+1dk +
Bksk − yk

‖sk‖
‖dk‖, (2.9)

ë �
‖Gk+1dk‖ = ‖H(xk) +

Bksk − yk

‖sk‖
‖dk‖‖ ≤ ‖H(xk)‖+

‖Bksk − yk‖
‖sk‖

‖dk‖. (2.10)

�
x∗ ´ {xk}k∈K1

⊂ {xk}k∈K

��ì�Î�z�· ä ∇fk(x∗)
��«�����·

∇f(x∗)

 ¥ «�������° +Íä

‖xk+1 − xk‖ → 0,
&

k ∈ K1 r » »�Å�· Gk+1

Ã�í�«�����° ä (2.10) ��³ {dk}k∈K

Û�ß�° äÈ
{‖Bksk−yk‖

‖sk‖ }k∈K1
→ 0, ¼�· Ã�Ý�­�· ­ {dk}k∈K1

→ d∗,
#

(2.9)
£¿�

k(∈ K1)→∞,
Û

H(x∗) +∇f(x∗)d∗ = 0. (2.11)

¹
λ∗ = infk∈K1

λk,
�

λ∗ > 0,

λ∗d∗ = lim
k(∈K1)→∞

(xk+1 − xk) = 0.

� λ∗ > 0,
�

d∗ = 0, ä (2.11) ��¡ H(x∗) = 0.
���

‘λ∗ = 0, ¼�î ­ λk → 0, k(∈ K1) → ∞.&
k ∈ K1 r » »�Å�· ä ¬�'�(�,�-�· λ′

k = ρik−1 = λk/ρ ¼�� v (1.9), �
f(xk)T (f(xk)− f(xk + λ′

kdk))

≤ f(xk)T (f(xk)− f(xk + λ′
kdk)) ≤ +2−k−1‖f(xk)‖2

≤ (
1

2
+ ε) max{‖f(xk)− f(xk + λ′

kdk))‖2, ‖λ′
kdk‖2}.

� ¾�ï�ð�ñ�ò � λ′
k ó � k(∈ K1)→∞ ¡

−f(∗)T∇f(x∗)d∗ ≤ 0. (2.12)

ô�Í
(2.11) Ó (2.12) ¡ H(x∗)T f(x∗) ≤ 0.

ë �
‖H(x∗)‖2 = H(x∗)T (f(x∗) + g(x∗)) ≤ g(x∗)T H(x∗)

≤ ‖g(x∗)‖‖H(x∗)‖ ≤ α‖H(x∗)‖.
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ä È 0 < α < 1,

_
H(x∗) = 0. 2

3 õ¢ö¢¥¢£¢¤÷¥
��¦�·�e�f u�y ö�� 1

#�Ã�*�,�-�����/�¬�­�ù�ú�­�° ´ ��·�© � ������¸ ­ �ø�ù
A (1) {xk} → x∗ +ûú H(x∗) = 0; (2)

ã�ä�Ë
{i : x∗

i = F (x∗) = 0} = ∅; (3) ∇fk(x∗)«�����ü
(4) ε ∈ (0, 1

6 ).,�-
A(2)

º�ý�þ
H(x)

#
x∗ �§Ã�Ð�ÿ§Ì U1(x

∗) � ¥�� F ©§ª �§°�� u a # x∗ ��ÿÌ
U2(x

∗),  §¡ & x ∈ U2(x
∗) + k r » »�Å§· fk ≡ f ≡ H, Bk(z) = B(z) = ∅.

¹
U =

U1(x
∗) ∩ U2(x

∗),
� &

k r » »�Å§· xk ∈ U , + ∇fk ≡ ∇f ≡ ∇H a # ó + Ü§È {xk} ¥ ®
¯ Lipschitz ¦�¨ ��° ¼ c u�y ��6���ª Õ [11]:«�¬

5 ­ ,�- A
Ø�* Õ 1

,�-�ÿ���·���Û
∞
∑

k=0

‖xk+1 − xk‖2 ≤ ∞. (3.1)

«�¬
6 ­ ,�- A

Ø�* Õ 1
,�-�ÿ���·�¹

Gk+1 =

∫ 1

0

∇H(xk + tsk)dt, δk =
‖yk −Bksk‖
‖sk‖

.

� a # ² � δ > 0, a > 0, b > 1 + σ,  �¡ & k r » »�Å�·�ÿ��

‖H(xk+1)‖ ≤ (a‖H(xk)‖+ b · δk

δ
)‖H(xk)‖. (3.2)

��+ & δk < δ, k r » »�Å�· λk ≡ 1.±�² é�È
k ≥ k̃,

Û
‖H(xk + dk)‖

= H(xk + dk)−H(xk)−∇H(xk)dk −Bkdk + Gk+1dk +∇H(xk)dk −Gk+1dk

≤ ‖H(xk + dk)−H(xk)−∇H(xk)dk‖+ ‖(∇H(xk)−Gk+1)dk‖+ ‖(Bk −Gk+1)dk‖
≤ [ sup

0≤t≤1
‖∇H(xk + tdk)−∇H(xk)‖+ ‖∇H(xk)−Gk+1‖+ δk]‖dk‖

≤ (2L‖dk‖+ δk)‖dk‖, (3.3)

¢¤£
L > 0 ¥ ∇H

� ®�¯ Lipschitz ² �§° ä (2.3), a # δ̄  §¡ & δk < δ + k r » »�Å§·
‖dk‖/‖H(xk)‖

Û�ß�°�È ¥ ä (3.3)
Ø

H(xk)→ 0, a # ² � δ′,  �¡ & δk < min{δ̄, δ′}
Å�·�Û

H(xk + dk)‖ ≤ 1

2
‖H(xk)‖. (3.4)

æ ¼
qk(1)− 2

3
=

(1 + 2−k−1)‖fk(xk)‖2 − fk(xk)T fk(xk + dk)

max{‖fk(xk)− fk(xk + dk)‖2, min{ 3
4‖fk(xk)‖2, ‖dk‖2}}

− 2

3
,
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� &
k r » »�Å�·���º � ��Å fk ≡ f ≡ H ,

Û
(1 + 2−k−1)‖H(xk)‖2 −H(xk)T H(xk + dk)− 2

3
‖H(xk)−H(xk + dk)‖2

= (
1

3
+ 2−k−1)‖H(xk)‖2 − 1

3
H(xk)T H(xk + dk)− 2

3
‖H(xk + dk)‖2

≥ 1

3
‖H(xk)‖2 − 1

3
‖H(xk)‖‖H(xk + dk)‖ − 2

3
‖H(xk + dk)‖2

≥ 1

3
‖H(xk)‖2 − 1

3
· 1
2
‖H(xk)‖2 − 2

3
· 1
4
‖H(xk)‖2 = 0,

Ø
(1 + 2−k−1)‖H(xk)‖2 −H(xk)T H(xk + dk)− 2

3
· 3
4
‖H(xk)‖2

≥ 1

2
‖H(xk)‖2 − ‖H(xk)‖‖H(xk + dk)‖ ≥ 0,

_
qk(1) ≥ 3

2 > 1
2 + ε,

ë � λk ≡ 1.ñ�� · é æ ‖dk‖/‖H(xk)‖
��Û�ß�­�Ø

(3.3),
&

δk ≤ δ = min{1, δ′, δ̄} + k r » »�Å�· a#
a > 0 Ó b > 1 + σ  �¡

‖H(xk+1)‖ ≤ (a‖H(xk) + bδk)‖H(xk)‖ ≤ (a‖H(xk)‖+ b
δk

δ
)‖H(xk)‖. (3.5)

&
δk ≥ δ + k r » »�Å�· ¼ c u�y ��6�� ¼�½�¾ 
�ÿ���° 2Á�Ø�È

[11]
��* Õ 3.1,

e�f�Û
«�¬

7 ­ {xk} ä ö�� 1 Ê�° · f : Rn → Rn ¦�¨�©�ª ·i¢ Jacobian {�| ∇f
Ü�È

{xk}¥ ®�¯ lipschitz ¦�¨ ��·�� & ∑∞
k=0 ‖xk+1 − xk‖2 ≤∞

Å�·
∞
∑

k=0

δ2
k =

∞
∑

k=0

‖yk −Bksk

‖sk‖
≤ ∞. (3.6)

ç�è i�·�Û δ2
k = ‖yk−Bksk‖2

‖sk‖ → 0 (k →∞).� #�e�f © � u�y ö�� 1
��÷�ø�/�¬�­�ù�ú�­�°

Ã�¬
2 ­ ,�- A

Ø�* Õ 1
,�-�ÿ���·��

∞
∑

k=0

‖xk+1 − xk‖2 ≤ ∞. (3.7)

� Ã���i�· ®�¯ {xk}
/�¬�­�ù�ú�°

±�² ä ª Õ 6
· a #	� � � k̄,

&
k ≥ k̄

Å�·
‖H(xk+1)‖2 ≤ (a‖H(xk)‖+ b

δk

δ
)2‖H(xk)‖2 ≤ 2(a2‖H(xk)‖2 + b2 δ2

k

δ2
)‖H(xk)‖2.

� ¾ ë k̄ � k > k̄
h�
 ¡

‖H(xk+1)‖2 ≤ ‖H(xk̄)‖2
k

∏

i=k̄

2(a2‖H(xi)‖2 + b2 δ2
i

δ2
)

≤ ‖H(xk̄)‖2
( 2a2

k − k̄ + 1

k
∑

i=k̄

‖H(xi)‖2 +
2b2

δ2

1

k − k̄ + 1

k
∑

i=k̄

δ2
i

)k−k̄+1

.
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� ¾ ô�Í 1

k+1

∑k

i=0
‖yi−Bssi‖2

si‖2 → 0, � 1
k+1

∑k

i=0 δ2
i → 0, © ¡

‖H(xk+1)‖
1

k+1 → 0. (3.8)

ä È & k r » »�Å�· ∇H(x∗)
«���� + ∇H ¦�¨ · ‖xk+1 − xk‖

1
k+1 → 0,

_�Û
∞
∑

k=0

‖xk+1 − xk‖2 ≤ ∞.

ä ª Õ 7
Û

δk → 0.
¼ ��· &

k r » »�Å�· λk ≡ 1.
Ù�Ú

[10]
� Û ¨ 2.3 � ©�u ¡ {xk}

��/
¬�­�ù�ú�­�°

2

�
�
�
�
�

[1] COTTLE R W, GIANNEESSI F, LIONS T L. Variational Inequalities and Complementarity Problems, Theory
and Applications [M]. Wiley, New York, 1980.

[2] HARKER P T, PANG J S. Finite-dimensional variational inequality and nonlinear complementarity problems:
a survey of theory, algorithms and applications [J]. Math. Programming, Ser.B, 1990, 48(2): 161–220.

[3] ISAC G. Complementarity Problems [M]. Springer-Verlay, Berlin Heidelberg, 1992.
[4] PANG J S, CHEN D. Iterative methods for variational and complementarity problems [J]. Math. Program-

ming, 1982, 24(3): 284–313.
[5] PANG J S, GABRIEL S A, NE/SQP: a robust algorithm for the nonlinear complementarity problem [J].

Math. Programming, Ser.A, 1993, 60(3): 295–337.
[6] JIANG Hou-yuan, QI Li-qun. A new nonsmooth equations approach to nonlinear complementarity problems

[J]. SIAM J. Control Optim., 1997, 35(1): 178–193.
[7] CHEN X, QI L, SUN D. Global and superlinear convergence of the smoothing Newton method and its

application to general box constrained variational inequalities [J]. Math. Comp., 1998, 67(222): 519–540.
[8] Qi Li-qun, CHEN Xiao-jun. A globally convergent successive approximation method for severely nonsmooth

equations [J]. SIAM J. Control Optim., 1995, 33(2): 402–418.
[9] FISCHER A. A special Newton-type optimization method [J]. Optimization, 1992, 24(3-4): 269–284.
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Convergence Analysis of a Successive Approximation Quasi-Newton

Method for Solving Nonlinear Complementarity Problems

MA Chang-feng1,2

(1. Dept. of Comp. Sci. & Math., Guilin Inst. of Electro. Tech., Guangxi 541004, China;
2. College of Math. & Physics, Zhejiang Normal University, Jinhua 321004, China; )

Abstract: A successive approximation quasi-Newton method for solving nonlinear complementarity
problems is proposed. By presenting a suitable line search, the algorithm is well defined. And un-
der certain conditions, the global convergence and locally superlinear convergence of the method are
established.

Key words: nonlinear complementarity problem; successive approximation; quasi-Newton method;
convergence analysis.


